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Abstract. The aim of this paper is to prove a unique common fixed point theorem in S multiplicative metric space
for four self mappings.
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1. INTRODUCTION

Research on common fixed points of mappings that satisfy specific contractive requirements
has been continuing and extremely active. The idea of the presence of weakly compatible map-
pings was initially introduced by Jungck and Rhoades [2] in 1988. They further weakened
the concept of compatibility by ignoring the continuity of the mappings involved in the metric
spaces. In order to prove common fixed point theorems and to broaden the concepts of noncom-
patible mappings in metric spaces, Aamri and Moutawakil[3] introduced a new concept of the
property E.A. in 2002. Several mathematicians since developed a number of widely accepted

fixed point theorems for contraction mappings in metric spaces applying various concepts, such
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as compatible mappings, weakly compatible mappings, and property E.A.In this paper we prove

a unique common fixed point in S-multiplicative metric space.

2. PRELIMINARIES

Definition 2.1. [3] Let 2~ be a non empty set and a function d : 2> — [0,00) completing the
resulting requirements :

(i)d(a,b) >0V a,be 2,

(ii)d(a,b) =0iffa=bVabe X,

(iif)d(a,b) = d(b,a),Ya,b € Z;

(iv)d(a,b) > d(a,c)+d(c,b) ¥ a,b,c € Z .

d is called a metric on 2" and (%, d) is called a rectangular metric space.

Definition 2.2. [6] Let 2~ be a nonempty set and S : 2> — RT, a function completing the
resulting requirements :

(i) (a,b,c) =0iffa=b=c;

(i) (a,b,c) < L (a,a,d)+ . (b,b,d) + .S (c,c,d) ¥V a,b,c,d € Z (rectangle inequality).
Then, (Z°,.) is called a .7 -metric-metric space.

The following is the definition of .,-metric spaces, a generalization of both .-metric spaces

and Sy-metric spaces.

Definition 2.3. [5] For a non empty set Z and S : 23 — R+, a function with a strictly in-
creasing continuous function, Q : [0,00) — [0,00) such that t < Q(t) for all t > 0 and Q(0) =0,

completing the resulting requirements :

(i) (a,b,c) =0iffa=b=c;

(ii).7 (a,b,c) < Q(S(a,a,d) +S(b,b,d) +S(c,c,d)) ¥V a,b,c,d € X (rectangle inequality).
Then, (Z°,.) is called an /),-metric-metric space.

(i) If Q(c) = ¢, Sp-metric space reduces to ./ -metric space.

(ii) If Q(c) = bc,.7,-metric space reduces to ./},-metric space.

In 2008, Bashirov et al. [2], introduced multiplicative metric spaces in the following way.
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Definition 2.4. [2] For a non empty set 2" and a function d : 2% — [0,00) completing the
resulting requirements :

(i)d(a,b) > 1V a,be 2,

(ii)d(a,b) =1iffa=bVabe X,

(iif)d(a,b) =d(b,a), YV a,b e 2,

(iv)d(a,b) <d(a,c).d(c,b), ¥V a,b,c € Z .

d is called a multiplicative metric on 2" and (X ,d) is called a multiplicative metric space. By
taking logarithms of (iv), the multiplicative metric space is equivalent to the standard metric

space.

Definition 2.5. [7] For a non empty set % and a function S : 2> — [0,00) is said to be an
S -metric on X, if for each a,b,c,d € X,

1.% (a,b,c) > 0;

2.% (a,b,c)=0iffa=b=c;

3.2 (a,b,c) < .F(a,a,d)+.(b,b,d)+ .7 (c,c,d)

The pair (Z,.7) is called an . -metric space.

Definition 2.6. [7] Let (Z°,.) be an . -metric space and A C Z'.

(1.) A sequence ay in .¥ converges to a if . (an,an,a) — 0 as n — oo, that is for every € >0
there exists ng € N such that for n > ng ,.% (an,a,,a) < €. We denote this by lim,_,..a, = a and
we say that a is the limit of a,, inZ .

(2.) A sequence a, in 2 is said to be Cauchy sequence if for each € > 0, there exists ng € N
such that . (an,ay,an) < € for each n,m > ny.

(3.) The .7 -metric space (Z,.) is said to be complete if every Cauchy sequence is convergent.

Lemma 2.1. [7] Let (Z2,.) be an % -metric space. Then, we have ./(a,a,b) =
S (b,b,a), a, be Z .

Lemma 2.2. [7] Let (2°,.) be an ./ -metric space. If there exist sequences a, and a,, such that

lim,,_,ea, = a and lim,_,eo by, = b, then lim,_,e . (ay,an,by) = . (a,a,b).

Definition 2.7. [4] Let (2, be an ./-metric space and f and g be two self mappings on Z .

If f and g commute at coincidence points, they are considered weakly compatible.



