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Abstract: In ecology, the group’s hunting behavior and panic are both significant topics. Therefore, a novel three-
dimensional dynamical model that integrates carrion availability, a panic-regulated prey population, and a carrion-
eater species that simultaneously exploits both subsidy (or carrion) and live prey is proposed and studied. The model
incorporates nonlinear functional responses, panic-driven suppression of prey growth, and cooperative hunting in the
carrion-eater. Mathematical analysis establishes positivity and boundedness of all state variables, ensuring ecological
feasibility. Equilibrium points are explicitly derived, and their local stability is analyzed using the Jacobian matrix,
while global stability is assessed through the construction of appropriately designed Lyapunov functions. The results
indicate that increasing panic intensity can suppress prey abundance and stabilize the system. At the same time,
cooperative hunting enhances the efficiency of carrion-eaters, potentially leading to persistent cohabitation or
oscillatory dynamics depending on parameter regimes. These findings extend classical carcass—prey—carrion-eater
frameworks, highlighting the critical role of carrion recycling and behavioral mechanisms in shaping multi-trophic
ecological dynamics. The model offers a unified theoretical framework for investigating realistic ecosystems where
carrion use, panic effects, and mixed feeding strategies combine.
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1. INTRODUCTION

Prey-predator interactions have long been seen through the prism of direct death in the
traditional paradigm of ecology: predators kill prey, which lowers their population, and are then
controlled by the availability of this food source [ 1-3]. This framework offers a basic yet condensed
picture of trophic dynamics and is crystallized in fundamental models like the Lotka-Volterra
equations. However, a rising body of research in recent decades has transformed this thinking by
showing that the mere presence of a predator can cause significant physiological and behavioral
changes in prey, a phenomenon known as panic (or fear) [4-6].

According to Wang et al. [7] and Wang and Zou [8], panic of predation causes prey to change
their habitat choices, foraging schedules, and vigilance levels. These non-lethal costs have the
same capacity to influence population dynamics and ecological structure as direct consumption.
Many researchers have since studied the role of panic in the dynamics of ecological systems; see
[9-11]. At the same time, research on predator behavior has shifted from focusing on lone hunters
to recognizing the frequency and significance of cooperative hunting, in which predators cooperate
to catch prey, boosting their effectiveness and allowing them to kill larger or more difficult game
[12-14]. Although these developments have greatly enhanced prey-predator theory, the carrion-
eaters, a crucial but historically understudied guild, are affected further down the food chain.
Organisms that depend entirely or partially on carrion, or animal carcasses, are known as carrion-
eaters, and they are crucial to the health of ecosystems [9, 15-17]. By quickly eating carcasses,
they reduce the transmission of illness, aid in the cycling of nutrients, and offer a vital subsidy that
sustains a variety of communities [18-19]. Carrion's introduction into an ecosystem is not an
exogenous or random occurrence; rather, it is inextricably related to the hunting habits and
effectiveness of predators. The dynamics of the carrion-eater subsystem must thus be drastically
changed by any factor that alters predator efficiency and prey behavior, such as panic effects and
cooperative hunting [20-22].

The quantity, quality, spatial distribution, and temporal availability of this resource are
determined by the direct killing rate of predators and the non-lethal panic effects on prey, which
impact prey condition, spatial aggregation, and vulnerability. The group’s hunting increases per-
predator kill rates, often for larger-bodied prey, resulting in larger, more nutrient-rich corpses,
which directly amplifies the initial impact [23-25]. However, panic induced by highly successful,
cooperative groups may also raise anti-predator reactions in prey, which may ultimately reduce

predation rates if prey become too evasive or stressed, or increase them if panic leads to chaotic
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herd behavior that predators can exploit [12, 23, 26-27]. The result is a faint, varying pulse of
carrion entering the system. Therefore, this research provides a novel carcass-prey-carrion-eater
system, a complex, tritrophic feedback loop, to better understand the dynamics of an ecological
model in the presence of panic, the group’s hunting, and carrion-eaters. In this system, predators
are the primary producers of the carrion-eater's resource, which is carcasses. Understanding this
interwoven system is more than simply an intellectual exercise because it has immediate
implications for ecological management and conservation. The global decline of apex predators
and specialized carrion-eaters like vultures, along with human-induced landscape alteration, is
upsetting these delicately regulated interactions [28]. Carcass accumulation, increased disease risk,
and altered nutrient cycles occur when efficient carrion-eaters vanish [29-30]. On the other hand,
hyper-herbivory and changed vegetation dynamics (ecological release) may arise from the loss of
panic effects. Human hunters and livestock systems also add new "predators" and "carcass
sources" into this network, with complex and often destabilizing outcomes.

