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Abstract. In this paper, we introduce a new class of (k,a, B)-interpolative Kannan type cyclic contractions in
fuzzy metric spaces. By extending the recently introduced fuzzy (x, o, )-interpolative Kannan contractions to
the cyclic setting, we establish existence and uniqueness results for fixed points under suitable assumptions. The
obtained results generalize and unify several well-known fixed point theorems in the existing literature. Illustrative
examples are provided to demonstrate the applicability of the proposed results.

Keywords: Fuzzy metric space; cyclic contraction; (k, @, B)-interpolative Kannan contraction; fixed point; non-
linear integral equation.

2010 AMS Subject Classification: Primary 47H10; Secondary 54H25, 46540, 45G10.

1. INTRODUCTION

Fixed point theory is one of the fundamental branches of nonlinear analysis and has become
an indispensable tool in various areas of mathematics and its applications, including differential
and integral equations, optimization, variational inequalities, control theory, economics, engi-
neering, and computer science. Since the pioneering Banach Contraction Principle [2], a variety

*Corresponding author
E-mail address: rnpatel1969 @gmail.com
Received July 23, 2026



2 R. N. PATEL AND R. KAMLESH
of generalized contractive mappings have been introduced to enlarge the class of nonlinear op-
erators admitting fixed points.

Among these generalizations, Kannan’s contraction principle [12, 13] occupies a distin-
guished position because the contractive condition depends on the distances between points and
their images rather than on the distance between the points themselves. An important feature
of Kannan contractions is that the continuity of the mapping is not required for the existence of
fixed points, which makes them applicable to a wider class of nonlinear problems.

In recent years, interpolative contraction techniques have emerged as an active area of re-
search in metric fixed point theory. Karapinar [14] introduced the notion of interpolative
Kannan-type contractions and established fixed point results in complete metric spaces. Sub-
sequently, several authors extended this concept in different directions and generalized metric
structures (see, for example, [1, 4, 19, 21]).

More recently, Shrivas and Verma [31] proposed the notion of (k, &, B)— interpolative Kan-
nan contractions and established fixed point theorems in fuzzy metric spaces together with an
application to nonlinear integral equations. Their work significantly generalized the existing
interpolative Kannan framework by incorporating three interpolation parameters, thereby pro-
viding a more flexible contractive condition capable of covering several known contraction
principles as particular cases.

On the other hand, fuzzy metric spaces, introduced by Kramosil and Michalek [28] and later
modified by George and Veeramani [9], provide an elegant mathematical framework for mod-
elling uncertainty and vagueness. Over the past decades, fuzzy metric spaces have attracted
considerable attention because of their successful applications in decision sciences, artificial in-
telligence, image processing, pattern recognition, information systems, and various engineering
problems involving uncertain information.

Another important direction in fixed point theory concerns cyclic contractions, first intro-
duced by Kirk et al., where mappings act cyclically between two or more nonempty subsets
of a metric space. Cyclic contractive mappings have been extensively investigated due to their
remarkable applications in optimization theory, decomposition methods, equilibrium problems,

alternating projection algorithms, and boundary value problems. Moreover, cyclic contractive
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conditions often guarantee the existence of fixed points or best proximity points even when
classical self-mapping assumptions are not satisfied.

Motivated by the recent work of Shrivas and Verma [31] and the growing interest in cyclic
mappings under uncertainty, the main objective of the present paper is to introduce and investi-
gate anew class of (k, o, B)-interpolative Kannan type cyclic contractions in the setting of fuzzy
metric spaces. The proposed contractive condition extends the fuzzy (k,c, j3)-interpolative
Kannan contractions introduced in [31] to the cyclic framework. We establish existence and
uniqueness results for fixed points under suitable assumptions and demonstrate that our theo-
rems generalize and unify several known results available in the current literature. Appropriate

examples are also presented to illustrate the applicability of the obtained results.
2. PRELIMINARIES
In 2003, Kirk, Srinivasan and Veeramani [27] defined cyclic mapping and established the

following fundamental fixed point theorem for cyclic contractions.

Definition 2.1 ([27]). Let (E,d) be a metric space and let X and Y be nonempty subsets of E.
A mapping

T:XUY —-XUY

is called a cyclic mapping if
T(X)CY and T(Y)CX.

