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Abstract. Amidst the escalating challenges posed by nationwide flooding during the rainy season, exacerbated
by the El Nifio phenomenon, there is an urgent need for improved water management systems. Open circular
channels play a crucial role in flood control, irrigation, and water supply networks. However, optimizing the flow
efficiency in these channels remains a significant challenge, especially when considering the complex interplay
between key parameters like depth, velocity, and pressure. This study aims to develop a sophisticated mathematical
model that addresses these challenges, offering a tool for enhancing the operational efficiency of open circular
channels. The proposed model based on the RANS equations for incompressible flow, integrated with the EARSM
turbulence model and solved using the artificial compressibility method, offers a robust framework for simulating
complex turbulent flows. The application of implicit finite volume discretization ensures that the model is stable
and accurate, while the boundary conditions allow for realistic and detailed simulations of practical fluid flow
scenarios.
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1. INTRODUCTION

Recent extreme weather events, including prolonged rains and the ongoing El Nifio phenom-
enon, have led to severe flooding across northern and southern regions of the country. This
crisis follows a recent recovery from severe drought, highlighting a vulnerability in water man-
agement systems. In Lagos State, for example water flowing from highlands to lowlands causes
existing channels to overflow, leading to extensive urban flooding and stagnant water. Infor-
mal settlements, already prone to flooding even during average rainfall, are particularly affected
[16, 15, 18]. This situation underscores the urgent need for well-designed channels that can
handle stormwater efficiently, prevent urban flooding, and redirect excess water to agricultural
lands [8, 13, 16, 19]. Channels are classified as open or closed based on their top structure. Open
channels, such as rivers and streams, have uncovered tops and can be designed with various
cross-sections, including trapezoidal, rectangular, and circular. Closed channels, or conduits,
are covered and include pipes and tunnels [2, 6, 9, 10]. Effective stormwater management relies
heavily on understanding and designing open channels, which involves studying the forces of
gravity, viscosity, and inertia that govern flow dynamics. A number of studies have explored
various aspects of open channel flow, particularly in channels with circular cross-sections (see
[14,9, 8,4, 11]). The study of incompressible flow in open water channels is crucial for various
engineering applications, including irrigation, drainage systems, flood control, and hydraulic
engineering. Understanding the behavior of fluid flow in open channels under incompressible
conditions provides insights into optimizing these systems for efficiency and stability. This re-
view summarizes recent advancements and methodologies in modeling incompressible flow in
open channels, focusing on turbulence mitigation, mathematical modeling, and computational
fluid dynamics (CFD). Turbulence plays a significant role in the dynamics of incompressible
flow within open channels. [5] explored the mitigation of flow turbulence using X —shaped
vanes in an open channel. Their study focused on simulating and analyzing water flow in two
dimensions (2D), considering the flow as incompressible. The introduction of vanes effectively
reduced turbulence intensity, which is critical in maintaining stable flow conditions in engineer-
ing applications. [15] conducted a study on the mathematical modeling of fluid flow in open

circular channels within sewerage systems. Their research focused on the flow dynamics of an
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incompressible Newtonian fluid in artificial rectangular channels, incorporating lateral inflows.
The mathematical approach adopted in this study allowed for the prediction of flow patterns and
the identification of potential issues, such as backwater effects and flow separations, which are
critical in the design and management of open channel systems. CFD simulations have become
a powerful tool in studying incompressible flow in open channels, allowing for detailed analysis
of complex flow patterns and interactions. [11] investigated turbulent heat transfer structures in
open channels using large eddy simulation (LES) techniques. Their research demonstrated the
applicability of open-source CFD codes in modeling incompressible flow, with a focus on op-
timizing heat transfer efficiency. The study highlighted the importance of selecting appropriate
modeling options for accurately capturing the nuances of turbulent flow in open channels. Sim-
ilarly, [7] explored the behavior of shallow water flows with discontinuous topography using
incompressible fluid models. Their work emphasized the challenges posed by topographical
variations in open channel flow and the necessity of incorporating these factors into CFD mod-
els for accurate predictions. The use of incompressible flow assumptions in their study allowed
for a more straightforward analysis of the fluid dynamics involved, making it easier to apply the
findings to practical engineering problems. The study of incompressible flow in open channels
has significant implications for hydraulic engineering. [17] conducted a numerical investigation
of turbulence models for vegetated channel flows, using CFD simulations to calculate velocity
fields. This research provides a foundation for incorporating turbulence-mitigation strategies in
the design of open water channels, emphasizing the importance of controlling flow behavior to
enhance channel performance. Mathematical models are essential for predicting the behavior
of incompressible flows in open channels. The findings of this study contribute to the devel-
opment of more accurate models for predicting flow behavior, which is essential for effective

water resource management.