In light of the aforementioned, Abid and Naji [15] recently proposed and investigated a unique
ecological model that incorporates corpses, prey, and carrion-eaters under the effects of predator-
dependent refuge and panic. However, given the significance of this trait for the environment, our
earlier model is incorporated into this research, with the group’s hunting used in place of predator-

dependent refuge.

2. MATHEMATICAL MODEL FORMULATION

This section presents a mathematical formulation of the movement behavior of the carcass-
prey-carrion-eater system under the influence of prey panic and carrion-eater cooperation during
hunting. Consequently, the dynamics of such a real-world system are formulated using the
following theories:

1) Consider C(T),X(T),and Y(T) asthe number of carcasses (or resource subsidies), prey,
and carrion-eaters at time T. In the absence of carrion-eaters and prey, it is believed that
carcasses degrade exponentially with a natural decay rate d; > 0. Nevertheless, the
carrion-eater attacks it using a Lotka-Volterra-type functional response, with a maximum
attack rate of a, > 0, where A is the total number of carcasses.

2) The prey's dread of a carrion-eater, symbolized by h > 0, affects its growth rate (r). An
intraspecific competition rate of b; > 0 indicates that members of the prey population

compete within their own species. Its rate of natural death is d, > 0.
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3) It is hypothesized that the carrion-eater consumes prey based on the Lotka-Volterra
functional response, which is impacted by the carrion-eater's capacity for cooperative hunting.
Therefore, the cooperative term can increase the assault rate (let's say a, > 0) to (a, +
b,Y), where b, > 0 represents the carrion-eater cooperation hunting rate.

4) Furthermore, the natural death rate of the scavenging species is ds > 0. With conversion
ratesof 0 <e; <1 forpreyand 0 < e, <1 forcorpses, the functional response of Lotka-
Volterra-type explains how the Carrion-eater consumes prey and carcasses in accordance
with the mass-action law.

Therefore, it is possible to express the dynamics of this model mathematically as:

L~ A—d,C - a.Cy,

ar
ax X
ar 1:hY — dX — b1 X? — (a; + b Y)XY, (1)
= = ei(az + b,Y)XY + ,a,CY — d3Y,

with initial circumstances, C(0) > 0,X(0) > 0 and Y(0) > 0. Although Table 1 describes the
parameters.

Table 1: Description of the parameters

Parameters description
A Total number of carcasses

r>0 The birth rate of X

h=0 The panic level
d, € (0,1) The death rate of C
d, € (0,1) The death rate of X
d; € (0,1) The death rate of Y

a; >0 The attack rate of C

a, >0 The attack rate of Y

by >0 The competition rate within X

b, >0 The group’s hunting rate of Y
e; € (0,1) The rate of conversion from X biomass into Y biomass
e, € (0,1) The rate of conversion from C biomass into Y biomass

Now, reformulate system (1). It becomes:

= h(CXY),
B xf,(C,X,7), )

ar
dy
E - Yf3(C'X' Y)'
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where:

fl(C,X,Y) = A - d1C - a1CY

fZ(C!X!Y) =

r
1+hY

f:(C,X,Y) = e (a; + b,Y)X + e,a,C — ds.
The positivity and boundedness of the system’s (2) solutions are established in the net theorem.
Theorem 1. Under the initial circumstances C(0) = C, > 0, X(0) = X, > 0,and Y(0) =Y, >
0, the solutions (C(T),X(T),Y(T)) of the system (2) are positive for all T > 0, and uniformly
bounded.

Proof: For the given initial circumstances, it is acquired:

C(T) > Cy exp (— fOT(d1 + a,Y(s)) ds) > 0.
X(T) > X, exp (— fOT(dz + by X(s) + (az + sz(s))Y(s))ds) > 0.

Y(T) > Y, exp (— fOT(d3)ds) > 0.

As a result, every solution that begins inside the first octant stays there forever.

Moreover, the first equation of system (2) leads to:

X < A—d,cC.
dT

Thus, due to Lemma 2.1 [31], it is acquired that:
A dip —diT
C(T)Sd1[1+(ACO 1)e=47)

Hence, as T — oo, then C(T) < di. Using the second equation, it is acquired that:
1

ax X
— < lihy —d,X — b X2 < X(r —d, — by X)
< (r—dy)X (1 - _Ldzx>
by

Therefore, from Lemma 2.2 [31], it is acquired that:
r—dy T2y -1 _ 1) p=(r—d)T| "
X(N) <521+ (52X, 1) e 07|

T—dz

which leads to X(T) < -
1

,when T — oo,
Define p(T) = Z—Z C+X(T)+ el Y(T), consequently, the derivative with respect to time leads to:
1 1

WD 22,0+
1

_ _ 2_ 1
= dyX = by X* =~ dsY.

rX
1+hY
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Therefore, it is acquired that:

dp(T)
dar

T—dz

&2
S61A+r( -

)—u(Z—jC+X+éY)=A1—up(T),

1

T—dz

where u =min{d,,d,,d3} and A; = :—2/1 + r( -
1

). According to Lemma 2.1[31], it is

1

acquired that p(T) < %, when T — oo. Thus, the proof is complete.