Theorem 2.2 ([27]). Let (E,d) be a complete metric space and let X and Y be nonempty closed
subsets of E. Let

T:XUY —-XUY

be a cyclic mapping such that

d(Tx,Ty) <kd(x,y)

forallxe X andy €Y, where k € (0,1). Then T has a unique fixed point in X NY.

Later,in 2011, Karapinar and Erhan [23] introduced several important classes of cyclic con-

tractions and established corresponding fixed point results.
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Definition 2.3 ([23]). Let (E,d) be a metric space and let X and Y be two nonempty subsets of
E. A cyclic mapping

T:XUY =-XUY

is called:

(i) Kannan-type cyclic contraction if there exists k € (0, 1) such that

d(Tx,Ty) < k[d(x,Tx) +d(y,Ty)]

forallxe X andy €Y.

(i1)) Chatterjea-type cyclic contraction if there exists k € (0, %) such that
d(Tx,Ty) < k[d(y, Tx) +d(x,Ty)]

forallxe X andyeY.

(iii) Reich-type cyclic contraction if there exists k € (O, %) such that

d(Tx,Ty) < k[d(x,y) +d(x,Tx)+d(y, Ty)}

forallxe X andy €Y.

Karapinar and Erhan [23] proved that if (E,d) is a complete metric space and T satisfies any
one of the above contractive conditions, then 7" admits a unique fixed point.

A significant development in fixed point theory emerged through the introduction of inter-
polation techniques into classical contractive conditions. Motivated by the growing interest
in interpolative contractions, Karapinar, Alqahtani and Aydi [18] introduced the notion of in-
terpolative Hardy—Rogers type contractions, extending the classical Hardy—Rogers fixed point
theorem [10]. The interpolation approach provides a flexible framework that combines various
distance terms through weighted geometric means, thereby enlarging the class of admissible
contractive mappings.

The interpolative methodology has subsequently become an active area of research and has
been successfully applied to numerous classes of contractions including Reich, Ciri¢, Kannan,
Meir—Keeler, Perov and multivalued contractions; see, for example, [1, 6, 7, 8, 11, 14, 15, 16,

17, 20, 21, 22, 26, 30, 33].
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In particular,8 Karapinar [14] introduced the concept of an interpolative Kannan-type con-
traction and established a corresponding fixed point theorem in complete metric spaces. This
innovative approach generalizes the celebrated Kannan fixed point theorem [12] and has in-
spired a wide range of subsequent investigations in the theory of interpolative contractions.

The notion of interpolative contractions was initiated by Karapinar [14], who introduced the

concept of an interpolative Kannan contraction and established the following fixed point result.

Theorem 2.4 ([14]). Let (E,d) be a metric space and let T : E — E be a self-mapping. Suppose

that there exist constants k € [0,1) and o € (0, 1) such that
d(Tx,Ty) < k[d(Tx,x)|*[d(Ty,y)]'~*
forall x,y € E\Fix(T). Then T has a unique fixed point in E.

Inspired by the above result, Edraoui, El Koufi and Semami [6] extended the notion of inter-

polative contractions to the cyclic setting.

Definition 2.5 ([6]). Let (E,d) be a metric space and let X and Y be two nonempty subsets of
E. A cyclic mapping
T:XUY - XUY

is called an interpolative Kannan-type cyclic contraction if there exist constants k € [0, 1) and

o € (0,1) such that

d(Tx,Ty) < k[d(Tx,x)*[d(Ty,y)]'*

for all (x,y) € X x Y satisfying x,y ¢ Fix(T).
They obtained the following fixed point theorem.

Theorem 2.6 ([6]). Let (E,d) be a complete metric space and let X and Y be two nonempty
subsets of E. If

T:XUY —-XUY

is an interpolative Kannan-type cyclic contraction, then T has a unique fixed point in X NY.

We begin by recalling the notion of fuzzy metric spaces.
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Definition 2.7. A binary operation *: [0,1] x [0, 1] — [0, 1] is called a continuous #—norm if it

satisfies the following conditions:

(1) * is commutative and associative;
(i1) = is continuous;
(iii) ax 1 =a, Va € [0,1];

(iv) axb < cxd whenever a < c and b < d Va,b,c,d € [0,1].
Example 2.8. axb = min{a,b} and a*b = a.b are t—norms.