1.1. Governing Equations. The governing equations for incompressible flow in an open wa-
ter channel are typically derived from the Navier-Stokes equations under the assumption of
incompressibility. The key equations include the continuity equation and the momentum equa-

tion. For an incompressible fluid, the modified continuity equation becomes:
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Where S is the artificial compressibility parameter. This term allows for the pressure to propa-
gate through the domain while solving for incompressible flow. For an incompressible Newto-

nian fluid, the Navier-Stokes equation in three dimensions is

) p(%—i—u-Vu):—Vp—i—uVZu—i—f

where u = (u, v, w) is the velocity vector, p is the fluid density, p is the pressure, y is the dynamic
viscosity, f represents body forces (e.g., gravity). This equation (1) ensures the incompressibil-
ity condition, implying that the fluid density is constant and the flow is divergence-free. Given
that real-world flows often exhibit turbulence, the Navier-Stokes equations need to be modi-
fied or supplemented by a turbulence model. Common approach includes Reynolds-Averaged

Navier-Stokes (RANS) Equations

Ju -
3) p(a—l;+ﬁ-Vﬁ) :—Vﬁ+uV2ﬁ+V-(pu/u/)+f
Here, the velocity u and pressure p are decomposed into mean (u, p) and fluctuating compo-
nents (u’, p). The term pu/u’ represents the Reynolds stress, which is modeled using turbulence
models like k-€ or k-@. The effect of non-uniform bed roughness can be incorporated by modi-

fying the boundary conditions and introducing a roughness parameter, often represented by the

Nikuradse equivalent sand roughness k;. Momentum Equation (RANS)

du
p (E +u . Vu) = —Vp + [.LVzll - V ° Tturbulent

Where: p is the fluid density, p is the pressure, ( is the dynamic viscosity, Turbulent 1S the
Reynolds stress tensor, accounting for the effects of turbulence. The Wall Shear Stress is

“4) Tw =P (ny)

where Cy is a friction coefficient that accounts for roughness and is a function of k;. For open

channel flows, the free surface is an important boundary condition, governed by

an  _ B
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where 7 is the surface elevation and w is the vertical velocity component at the free surface.

Dynamic Boundary Condition

(6) P=Pam aty=n

where pam 1s the atmospheric pressure at the free surface. If heat transfer or thermal effects are

considered:
oT
(7) pey (equ-VT) = kV?T + @

where T is the temperature, ¢, is the specific heat at constant pressure, k is the thermal con-
ductivity, ® is the viscous dissipation function. The general form of the Reynolds stress tensor

Twrbulent 1N the Explicit Algebraic Reynolds Stress Model (EARSM) model is:
2
() Tturbulent = PM ’/l = 2VtS gpk(sij

where §;; is the mean strain rate tensor, V; is the eddy viscosity,  is the turbulent kinetic energy
and 9;; is the Kronecker delta. These equations (1) - (8) collectively describe the behavior of in-
compressible flow in open circular channels, capturing the effects of turbulence, bed roughness,

and non-linearities inherent in real-world flows.

1.2. Non-dimensionalization of the governing equations. To non-dimensionalize the gov-
erning equations, we first choose characteristic scales for the variables involved,Length scale
L (e.g., channel width or depth), Velocity scale U (e.g., typical flow speed),Time scale T = ﬁ,
Pressure scale P = pU?, Height scale H (e.g., characteristic water depth). Using the character-
istic scales, we define the non-dimensional variables Starting from the incompressible Navier-

Stokes equation

d

Substitute the non-dimensional variables

p (a“+u Vu) — _Vp4uViuif

Uou* U?
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Now, divide through by the dynamic pressure scale pU?/L
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Here, the dimensionless group l% is the inverse Reynolds number 1%, where Re = YL,