3. STABILITY AND BIFURCATION

Studying local stability analysis in ecological systems is crucial to understanding how
ecosystems respond to small shocks close to their equilibrium states. Mathematicians and
ecologists can use this method to predict whether a system will stabilize after a minor shock or
deviate and possibly result in significant changes like population collapse or ecosystem upheavals.
System (2) has a maximum of four nonnegative equilibrium points. Below is a description of the

current circumstances and stability analyses.
eqer . . A .
The carcasses-equilibrium point P, = (d—, 0,0) of system (2) exists always.
1

The carrion-eater-free equilibrium point is symbolized by Py = (C,X,0) = (di,r_bﬁ, 0), and
1

1
exists provided that:
r>d,. 3)

d3 32Aa1 _dl d3

exaq P aq d3

The equilibrium point without prey is symbolized by P,y = (C,0,Y) = ( ), and

exists provided that:
e,Aa; > dyds. (4)
A special cohabitation equilibrium point P, = (C,, X,,Y,) exists, where

_ A
dl +a1 Y. (5)
d3 (d1+a1Y*)—e2a1A '
el(d1+a1Y*)(a2 +b2Y*)

*

X, =

With Y, standing for a positive root of a polynomial of fifth order:
01Y> + 0, Y+ 03Y3 + 0,2 + 05V + 05 = 0,
where:
0, = —e;b?ah < 0.
0, = — e by(2a,a,h + bydih + byay) < 0.
o3 = —e;(2b,a,d,h + a3a,h + 2a,a,b, + b3d, + a;b,d,h) < 0.
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Oy = —[el(agdlh + a,d,b, + aya,d,h + a3a, + bydih + a by (r — dz)) + byd;aq h].

0-5 = _[el((r - dz)(alaz + bzdl) + aldl(dzh + az)) + bldg(dlh + al) - Ahezblal].

0-6 = elaldl(r - dz) + Abzezal - d3b1d1'
Therefore, P, exists uniquely in int.R3 if the following sufficient conditions are met.

ezalA

(di1+a;1Y.) < ds. (6a)
eja;d.r + Abye,ay > dyeja,dy + d3byd;. (6b)
A long with one set of the next conditions:
0, <0
or (7
Og >0

The linearization method that depends on the Jacobian matrix M at the point (C,X,Y), which
may be stated in the following form, might be utilized to perform the local stability analysis of the

stated equilibrium sites.

—d; —a,Y 0 —a,C
h
MECXY)=| 0 “biX+f, =X (Gt g+ 2bY))|, 8)
e,a,Y e;Y(a, + b,Y) e1b, XY + f5

where f, and f; are given in system (2).

On the other hand, studying the global stability of ecological systems aims to provide a
comprehensive understanding of their long-term behavior and resilience. This information is
crucial for addressing pressing environmental problems and ensuring the sustainability of the
ecosystems on our planet.

Better judgments in ecology, conservation, and resource management are also ensured by the
mathematical toolkit that local bifurcation analysis offers for managing and forecasting sudden
ecological shifts. By examining bifurcations, ecologists can predict when and why systems might
experience significant shifts, preventing unfavorable outcomes like extinctions or ecological

collapses. Thus, the phenomenon of local bifurcation in system (2) is investigated in this section.
Now, reformulate system (2) as % = F(Z),where Z = (C,X,Y)Tand F(Z) = (f, Xfo, Yf5)T.

The following is a representation of the universal Jacobian matrix's second directional derivative:
DZF('U, v) = [6i1]a (9)

where:
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611 = _2a1U1U3.

rh?X

rh
(1+hY)3

8y, = —2byv2 + 2 ( - bzX) vi—2 ((th)2 +a, + ZbZY) V3.

831 = 2e10,Xv2 + 2e,a,v,v5 + +2(ea, + 2e,b,Y)v,05.
However, the third directional derivative is:
D°F(v,v,v) = [ou], (10)
where:
o1 = 0.

o __ 6(1+hY)(h?r—(1+hY)3by)v,v5—6h3rXv]
21— (1+hy)*

031 = 6b2€1v2v§.
While v = (vl,vz, 173)T.

Keeping the above in mind, the following theorems can be proved.
Theorem 2. For the carcasses-equilibrium point P, = (di, 0,0):
1

1) P, islocally asymptotically stable if the condition (11) is met, and it’s a saddle point
otherwise.