4 L. RAWATE, R. TIWARI, A.K. MISHRA
Definition 2.8. [1] Let(X Z",.7) be an 2 -metric space and f and g be two self mappings on
Z .1t is then claimed that f and g fulfill the property E.A. if there exists a sequence ay, in 2 such

that lim,, o fa, =lim, ,.ga, =tVt e Z .

3. MAIN RESULT

Theorem 3.1. Let 2" be an .-multiplicative metric space and A,B, f,g: X — Z be four self
mapping such that

(1) A(Z) Cg(2) and B(Z') € ().

(2) (o, f) and (B, g) satisfies property E.A.

(3) (A a, o a, Bb) < ¢|max{.7 (fa, fa,gh), 7 (fa, fa, Bb)} .

(4) One of A(Z),B(Z), f(Z) and g(Z") is complete subset of Z'.

(5) 1f (<, f) and (B,g) are weakly compatible. Then <7 , A, f and ghave a unique com-

mon fixed point in Z .

Proof. Suppose X be an 2 -multiplicative metric space and &/, 4, f,g: Z — % be four self
mapping satisfying above (5) conditions. since (4,g) satisfies the property E.A., then there

exists a sequence a,in. 2", such that

(3.1 lim Aa,, = 1Lm ga, =t for somet € 2.
n—so0

n—yoo

Since B(Z") C f(Z'), then there exists a sequence b,inZ, such that

HBay, = fby,.
SO,
(3.2) lim fb, = lim %Ba, =t
n—soo n—soo
from equation ((3.1) and (3.2))
(3.3) lim fb, = lim Ba, = lim ga,, =t
n—oo n—oo n—oo

but from condition (2) in theorem, (<7, f) satisfies the property E.A.,

S0,

(3.4) limb, = lim fb, = lim $a, = lim ga, =t
o n—oo n—oo n—yoo
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Suppose that f(.2") is a complete subspace of 2. Then r = fu for some u € 2", Now we will

show that Zu = fu = t, from condition (3), we have
S(eta, o a, Bb) < Qlmax{.7(fa, fa,gb), 7 (fa, fa,Bb)}"]
S(eu, o u, Bay) < Qlmax{S(fu, fu,gay), (fu, fu, Ban)}"]
taking n — oo,
(A u, ut) < @lmax{ S (fu, fu,1), 7 (fu, fu,t)}*]
L u, o u, fu) < @lmax{F (t,1,1), 7 (t,1,1)}*]
< @lmax{1,1}]
< p[max{14}]
< @[maxl]
< o(1)
<1,

it is contradictory. Hence .o/u = fu

S0,

(3.5) du=fu=t,

since (<7, f) is weakly compatible so,

(3.6) dAu=d fu=fdu= ffu.

Since o/ (27) C g(2").

So, there exists v € 27, such that
(3.7) Au=gv

Now we will prove that gv = By from condition (3),
(ot a, o a,Bb) < ¢[max{F (fa, fa,gb),.7 (fa, fa,Bb)}"]

L (A u, o u, Bv) < @lmax{ .S (fu, fu,gv),-7 (fu, fu,Bv)}]
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< @lmax{F (fu, fu, fu), 7 (fu, fu,Bv)}*]
< @[max{1,.7 (ot u, o u, Bv)}¥|

Case 1 : If max =1, then

L (A u, du,Bv) < (1)
S u, o u,Bv) < p(1)
<1, which is contradiction. So, /u = HBv implies gv = Bv
Case 2 : If max =% (o u, o/ u, Bv)

then,

P u, ol u, Bv) < Q[ (A u, o u, Bv)|

S (A u, A u, Bv) < S (A u, o u,Bv),

it is contradictory. So, .@7u = /v and hence gv =&/v

clearly, @/u = fu = gv = Av. If./ and g are weakly compatible, then
BBy = Bgv = gBv = ggv

Suppose &7 o/ u # /1, By condition (3),

S (tx,x, By) < plmax{S (fx, fx,8y),7 (fx, fx,By)}"]
(A A, A A u, Au) < Qlmax{ (A o u, o o u, B)
< Qlmax{ L (fu, folu,gv), 7 (o o u, o S u, Bv) |
< Q[ (A A, A u,Bv) "]
< (A A, A u, Bv)

it is contradictory, hence &7 7u = “/u

so, & /u =fu=a/u

which implies @/u = u and fu = u.

Hence ./u is common fixed point of .7 and f.

Similarly, v is common fixed point of ./ and g. But .&/u = Av. So, &/, #A, f and g have

common fixed point 27u. OJ
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Uniqueness of common fixed point - Let / and m are two common fixed points of o7 ,.o7, f
and g.
So,

L (1,1,m) < {F(Al,Al,Bm)
< @lmax{.F(f1,f1,gm), 7 (f1, f1,Bm)}"]
< @[ (L 1,m), (1,1,m)}]
<o[(1,1m)*
< Z(I,1,m)*
<. Z(1,1,m)

which is contradiction, hence [ = m.
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