The concept of fuzzy metric spaces was introduced by Kramosil and Michalek [28] as fol-

lows:

Definition 2.9. A fuzzy metric space is an ordered triple (X, M, *) such that X is a (nonempty)
set, * is a continuous 7-norm and M is a fuzzy set on X x X x (0,0) satisfying the following
conditions, for all x,y,z € X, s, >0

(i) M(x,y,0) =0,
(ii) M(x,y,t) =1, V¢ >0ifand only if x =y,
(iii) M(x,y,t) = M(y,x,t), (Symmetry)
(iv) M(x,y,1) «M(y,z,s) < M(x,2,1 +35),

(x,3,.):

(V) M(x,y,.): (0,00) — (0, 1] is continuous.

Note that M(x,y,t) can be thought of as the degree of proximity between x and y with respect

tor.

Example 2.10. Let (X,d) be a metric space and let the continuous 7-norm * be defined by
axb=ab, Va,be€[0,1].

Define

M: X xX x (0,00) — (0,1]

M )= —
(x;)% ) t—{—d(x,y)7
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for all x,y € X and r > 0. Then (X, M, ) is a fuzzy metric space. This fuzzy metric, induced by

the metric d, is commonly referred to as the standard fuzzy metric.

Definition 2.11. Let (X, M, *) be a fuzzy metric space.

(i) A sequence {x,} in X is said to be a Cauchy sequence if

I}E;I;M(xn7xn+p7t) = 17

for every t > 0 and every p € N.

(ii) A sequence {x,} is said to converge to a point x € X if

lim M (x,,x,1) =1,

n—soo
for every ¢ > 0. In this case, we write x,, — x.
(iii) A fuzzy metric space (X,M,x) is said to be complete if every Cauchy sequence in X

converges to a point of X.
Example 2.12. Let X = [0, 1] and let the continuous z-norm * be defined by

axb=ab, Va,be0,1].

Define
M:X xX x[0,00) — [0, 1]
by
B
M(x,yt)=41T x—y[?
0, t=0,

for all x,y € X. Then (X, M, ) is a complete fuzzy metric space.

Inspired by Karapinar et al. [14], Prachi et al. [32] introduced the concept of fuzzy interpola-

tive Kannan-type contractions.

Definition 2.13. Let (X,M,*) be a complete fuzzy metric space. A mapping 7: X — X is
said to be a fuzzy interpolative Kannan-type contraction on X if there exist constants x € [0,1),

y € (0,1), and 7 > 0 such that

M(Tx,Ty,t) > k [M(x,Tx,t)" * M(y, Ty,1)' 7],
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for all x,y € X \Fix(T'), where Fix(T) = {x € X : Tx = x}.

Theorem 2.14. Let (X, M,*) be a complete fuzzy metric space. If T: X — X is a fuzzy inter-

polative Kannan-type contraction, then T has a unique fixed point in X.

Definition 2.15. [31] Let (X, M, ) be a fuzzy metric space and let T : X — X be a self-mapping.
Then T is called a (k, a, B)-interpolative Kannan-type contraction if there exist constants K €
(0,1) and o, B € (0,1) with a + B < 1 such that

K

M(Tx,Ty,t) > |M(x,Tx,t)*«M(y, Ty,1)P

for all x,y € X with x # Tx and y # Ty, and for all ¢ > 0, where * is a continuous ¢-norm.

Theorem 2.16. [31] Let (X, M, %) be a complete fuzzy metric space and assume that * is the
product t-norm, that is, axb =a-b. Let T : X — X be a (k,a, B)-interpolative Kannan-type
contraction. Then there exist constants k € (0,1) and o, € (0,1) with o« + B < 1 such that
forall x,y € X with x # Tx and y # Ty and for every t > 0,
K
M(Tx,Ty0) > (M(x,Tx,0)*M(y, Ty, 0)P )
Then T has a unique fixed point x* € X.

3. MAIN RESULTS

Inspired by the recent work on interpolative contractions and cyclic mappings, we propose
the following notion of a (k, o, )-interpolative Kannan-type cyclic contraction in the setting

of fuzzy metric spaces.