2) In addition to condition (11), condition (12) is met. Then P, becomes a globally
asymptotically stable.

3) System (2) demonstrates a transcritical bifurcation (TCB) around P., if the parameter d;

. A ~ .
travels vie the value 222= = d, with r # d,.

1

r<d,
e, < d3d1}' (11)
@l < d,. (12)
dq

Proof:(1) Direct calculation shows that the eigenvalues of M(P;), A1 = —dq, A1 =7 —d>,

ey alA—d3 dq

and A3 = . Thus, P; becomes locally asymptotically stable under the condition (11).

1

Furthermore, P, becomes a saddle point when at least one of the requirements in (11) is broken.
(2) Define the real valued function U; = (C —Cy— Cyln ci) +X+Y, with ¢, = dA. Direct
0 1

calculation explains that U;: U; = R, where U; = {(C,X,Y) € ]Ri, C>0X2>=0,Y >0} hence
U,(P;) =0 and U,(C,X,Y) >0,V (C,X,Y) € U; — P.. Straightforward computation leads to:

Vs _ (C=Co\dC  dX  dY . di ~ _ ~N2 _ g _ _ _
dT_(C)dT+dT+dTS C(C Co)* — (d3 — a,Cp)Y — (dy —1)X.



THE PREY-CARRION -EATER SYSTEM'S DYNAMIC IN THE PRESENCE OF A SUBSIDY

dU;

Hence, from condition (11) with condition (12), it is concluded that -

< 0. Thus, P; is

globally asymptotically stable.
(3) Eq. (8) at P. with d; = d3, becomes:

B _dl O _%
MEd)=| o g, o
0 0 0

Hence, the eigenvalues of M(P.,d3) can be written A;; = —d; <0, Ay, =7 —d,, and Ay3 =

0. Define ¥ = (V14,12 v13)7, and P = (P11,12, P13)T as the eigenvectors corresponding to

A3 = 0 for M(P.,d3), and [M(PC, 073)]T respectively. gives that ¥ = (—M 0,1)7, and ¢ =

az’
(0,0,1)7.
Furthermore, a simple calculation using Eq. (9) explains that:

OoF

O = By = (00,-V)T = P [Fu,(Bda)] = 0

$"[DF,, (P, d3)V] = —1.

FT[D2F (P, d;)(,7)] = —2¢, 42

Hence, a TCB happens in accordance with Sotomayer's theorem [32].
Theorem 3: For the carrion-eater-free equilibrium point Py = (C, X, 0):
1) Py is locally asymptotically stable if the condition (13) is satisfied; otherwise, it is a
saddle point.
2) When the condition (14) holds, P.yx becomes a globally asymptotically stable.
3) System (2) demonstrates a TCB around Py, if the parameter e, travels vie the positive

byd ds— eqa,dq(r—d;)

value é, =

a1b1A
ezalAbl + dlelaz(r - dz) < d3d1b1. (13)
a,C + (b,Y + ay)X < ds. (14)

Proof: (1) The eigenvalues of M(P.x) are determined by A,; = —d; <0, 4,, =d, —r <0,

ezalAb1+d1€1a2(T'—dz)—d3d1

" 2y Then, Pcyx is locally asymptotically stable if condition
1v1

and 123 =

(13) is met. Otherwise, the carrion-eater-free equilibrium point loses its stability, and it becomes a

saddle point.
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(2) Consider the real valued function U, = (C —C—-Cln %) +(X—-X—-XIn f—?) +Y, with C =

A o r—d
— and X = —2
dqy

1

. Direct calculation reveals that U,: U, —» R, where U, = {(C,X,Y) € R},C >

O,X > O,Y = 0} , SO that Uz(ch) =0 and Uz(C,X,Y) > O,V(C,X,Y) € U2 _PCX .

Furthermore, simple computation yields that:

2 < -2 (C—-0)? - hy(X = X)? — [d3 — a;C — (az + b, V)XY

Thus, condition (14) yields % < 0. Accordingly, P.x is globally asymptotically stable.

(3) The system's Jacobian matrix (2) at Pcy with e, = &, becomes:
A

[—d: 0 —ag |
M(PCX! e_z) = i O _(T' _ dz) _ (rh+a2)(r—d2) .
by
0 0 0

Therefore, Ay; = —d;, A, = —(r —d,),and A,3 = 0 represent the eigenvalues of M(Pcy, &5).
Define U = (V51, U22, V23)7, and P = (Y1, 22, 1,3)7 as the eigenvectors corresponding to

Ay =0 for M(Pcx,A) , and [M(P.x,&,)]" respectively, then it obtain that ¥ =

T —
(_ %, _ (rh+ay) ’ 1) , and II) — (0’0’1)T.
ds by

Additionally, straight calculation using Eq. (9) reveals that:
dF
682

YT [DF,,(Pcx, €2)V] =

= F€2 = (0’0’ alcy)T = IT)T[Fez(PCX' 6_2)] = O'

a1A

r—d, (rh+ay)

BT [D2F (Pey, ) (0, D)] = 28, 7 +2eb; (52) + 210, #0.
Thus, according to Sotomayor's theorern, there is a TCB.
Theorem 4: For the equilibrium point without preyP.y = (é ,0, 17):
1) Py is locally asymptotically stable if the condition (15) is satisfied; otherwise, it is a
saddle point.
2) When the condition (16) holds, then P;, becomes globally asymptotically stable.