The body force term is usually represented as a gravitational force, which is f = pg. Non-
dimensionalizing g gives a Froude number Fr = \/Lgi' The non-dimensional momentum equa-

tion becomes

Ju*
ot*

1 1
_*_u*.v* *:_V*p*_i_R_eVﬂQu*_'_ﬁg*

The incompressible continuity equation is

Substituting the non-dimensional variables
Viut =0

This remains unchanged since the continuity equation is already non-dimensional. For the

kinematic boundary condition at the free surface y =1

an
il § .Vn =
5 +u-vn=w
Non-dimensionalize this using
L an* w*
. U * _V* * U-—
U ort* N 1 L
Simplifying
an*
% . V* — *
e +u n w

For non-uniform bed roughness

uju
where Cy can be non-dimensionalized based on k. These non-dimensional equations form the

basis of the numerical model and can be used to analyze the effects of Reynolds number, Froude

number, and wall roughness on the flow behavior in open circular channels.
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1.3. Boundary Conditions. The model requires appropriate boundary conditions to simulate
real-world scenarios. At the channel walls, the velocity of the fluid is zero relative to the wall.
At the free surface of the flow, the pressure is atmospheric, and the velocity normal to the
surface is zero. Boundary conditions should be applied as follows: At the boundaries (e.g.,
r=0,r=R, z=0, z=L). Apply Dirichlet (prescribed velocity or pressure) or Neumann
(prescribed gradient) conditions based on the physical problem. Symmetry or axis boundary

(e.g.,at r =0): % =0and u, =0.

1.4. Numerical Methods. Finite Difference Method (FDM) is employed to solve the govern-
ing equations. This method is chosen for its conservation properties and suitability for complex
geometries. The discretized equations are solved using iterative solvers such as the SIMPLE
(Semi-Implicit Method for Pressure-Linked Equations) algorithm. To find the Finite Difference
Method (FDM) representation of the momentum equations in cylindrical coordinates, specifi-
cally in the r and z directions, we’ll start by writing the momentum equations in their differential
form and then discretize them using finite differences. The Navier-Stokes equations in cylindri-

cal coordinates (r, 6,z) for incompressible flow are, r-direction (Radial):

du, du, ug du, u, u% ap ) u, 2 dug
8 28 Y% _te ) _Y¢ v2y 22778
p(8t+ur8r+r89+uzaz r) 8r+“< ey )

z-direction (Axial)

du, du, ugdu, du;\  dp )
p(at“’ar*rae*“wz =g, THYVH

Here, u,, ug, u, are the velocity components in the r, 8, and z directions, respectively, p is the
fluid density, u is the dynamic viscosity, p is the pressure. We will discretize the equations
using central differences for spatial derivatives and forward differences for time derivatives.

Discretization in the r-direction: Radial velocity u,,

i+1,7.k i—1,j,k
(9) 8”7‘ —~ ur J - ur /
ar 2Ar
(10) 82ur I/t;_‘— 7.]7k _ 2ui7]7k _|_ u; 7J>k
or? Ar?

Azimuthal velocity ug,

ij+lk -1k
dug Ug —ug

20 2A6

Q

(1)
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o A
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Discretization in the z-direction, Axial velocity u;,
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Discretizing the radial momentum equation,

ik (itlLjk i1k ik (ijrlk i1k
Y (u’r+ ik _ i ) 'y (utr,ﬁr Y )
+

2Ar 2rA0

%(ugj,k_u¢j7k—1) +

ik (ke k1 N
uy” (ulrj + —uy’ ) w2k

0
+ —
2Az r
i1 i—1.i i+1,], ij i—1,], i j+1, ij, ij—1,
pz+1,J,k_pz 1,j.k N uzr+ ,],k_2ulr7J,k_|_M; Wik uzr,J+ ,k_2ulrjk+ulrj k
N 2Ar H Ar2 2A02
. . ikl . ij+lk _Qj-lk
+ulr,J,k+ _ Zulr,J,k ulr,/,k ervjvk 2 (“9 ug
AZ? r2 r2A0

Discretizing the axial momentum equation:
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These FDM approximations form the basis for solving the momentum equations in cylindrical
coordinates, which is applicable to problems like pipe flow, flow in cylindrical containers, or

axisymmetric flows.