Definition 3.1. Let (X, M, %) be a fuzzy metric space, and let A and B be two nonempty subsets
of X. A cyclic mapping T : AUB —» AUB, thatis, T(A) C B, T(B) CA,iscalleda (x,o,f)-
interpolative Kannan-type cyclic contraction if there exist constants x € (0,1), a,f € (0,1),
satisfying o + 8 < 1, such that

K

M(Tx, Ty,t) > |M(x,3,6)' =% P M(x, Tx,t) "« M(y, Ty,0) P |

for all (x,y) € A x B with x,y ¢ Fix(T), and for every ¢ > 0, where * is a continuous 7-norm.
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Theorem 3.2. Let (X, M, *) be a complete fuzzy metric space endowed with the product t-norm,
and let A and B be two nonempty closed subsets of X such that ANB# 0. If T :AUB — AUB
is a (x, o, B)-interpolative Kannan-type cyclic contraction, then T has a unique fixed point in

ANB.

Proof. Choose an arbitrary point xg € A and define the Picard sequence
Xpt1 = T'xp, n=0,1,2,....
Since T is cyclic, we have
Xy, €A, Xou+1 € B, n>0.

If x, = x,,+1 for some n, then x, is a fixed point of 7" and there is nothing to prove. Hence,
assume that x,, # x4 for every n.

For each t > 0, put

an = M(xn,xn+1,t).

Since (x;,X,+1) € A X B or (x,4+1,X,) € A X B according to the parity of n, the contractive
condition yields

ap+1 = M(T)Cn, TXnJrlat)
K

> M(x,,,x,ﬂ_l,t)lfo"/3 sk M (X, Txp, )% 5 M (x4 1, Txn+1,t)ﬁ

Since Tx, = x,+1, TXp+1 = X,+2 and the f-norm is the product,

K
1_
any1 > <an ﬁafH) .

Consequently,
— 1—
a,iﬁﬂ > o f1=P),
or equivalently,
A k(1 —B)
it Zdy, A =g

Since 0 < Kk < 1 and 0 < B < 1, it follows that 0 < A < 1. Moreover, 0 < a, < 1 for every n,
and therefore

ni1 = dp > ap.
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Thus {a, } is an increasing sequence bounded above by 1, and hence there exists L € (0, 1] such
that

lima, = L.
n—yoo

Passing to the limit in the inequality a,41 > a,’}, we obtain
L>1"
Since 0 < A < 1, the above inequality is possible only when L = 1. Hence,

lim M (x,,xp41,1) = 1, t>0.
n—oo

By the standard lemma for complete fuzzy metric spaces, the sequence {x, } is Cauchy. Since

(X,M,x) is complete, there exists z € X such that
Xn H Z.

Furthermore, the subsequences {xy,} and {xy,1} lie entirely in A and B, respectively. As both
sets are closed, it follows that

z€ANB.

We next show that z is a fixed point of 7. Applying the contractive condition to the pair

(xn,2), We obtain
M(xy41,Tz,t) = M(Tx,,Tz,t)
K

Z [M(xnvz>t>]_a_ﬁ *M(xmxn+17t)a *M(ZaTZ7t)ﬁ:|

Letting n — oo, and using the continuity of the fuzzy metric together with
M(xp,z,t) — 1, M (xp,xp41,1) —> 1,

we obtain

M(z,Tz,t) > M(z,Tz,1)*P.
Since 0 < k3 < 1 and 0 < M(z,Tz,t) < 1, the above inequality implies
M(z,Tz,t) =1

for every t > 0. Therefore,

z="Tz,
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and hence z is a fixed point of T'.

To establish uniqueness, let u,v € AN B be two fixed points of 7. Then
Tu=u, Tv=v.

Using the contractive condition, we obtain
M(u,v,t) = M(Tu,Tv,t)
> [M(u,v,t)l_a_ﬁ * 1% x lﬁ] ‘
= M(u,v,r)*(1=%=F),
Since 0 < k(1 — o — B) < 1, it follows that

M(u,v,t) =1

for every t > 0. Hence u = v, proving that the fixed point is unique.

Therefore, T' possesses a unique fixed point in A N B.

Example 3.3. Let X = {a,b,c,d} and define a metric d on X by

a b c d
al0 2 3 3
b2 0 2 2
c|3 2 01
di3 210

which clearly satisfies the triangle inequality.

Consider the nonempty closed subsets
A ={a,b}, B={b,c,d}.

Then

ANB={b} #0.

Define the mapping

T:AUB— AUB

11
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by

Clearly,
T(A)={b,c} CB,
and

T(B) = {b} CA.

Hence, T is a cyclic mapping.

Equip X with the George—Veeramani fuzzy metric

M(u,v,t):exp(—d(i’v)> , t>0,

and let the product #-norm be

axb=ab.