3) If the condition (17) is satisfied, system (2) shows a TCB around Py if the parameter r
travels via the value # = [d, + (a, + b,Y)¥](1 + hY). If not, a pitchfork bifurcation

occurs.



11
THE PREY-CARRION -EATER SYSTEM'S DYNAMIC IN THE PRESENCE OF A SUBSIDY

r <|d; + (az + b,Y)Y](1 + RY). (15)
r <d,. (16)
_Zbl - 2 (# + az + 2b2?)
@b NditaNy o (17)
( e,a?C ) *

Proof: (1) Direct calculation shows that, for the equilibrium point without prey Py = (C‘ ,0, 17) =

d ey Aay—dqd . .
( 0, 2—— 3), the eigenvalues of M(Py) are determined as:
e,0a4 a1d3
_ —(d1+a117)i\/(d1+a117)2—4a1262}7é _ T S5\ O
/131, 133 - 2 Py }\32 - m - dz - (az + sz)Y

Therefore, Py is locally asymptotically stable if the condition (15) holds. Otherwise, it is an

unstable saddle point.

AN 2 ~ ~ ~
(2) Consider the real valued function U3 = [; % (C - C) +LX+1; (Y —Y—-YIn g), where C =

d 5 e;a1A—dszd . .. . .
- Z ,Y = %, and [;,i = 1,2,3 are positive constants to be determine. Straightforward
1€2 143

computation leads to U3: Uz » R, where U; = {(C,X,Y) €R3,C >0,X>0,Y >0}, so that

U3(Pey) = 0and U5(C,X,Y) > 0,V (C,X,Y) € U3 — Pcy. Furthermore:
= —L(dy + ayY)(C - €)° — i, C(C = C)(Y - 7)
Hly = — Ly X — Lpby X2 — 1y (ay + b Y)YXY

+lzei(ay + b V)X — Lzes (ay + by Y)XY + Lie,a, (C— C)(Y = ¥)

Therefore, selecting the constants as [; = %2, l, = ey, and I3 = 1, yield that:

dUs

A\ 2
=< —2(d+aV)(C-C) —e(d, — X

. . dUs . . . . . . .
According to condition (16), d—T3 is negative semidefinite. Additionally, since the singleton set

. . . C : dv
{Pcy} is the only invariant set, which is part of the set of points, that makes d—T3 = 0, then P.y

becomes an appealing point using LaSalle's invariance principle. As a result, Py is asymptotically
stable everywhere.

(3) The matrix M(C,X,Y) at P,y with r = # can be expressed as:

_dl - a1? 0 _alé
M(Pcy,f') = 0 0 O

~

e;a,Y  ei(a,+b,Y)Y 0
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(d1+a1Y)+\/(d1+a1Y)2 4-a1262YC
2 b

Thus, the eigenvalues of M(Pgy,7) are determined by As;, A35 =

and 232 = 0
Define D = (34, P35, U33)7, and P = (P31, P32, P33)7 as the eigenvectors corresponding to

A32 =0 for M(Pey,?), and [M(Pcy,?)]” respectively, then it is reached that ¥ =
- N o\ T
(_ ei(ay+byY) 1, el(a2+b2Y)(d1+a1Y)) , and lp — (0’1’0)T‘

e,a; e,a?é
Furthermore, direct calculation using Eq. (9) shows that:

oF X T = .
T =F=(0:75.0) = F[EPy,M]=0.

— AN A 1
¢T [DF;'(PCYJ T)'U] = 1+h?"

~ AN s (az+b,¥)(d1+a,¥)
BT [D2F (Pey, #)(®, )] = —2b, — 2 (<1+mz + az + 2b, 7 ) (LR

e,a?C
Now, if the condition (17) holds, then according to Sotomayor's theorem, there is a transcritical

bifurcation. Otherwise, an application to Eq. (10) shows that:

A A A 6(h27' (1+hY)3b2) el(a2+b2}7)(d1+a117) 2
P70 F (Pey, ) (9,9, 9)] = L2 ( T ) =o.