2. MODEL VALIDATION AND VERIFICATION

The flow parameters of Reynold’s and Froude’s numbers were investigated to determine how

they affect the velocity. The figure 1 illustrate the effects of Reynolds number on the velocity

Velocity Profiles at Different Reynolds Numbers
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FIGURE 1. Effects of Reynolds number on the velocity Profiles

profiles for laminar and turbulent flows. The velocity profile is parabolic. The flow velocity
is maximum at the center of the pipe and decreases smoothly to zero at the pipe walls. This
is typical for low Reynolds numbers (Re < 2000), where viscous forces dominate, leading to
smooth and orderly flow. The velocity profile in turbulent flow is flatter in the core region
with a sharp gradient near the walls, typical of high Reynolds numbers (Re > 4000). The

right graph uses a logarithmic scale to represent the velocity profile, showing how the velocity
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changes rapidly near the wall (in the boundary layer) and remains relatively uniform in the
central region. These visualizations clearly demonstrate how the Reynolds number affects the
shape of velocity profiles, transitioning from a smooth parabolic profile in laminar flow to a

flatter, more complex profile in turbulent flow. The figure 2 shows that the velocity profile in an

Velocity Profiles at Different Froude Numbers
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FIGURE 2. Effects of Froude’s number on the velocity Profiles

open circular channel is strongly influenced by the Froude’s number. As the Froude’s number
increases, the flow becomes more turbulent, and the velocity profile becomes more peaked. This
has important implications for the design of open circular channels, particularly in applications
such as flood mitigation and water management systems. Figure 2 effectively illustrates how the
velocity profile changes as the flow regime transitions from laminar to turbulent with increasing
Reynolds number. It highlights the distinctive features of each flow regime, providing a visual
understanding of how fluid velocity varies across the pipe’s cross-section under different flow
conditions. The parabolic profile is characteristic of laminar flow, where viscous forces are

significant, and the fluid flows in parallel layers. The velocity is highest at the center and
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decreases smoothly toward the walls. The transitional profile is less well-defined, indicating
that the flow is neither fully laminar nor fully turbulent. The curve is somewhat between the
parabolic laminar profile and the flatter turbulent profile, reflecting the complex and unstable
nature of transitional flow. The flatter profile with a steep drop near the wall is characteristic
of turbulent flow. In this regime, the velocity is nearly uniform across most of the pipe’s cross-

section, except near the walls, where the viscous effects are confined to a thin boundary layer.

2.1. Analytical Solutions. The numerical model is validated against known analytical so-
lutions for flow in circular channels. Comparisons are made with classical solutions such as
Hagen-Poiseuille flow for laminar conditions and experimental data for turbulent flows. To
demonstrate the validation of a numerical model against known analytical solutions for flow
in circular channels, we can compare the results from a numerical simulation of fluid flow in
a pipe with the analytical solution provided by the Hagen-Poiseuille equation for laminar flow
and with experimental data for turbulent flow. Hagen-Poiseuille Law provides the analytical
solution for steady, incompressible, and fully developed laminar flow in a circular pipe:

AP

u(r) = L (R2 - rz)

where u(r) is the velocity at radial position r, AP is the pressure drop along the length L of the
pipe, U is the dynamic viscosity, R is the pipe radius, r is the radial distance from the pipe center.
For turbulent flow, there is no simple analytical solution like Hagen-Poiseuille flow. Instead, we
rely on empirical relationships and experimental data to validate the numerical model. The

logarithmic velocity profile (log law) is often used:

where u* is the dimensionless velocity, y* is the dimensionless wall distance, k is the von
Karmén constant, and B is an empirical constant. Assume we have conducted a numerical
simulation of fluid flow in a circular pipe for both laminar and turbulent conditions. We will
now compare the numerical results with the analytical solution for laminar flow and with the
log-law profile for turbulent flow. Figure 3 shows that the numerical model’s velocity profile
closely matches the analytical Hagen-Poiseuille solution, indicating that the model correctly

handles laminar flow. The numerical model’s velocity profile aligns well with the empirical
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Laminar Flow: Numerical vs Analytical Turbulent Flow: Numerical vs Log-Law
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FIGURE 3. (a) Numerical velocity profile u(r) with the Hagen-Poiseuille solu-
tion (b) numerical velocity profile with the log-law profile using experimental

constants.

log-law, suggesting that the model also accurately captures the characteristics of turbulent flow.
These comparisons are essential for validating that the numerical model is reliable and can be

used to predict fluid behavior under different flow regimes.