Then (X, M, ) is a complete fuzzy metric space.

Choose

Clearly,

7
K, B €(0,1), O‘+ﬁ:ﬁ<1'

The unique fixed point of T is b. Thus, the non-fixed points are
a,c,d.
The admissible pairs in A X B with both points non-fixed are
(a,c) and (a,d).

For either pair,
Ta=c, Tc=0b, Td=0ob,
so that

M(Ta,Tc,t) =M(c,b,t), M(Ta,Td,t) = M(c,b,t).

Since

0<Mla,c,t),M(a,Ta,t),M(c,Tc,t),M(d,Td,t) <1,
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we obtain
K
[M(a,c,t)l_“_ﬁ *M(a,Ta,t)**M(c, Tc,t)ﬁ] <1,
1 K
[M(a,d,r) —a-—p *M(a,Ta,t)“*M(d,Td,t)B] <1.
Moreover,
M(Ta,Tc,t) =M(c,b,t), M(Ta,Td,t) = M(c,b,t),
and therefore
K
M(Ta,Tc,t) > [M(a,c,t)lfo"/3 xM(a,Ta,r)* *M(c,Tc,t)ﬁ] ,
K
M(Ta,Td,1) > [M(a,d,t)‘—“—ﬁ *M(a,Ta,t)“*M(d,Td,t)ﬁ] .

Hence, T is a (K, a, B)-interpolative Kannan-type cyclic contraction. Therefore, by Theo-

rem 3.2, T has a unique fixed point in A N B, namely,

4. APPLICATION TO A NONLINEAR INTEGRAL EQUATION

In this section, we apply Theorem 3.2 to establish the existence and uniqueness of a solution

of a nonlinear Hammerstein integral equation.

Theorem 4.1. Ler X = C([0, 1], R) be the Banach space of all real-valued continuous functions

on [0, 1] endowed with the fuzzy metric

M(f,g.1) zexp(—w) , >0,

t

where

1f = 8lle = max | (x) - g(x)]

x€[0,1]
and the product t-norm.

Consider the nonlinear integral equation
1
u(x) :h(x)+/ K(x,s)F(s,u(s))ds, x €10,1],
0

where

(1) h € C([0,1]);
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(2) K :[0,1]> = R is continuous and
1
sup |K(x,s)|ds < L;
x€[0,1]/0

(3) there exists u € (0,1) such that
|F(s,u)—F(s,v)| < ‘LL|M—V|,

forevery s € [0,1] and u,v € R;

(4) the associated operator

1
(Tu) (x) = h(x) + / K(x,5)F (s, u(s)) ds
0
is a (x, o, B)-interpolative Kannan-type cyclic contraction.

Then the integral equation possesses a unique continuous solution.

Proof. Define the operator

1
(Tw) (x) = h(x) + /O K(x,8)F (s, u(s)) ds.

By assumption, 7" maps A U B into itself cyclically and satisfies the (k, a,f3)-interpolative
Kannan-type cyclic contraction of Definition 3.1. Since (X, M,x) is a complete fuzzy metric
space and AN B # 0, all the hypotheses of Theorem 3.2 are satisfied.

Hence, T admits a unique fixed point u* € AN B. Since Tu* = u*, we obtain

1
u*(x) = h(x) -l—/o K(x,8)F (s,u”(s))ds,

which shows that u* is the unique solution of the nonlinear integral equation. 0

Example 4.2. Consider the nonlinear integral equation

X I xs
u(v) =3+ /O Csin(u(s)ds,  xe[0,1]

Here,

and
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F(s,u)=sinu.
Since
|sinu —sinv| < |u—v|,

the nonlinear function is Lipschitz continuous.

Moreover,
L xs 1
sup / ‘—‘ds:—< 1.
x€[0,1]/0 8 16
Define
1
(Tu)(x) = 2+ [ Zsin(u(s))ds.
2 0o 8
Let
A={ueX:||ull.<1},
and
B={ueX:|u—1%|o<1}.
Then

ANB#0.

Assume that the operator T satisfies the (k, o, 8 )-interpolative Kannan-type cyclic contrac-

tion for some

3 1 1
K—Z, a—g, ﬁ—Z

Hence, by Theorem 3.2, the operator T possesses a unique fixed point

u* € ANB.

Therefore, the above nonlinear Hammerstein integral equation has a unique continuous solu-

tion on [0, 1].
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