Thus, according to Sotomayor's theorem, a pitchfork bifurcation occurs.
Theorem 5: For the cohabitation equilibrium point P, = (C,, X,, Y,):
1) P, is locally asymptotically stable if the condition (18) is satisfied.
2) When the condition (19) holds, then P, becomes a globally asymptotically stable.
3) If the conditions (20)-(21) are satisfied, system (2) undergoes a saddle-node bifurcation

W11W23W32
(~rwi1w3ztwyz3wz)X*

(SNB) near P, if the parameter b, travels via the value b; =

min{—wyq, —Wz,} > 2w33

W11W33 — Wy3w3z; >0 . (18)
W3aW33 — Wa3Ws3y > 0
e.Y, < b,
- = = = =2 (19)
elazx + ezalc + eleX(Y + Y*) + (Th + sz) < d3

where C, X,and Y are the upper bounds of each variable according to Theorem 1.

rh

2b,Y, > RETIAY)

+a,. (20)

w

=220 (P b)) = 22 51 (P, b)) + 51 (R, by) # 0. (21)

Here, w;; for i,j = 1,2,3 are given in the proof, while ¢;1, ¢4, and c3; are the coefficients of
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the vector given by equation (9).

Proof: (1) For the cohabitation equilibrium, the matrix (8) becomes:

—(d; + 1Y) 0 —a,C,
mey=| 0 “biX. X (gt e+ 2hY.)| = [wy]. 22)
e,a.Y, Y.(e1(az + b,Y.)) e1b,X.Y,
The following is the characteristic equation for M( P,):
AB+A 2+ A4, +K =0, (23)
where:
A; = (w11 + Wy + w33).

Ay = 011022 + W11W33 + WyW33 — W3W3; — W13W37.
K = —(011W2;W33 — W11W23W35 — WppW13W31).
With
A=A14; — K = —w11wp(w11 + wpp) — (W11 + w33)[W11033 — W13W31]
— (o + w33)[Wa2w33 — Wr3W32] — 2011 W W33
Thus, by utilizing the Routh-Hurwitz criterion, which requires 4; > 0, K > 0, and 4 > 0, the

result is reached under the condition (18), and hence P, is a local asymptotic stability.
(2) Consider the real valued function U, = 14%(6 —C)%+ s (X —X.—X.In Xi) + 16%(Y —

Y.)?, with [;,i = 4,5,6 are positive constants. Simple calculation explains that U,: U, - R,
where U, = {(C,X,Y) €R3,C>0,X>0,Y =0}, so that U,(P.) =0 and U,(C,X,Y) >0,
VvV (C,X,Y) € U, — P,. Furthermore, direct calculation leads to:

dU4 x- X*) ax

ay

l4(C C)_+15

Therefore, it is obtained that:

% = —l,(d; + a,Y.)(C —C)? = Ishy (X — X,)?

_l6[d3 - elazx - ezalc - elb2X(Y + Y*)](Y - Y*)Z
—aq [l4- - 1682Y*](C - C*)(Y - Y*)

(l5 (1+hY taz +byY + oY, ) —lge,Y.(a, + bzy*)) X-X)Y-Y,)

eZY

Selecting [, =

Y.,and g = 1 yields that:
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dU e,Y,
d—T‘* < - ZC (dy + a,Y.)(C — C)? — e,Y.(by — e, Y.) (X — X.)?

2
— <d3 —e,a,X —e,a,C —e b, X(Y +Y,) — ( + bZY) > (Y — Y,

1+hY

Thus, condition (19) leads to % < 0. Accordingly, P, is globally asymptotically stable.

(3) Substituting the value of b; = bj, which is positive under condition (20), in the matrix (22),
then its characteristic equation (23) reduces to A[A% + A;4 + A,] = 0, as the value of K became
K =0.

—A+ /A§—4A2
and A,,, 1,3 =G This makes P, a

Thus, the eigenvalues become A4, =0,

nonhyperbolic equilibrium point when b; = b;. Sotomayer's theorem is now used to identify the
saddle-node bifurcation.
Define v, = (V4q1,Vap, Va3)T, and P, = (P41, Yaz, Pa3)? as the eigenvectors corresponding to

Ai=0 for M(P,b}), and [M(P,b})]T respectively. Then it is reached to: v, =

(—o _w,l)T, and W, = (=938, 92 T
w22

w11’ w2 w1y’
Furthermore, simple computation using Eq. (9) leads to:

oF _ _ T * _w
b= Fp, = (0,—X%0)" = . [F (P, b])] = w—ZX*Z # 0.