2.2. Experimental Data. The model is further validated using experimental data from phys-
ical tests conducted in a laboratory-scale circular channel. Flow rate, velocity profiles, and
pressure measurements are compared with model predictions to assess accuracy. Velocity pro-
file is measured at several radial positions along the pipe and pressure drop is measured across

the length of the pipe. Then, using the Hagen-Poiseuille equation for laminar flow:

_ TR'AP

Otheory = &u—L
where AP is the pressure drop across the pipe. Figure 4 shows that the bar graph compares the
experimental and theoretical flow rates. If the model is accurate, the bars should be close in
height. Any significant difference indicates a discrepancy between the model and experimental
setup. The line graph compares the velocity profiles across the pipe radius. The experimental

data points (blue circles) are plotted along with the theoretical prediction (red dashed line).

The closer these profiles match, the more accurate the model. Minor deviations might occur
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Comparison of Flow Rates
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FIGURE 4. Comparison between experimental data and model predictions

due to experimental noise or slight turbulence in the flow. The pressure drop values printed in
the console show how well the model’s predicted pressure drop aligns with the experimental

measurement. If the numbers are close, the model accurately represents the flow resistance in

the pipe.

2.3. Optimization of Channel Design. The numerical model helps in optimizing channel de-
sign parameters such as diameter, slope, and roughness to improve flood mitigation. Sensitivity
analysis is conducted to identify the most critical factors affecting channel performance. To
demonstrate the optimization of channel design parameters such as diameter, slope, and rough-
ness using a numerical model, we can conduct a sensitivity analysis. This analysis identifies
which parameters most significantly impact the channel’s performance, such as its ability to

handle flood flows. Using Manning’s equation:
103012
Q=-AR""S
n

where Q = Flow rate (m?/s), A = Cross-sectional area of flow (m?), R = Hydraulic radius (m)
= %, where P is the wetted perimeter (m), S = Channel slope (m/m), n = Manning’s roughness

coefficient (s/m!/?), Cross-sectional area A = ”TDZ, Wetted perimeter P = D, and Hydraulic
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radius R = % = a—). In figure 5, the first subplot shows how the flow rate Q changes with varying

Sensitivity of Flow Rate to Channel Diameter
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FIGURE 5. Design parameters to improve flood mitigation.

channel diameter. Since Q is proportional to D?/3, the flow rate increases rapidly as the diameter
increases. This indicates that diameter is a critical factor in determining the flow capacity of
the channel. The second subplot shows how the flow rate Q changes with varying channel
slope. The relationship between Q and S'/2 is linear but less steep compared to diameter.
Increasing the slope significantly improves the flow capacity, but its effect is less dramatic than
that of diameter. The third subplot shows how the flow rate Q changes with varying Manning’s
roughness coefficient. Since Q is inversely proportional to n, increasing roughness decreases
the flow rate. This suggests that minimizing roughness (e.g., using smoother channel materials)
can improve flow capacity. Diameter has the most significant impact on flow rate, followed
by slope and roughness. For flood mitigation, optimizing the channel diameter is crucial, but
considering slope and roughness is also important to ensure the channel can handle expected
flood flows. This process is essential in identifying the most critical factors and guiding design

decisions to enhance channel performance.

2.4. Case Study. A case study is presented involving a real-world application in an urban
area prone to flooding. The model’s predictions are used to design modifications to the existing

channel network, and the results are compared with actual flood data. To demonstrate a case
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study involving the application of a numerical model to modify an existing channel network
in an urban area prone to flooding, we can simulate a scenario where model predictions are
used to design channel modifications. The effectiveness of these modifications is then validated
by comparing the model’s predictions with actual flood data. The dataset used is from an ur-
ban area with a network of drainage channels prone to frequent flooding during heavy rainfall
events. The objective is to improve the channel network’s capacity to mitigate floods by opti-
mizing parameters such as channel diameter, slope, and roughness. The effectiveness of these
modifications is validated by comparing predicted flood levels with actual flood data after the

modifications are implemented. In figure 6 the first plot compares actual flood levels with those

Flood Levels: Actual vs Predicted (Existing Channel)
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FIGURE 6. comparison between the actual flood levels and the model predictions

predicted by the model based on the existing channel parameters. The second plot compares
actual flood levels with the predictions after the proposed channel modifications. The first plot
shows how the existing channel network struggles to match the actual flood levels, indicating
the need for design improvements. The second plot demonstrates that after increasing the chan-
nel diameter, slope, and reducing roughness, the predicted flood levels are closer to the actual
observed data, suggesting that the modifications are effective. The comparison between the ac-

tual flood levels and the model predictions after modifications helps validate the effectiveness
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of the channel redesign. If the predictions closely match the actual data, the modifications are

successful in mitigating floods.

3. RESULTS AND DISCUSSION

The numerical model demonstrates good agreement with analytical solutions and experimen-
tal data, validating its accuracy and reliability. It effectively captures the dynamics of incom-

pressible flow in circular channels.

3.1. Application to Water Management. The model contributes to more informed water
management practices by simulating various flow scenarios and optimizing channel designs. Its
integration with GIS further enhances its utility in managing water resources. The integration
of numerical models with Geographic Information Systems (GIS) significantly enhances the
ability to manage water resources effectively (see [1, 2, 3, 4]). By simulating various flow
scenarios and optimizing channel designs, these models provide critical insights that lead to

more informed water management practices. Figure 7 is a simple visual representation of a

Flood Risk Visualization for a typical Urban Area

10 4 — River
== Drainage Channels

Latitude

0 2 4 6 8 10
Longitude

FIGURE 7. A simple GIS-based visualization

hypothetical urban area, focusing on flood risk. It defines the city’s geographical elements,
including the river, city boundary, low-lying flood-prone areas, and drainage channels, and then
plots these elements on a map. It highlights critical areas that need attention, such as low-

lying zones prone to flooding and the infrastructure (drainage channels) that could mitigate
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these risks. This kind of visualization could be useful for urban planners, environmentalists,
or decision-makers when considering flood prevention strategies. The integration of numerical
models and GIS leads to several key benefits for water management such as providing accurate
simulations and visualizations, the model enables water managers to make informed decisions
based on data-driven insights. This leads to more effective management of water resources,
reducing the risk of flooding and ensuring the sustainability of water supply systems. The ability
to simulate various scenarios allows for better risk assessment (see [6, 8, 11, 12]). For instance,
the model can predict the impact of extreme weather events, helping to identify vulnerable areas
and plan for necessary infrastructure upgrades or emergency response measures. The model
helps in optimizing the design of water infrastructure, ensuring that resources are allocated
efficiently. This includes optimizing channel designs to handle expected flow rates without
over-engineering, which can save on construction and maintenance costs. By simulating the
impact of different water management practices, the model can help protect natural ecosystems.
For example, it can predict how changes in channel design might affect wetland areas or fish
habitats, allowing for more environmentally friendly management strategies. The integration of
numerical models with GIS supports long-term water management planning. By considering
future scenarios, such as population growth or climate change, water managers can develop

strategies that ensure the resilience and sustainability of water resources.

4. CONCLUSION

The developed numerical model for incompressible flow in open circular channels proves to
be a powerful tool for both flood mitigation and water management. It offers detailed insights
into flow behavior, assists in optimizing channel designs, and supports decision-making pro-
cesses in water resource management. The case study illustrates how a numerical model can
be used to optimize an urban drainage channel network for flood mitigation. By comparing
the model predictions with actual flood data before and after modifications, the effectiveness
of the channel design can be assessed, providing critical insights for urban flood management
strategies. The integration of numerical models with GIS represents a powerful approach to
water resource management. By enabling the simulation of various flow scenarios and optimiz-

ing channel designs, these tools provide critical insights that lead to more informed, effective,
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and sustainable water management practices. This integration allows water managers to bet-
ter predict and mitigate risks, optimize infrastructure, protect the environment, and ensure the
long-term sustainability of water resources in a changing world. Future work will focus on im-
proving the model’s resolution, incorporating additional physical phenomena, and expanding

its applicability to other types of channels and flow conditions.
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