Y. [D?F (P, b)) (0., v)] = =22 c11(P, b)) = T2 ez (P, b)) + 31 (P, bY).

W22
Therefore, according to Sotomayor's theorem, there is an SNB under condition (21).
4. PERSISTENCE
Understanding persistence in ecological systems is essential to comprehending how, over time,
ecosystems preserve their biodiversity, structure, and function in spite of disturbances and
environmental changes. As a result, system (2) can drive two subsystems. They are portrayed as
follows:

The first Subsystem is written as:

% =A—d,C=f(CXY)=h(CX)
= ' (24)
E = X(T' — dz — b1X) = hZ(C’X)

While the second subsystem is written as:
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L — A—d,C—a,CY = g,(CY)

dr
d . (25)
% =Y(ea,C —d3) = g,(C,Y)

The Dulac functions B;(C, X) =§ and B,(C,Y) = %, which fulfill B; > 0, i = 1,2 and have

continuous first derivative functions in the int RZ of the boundary planes, are considered.

Therefore, straightforward calculation demonstrates that

_ 9Bihy | 0Bih, _ _ di
A(C,X) 5 + ox ” b; < 0.
_ 0B291 , 0B2g92 _ _ d1 _
ACY)= R4 =2 = T _a) <.

Then A(C,X), and A(C,Y) do not determine zero in the int R2 of their planes and do not
change their sign.

According to the Dulac-Bendixson criterion [32], there is therefore no closed curve in the int R%
of the boundary

planes. Furthermore, a single equilibrium point in the int R2 of the above subsystems defined by
P-x and P;y is globally asymptotically stable whenever it is locally stable, according to the
Poincaré-Bendixson theorem [32].

Theorem 6: If the next requirements are satisfactory, the system (2) becomes uniformly persistent:

dz <r
or (26)
dsd; < eyaq A
d; < eja,X + eya,C. 27)
[d; + (az + b,Y)Y](1+ RY) <. (28)

Proof: According to the average Lyapunov function technique [33], let @ (C,X,Y) = C11X2Y 43,
where g; > 0,Vi = 1,2,3 are constants. Hence, for every (C,X,Y) € int R3, ¢(C,X,Y) - 0,
when one of their variables gets close to zero.

In addition, it is computed that

_ §DI(C:X:Y) _ q1

Q(C,X,Y) = ok ¢ + q2f2 + qsfs.

The equilibrium points P, P.x, and Pgy are the sole potential omega limit sets of system (2)
because the boundary planes lack periodic attractors. Therefore, if we can demonstrate that Q(.) >

0 at each of these locations, the system is uniformly persistent. Additionally, we have:

A
N(P;) = q,(r —dy) +q3 (ezald_1 - d3)-
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2(Pcx) = q3(e;a,X + e;a,C — d3).
2(Pey) = q3 (

Note that, Q(P;) > 0 for an appropriate selection of q;,i = 2,3, under the conditions (26).
Furthermore, Q(P;x) >0 and Q(P;y) >0 when the requirements (27) and (28) are met,

T
1+hY

d; - (az + b,7)7).

respectively. Hence, the uniformly persistent occurs.

5. NUMERICAL SIMULATION

To better understand the global dynamics of the proposed system, and in particular the control
set of parameters, an extensive numerical simulation of system (2) is carried out in this section.
System (2) was solved using MATLAB version R2021a and the Runge-Kutta of order four scheme.
The numerical results are then displayed as a 2D time series and a 3D phase picture with the
following fictitious set of parameters. It should be noted that the equilibrium points are symbolized

by the red dots in the following pictures, whilst the blue dots represent various initial positions.

A=2,d, =0.1,a, =027r=2h=024d,=015b, = 02,a, = 0.1,
b, = 0.02,e; = 0.1,e, = 0.25,d5 = 0.2 '

Figure 1 illustrates how, using the data set (29), system (2) asymptotically approaches the

(29)

cohabitation equilibrium point P, = (2.95,3.31, 2.88) from a variety of initial values.

{a) (b}

C

— ||

Populations

20

100 150 200
Time

Fig. 1: The data set (29) is used to solve system (2) from various initial points. (a) All solutions

asymptotically approach P, = (2.95,3.31, 2.88); (b) The solutions in relation with time.

Figure 1 shows that although the other boundary equilibrium points of systems are unstable, system
(2) possesses a globally stable cohabitation equilibrium point.
It is observed that, for A < 0.2, the trajectories are approaching Pcy. However, for A > 4.1, they

approach P.y. Otherwise, the trajectories approach P,, see Figure 2.
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Fig. 2: The data set (29), with selected values of A = 0.2,1, 4.2, respectively, is used to solve

system (2) from various initial points. (a) When A = 0.2, every trajectory approaches Pgy =
(1.99,9.24,0); (c) When A =1, every trajectory approaches P, = (2.45,5.89,1.53); (¢) When
A = 4.2, every trajectory approaches Py = (4,0,4.74); (b, d, f) The solutions in relation with

time for A = 0.2, 1, 4.2, respectively.

Consequently, the carrion-eater will go extinct if the value of A is lowered below a critical value,

and the prey will go extinct if it is raised above another critical value. Otherwise, the system

remains persistent by maintaining a balance between their values between these two crucial values.

It was also noted that parameter e, has an effect similar to the A effect on the dynamics of

System (2).
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It is observed that, for a; < 0.02, the trajectories are approaching P.y. Otherwise, the trajectories

approach P,, see Figure 3.

(b)

e
a,=0.02 — X
— Y
g —
&
5} Lo 200 300 400 500
Time
20 )
-
a 71 — X
! — Y
£
&
100 150 200

Fig. 3: The data set (29), with selected values of a; = 0.02, 1, respectively, is used to solve system
(2) from various initial points. (a) When a; = 0.02, every trajectory approaches Pgy =
(19.97,9.23,0); (c) When a, = 1, every trajectory approaches P, = (0.3,2.76,3.17); (b, d)

The solutions in relation to time for a; = 0.02, 1, respectively.

Clearly, Figure 3 shows that the carrion-eater will go extinct if the value of a, is lowered below a
critical value. Otherwise, the system remains persistent. Moreover, it is observed that, for r < 0.6,

the trajectories are approaching P.y. Otherwise, the trajectories approach P,, see Figure 4.
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Fig. 4: The data set (29), with selected values of r = 0.6, 3, respectively, is used to solve system
(2) from various initial points. (a) When r = 0.6, every trajectory approaches Pgy = (3.99,0, 2);
(c) When r = 3, every trajectory approaches P, = (2.38,4.65,3.69); (b, d) The solutions in

relation with time for r = 0.6, 3, respectively.

Keep in mind that Figure 4 shows that the prey will go extinct if the value of r is lowered below
a critical value. Otherwise, the system remains persistent. Furthermore, it was also noted that
parameter d; has an effect similar to the r effect on the dynamics of System (2).

Now Figure 5 shows that the prey will go extinct if the value of h becomes h = 1.7. Otherwise,

the system remains persistent.
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Fig. 5: The data set (29), with selected values of h = 1, 1.75, respectively, is used to solve system
(2) from various initial points. (a) When h =1, every trajectory approaches P, =
(3.75,0.85,2.16); (c) When h = 1.75, every trajectory approaches Py = (3.99,0,2); (b, d)

The solutions in relation with time for h = 1, 1.75, respectively.

According to Figure 5, the prey faces extinction when the value of h becomes larger than 1.7;
otherwise, the system is still persistent. It is also noted that the parameters a, and b, have a
similar impact on the dynamics of system (2) as shown with varying h.

Lastly, it is observed that, for the data set (29), changing one of the parameters d;, d,, by, and e;
each time has a quantifiable effect on the dynamics of the system (2). However, when they vary
more than one at the same time, they clearly have a qualitative impact; see Figure 6, which uses
data (29) with d; = 0.6, r = 0.5, and d, = 0.65.
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(b}
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S

d,~0.6, r=0.5, d,~0.65 hdl
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Time

Fig. 6: The data set (29), with d; = 0.6, r = 0.5, and d, = 0.65, is used to solve system (2) from
various initial points. (a) Every trajectory approaches P, = (3.33,0,0); (b) The solutions in
relation to time.

It is easy to verify that the data used in Figure 6 satisfies the condition (11) of Theorem 2.

6. CONCLUSION

This research proposed and examined the carcasses-prey-carrion-eater system in the context of
the group’s hunting. The maximum number of equilibrium points is found to be four. Every
prerequisite for their persistence, bifurcation, and stability is identified. While the group’s hunting
results in bistable or periodic dynamics, the suggested system lacks the periodic dynamics inherent
in a prey-predator system and simply has a point attractor. This suggests that the presence of
carcasses in the habitat regulated the dynamics between prey and predators. Additionally, the
numerical simulation yields the following results, even though it validates the findings we arrived
at. The existence of carcasses in the environment stabilizes the prey-predator system by removing
cyclic movement. The durability of the system (2) is positively correlated with the assault rate of
carcasses, the birth rate of prey, and the death rate of carrion-eaters. However, there is a negative
proportionality between the system's (2) persistence and the Carrion-eater's panic level, attack rate,
and the group’s hunting rate.

When comparing the results of this research with those in [1], it was noted that the presence of
the group’s hunting, rather than a predator-dependent refuge, does not change the dynamic
behavior in the border areas, whereas there is a fundamental change in the first positive octant. It
was observed for both models that the presence of carrion in the environment stabilizes the prey-
predator system, while the group-hunting mechanism significantly affects the nature of the stability

and persistence of the system.
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