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Abstract. In this work, we introduce T — ¢-Berinde-contraction mappings and establish some fixed point results
on such mappings in the setting of partial metric spaces. These results substantially generalize the results in the
existing literature. We provide an example in support of our result.
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1. INTRODUCTION AND PRELIMINARIES

One of the most well-known and important theorems in nonlinear analysis is the Banach con-
traction principle [1].Many extensions and generalizations of the Banach contraction principle
have been made. Samet et al. [5] introduced a new class of contractive type mappings called
o — Y contractive type mappings, which expanded and generalized the Banach contraction prin-
ciple. Additionally, Kumam et al. [6] established fixed point results for this class of mappings
while establishing the idea of weak a — y-contractive mappings. However, Baiz et al.[7, 8]
established results in rectangular quasi b-metric spaces and rectangular M-metric spaces and
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developed a novel generalization of contraction mappings as T — y-contraction and general-
ized T — y-contraction mappings.Berinde [15, 16] established the idea of almost contractions
on metric spaces. Generalized Berinde-type contractions have been studied by Aydi et al. [17]
in regard to partial metric spaces. Recently, Mebawondu et al. [9] introduced («, 3)-Berinde-
@-contraction mappings by employing a new class of mappings called (@, )-cyclic admissible
mappings, and provided some results for such mappings.

Matthews [2, 3] established the partial metric version of the Banach fixed point theorem and
presented a very interesting generalization of the metric space called partial metric space, in

which the self distance need not be zero.

Boyd and Wong [4] introduced a class of mappings called the @-contraction mapping and

obtained following result:

Definition 1.1. Let (U,d) be a metric space and ¢ : [0,00) — [0,00) be a function such that

o(x) <xforx>0.Aselfmap T : U — U is called @-contraction if

d(Ts,Tt)) < ¢(p(s,))

forall s,t € U.

Theorem 1.2. Let (U,d) be a complete metric space and T : U — U a @-contraction such that
@ is upper semicontinuous from the right on [0,) and satisfies ¢(x) < x for all x > 0, Then T

has a unique fixed point.
More so, Berinde introduced and studied the following class of contraction mappings:

Definition 1.3. Let (U,d) be a metric space. A mapping 7 : U — U is said to be generalized

contraction if there exist € [0,1) and L > 0 such that
(1.1) d(Ts,Tt) < 6d(s,t)+Lmin{d(s,Ts),d(t,Tt),d(s,Tt),d(t,Ts)}
forall s,t € U.

Recently, In 2020, Mebawondu et. al. [9] introduced a new class of mappings called (o, 3)-

cyclic admissible mappings and presented following results:
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Definition 1.4. Let T be a self-mapping on U and let o, 3 : U x U — [0,00). We say T is an
(o, B)-cyclic admissible mapping if
(1) a(s,t) > 1= B(Ts,Tt) > 1,
(2) B(s,t) > 1= a(Ts,Tt) > 1.

Definition 1.5. Let Let (U,d) be a metric space. a,f : U x U :— [0,0) be two functions and
T be a self map on U. The mapping T is said to be an (¢, B)-Berinde-@-contraction mapping,

if there exists L > 0 such that for s, € U with T's # T't, we have

(1.2)
o(s,Ts)B(t,Tt) >1=d(Ts,Tt)) < @(d(s,t))+Lmin{d(s,Ts),d(t,Tt),d(s,Tt),d(t,Ts)}

where @ : [0,00) — [0,00) is a continuous function which satisfies ¢(x) < x for all x > 0 and

¢(0)=0.

Theorem 1.6. Let (U,d) be a complete metric space and T : U — U be an (o, )-Berinde-¢-
contraction mapping. Suppose the following conditions hold:

(1) T is an (a,B)-cyclic admissible mapping;

(2) there exists so € U such that a.(so,Tso) > 1 and B(so,Tso) > 1;

(3) T is continuous.

Then T has a fixed point.

Theorem 1.7. Let (U,d) be a complete metric space and T : U — U be an (o, 3)-Berinde-@-

contraction mapping. Suppose the following conditions hold:

(1) T is an (a,B)-cyclic admissible mapping;
(2) there exists so € U such that a.(so,Tso) > 1 and B(so,Tso) > 1;
(3) if for any sequence {s,} in U such that s, — s as n — oo, then B(s,Ts) > 1 and

(s, Ts)>1

Then T has a fixed point.

Further, Baiz et al. [7] introduced the concepts of T — y-contraction mappings as follows:
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Definition 1.8. Let (U,0) be a rectangular quasi b-metric space and 7 : U — U be a self
mapping. T is said to be a generalized T — ¥ contractive mapping if there exists y € ¥ and

7 > 1 such that

10 (Ts,Tt) < w(X(s,t))

for all s, € U. Where

o(s,Ts)o(s,Tt)
"1+0(s,Tt)+0(t,Ts)

X(s,1) :max{o(s,t) ,G(s,Ts),G(t,Tt)}

and ¥={y : RT — R, y is non-decreasing, continuous, Y5, sy*(¢) < oo, sy(x) < x and

v(0) = 0 if and only if x = 0, where y* is the k" iterate of v, s > 1}.

Now, we give some basic properties and results on the concept of partial metric space.

Definition 1.9. [2] Let U be a non-empty set. A function p : U x U — [0,0) is said to be a
partial metric on U if the following conditions hold:

(1) s=t<p(s,s)=p(t,t) =p(s,1);

2) p(s,s) <p(s,1);

3) p(s,1) =p(t,5);

@) p(s,t) <p(s,r)+p(r,t)—p(rr). forall s,t,r € U.

The set U equipped with the metric p defined above is called a partial metric space and it is

denoted by (U, p) (in short PMS).

Example 1.10. [13] Let U = {[a,b] : a,b € R,a < b} and define p([a,b], [c,d]) = max{b,d} —

min{a,c}. Then (U, p) is a partial metric space.

Example 1.11. [13] Let U = [0,00) and define p(s,#) = max{s,t}. Then (U,p) is a partial

metric space.

Lemma 1.12. [2, 6] Let (U, p) be a partial metric space.

(1) A sequence {s,} in (U,p) converges to a point s € U if

p(s,s) = lim p(sn,s),
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(2) A sequence {s,} in (U,p) is a Cauchy sequence if limy, e P (Sp,Sm) exists and finite ,

(3) (U,p) is complete if every Cauchy {s,} in U converges to a point s € U, such that

p(s;s) = Lim_p(sm,s,) = lim p(sy,s) = p(s,s)-

m,n—yoo

Lemma 1.13. [2, 3, 12] Let p be a partial metric on U, then the functions dp, ,dp,, : U xU —R*
such that
dpk<s7t) = zp(sat) —p<S,S) _p(tat)

and

dpm(svt) :max{p<s7t) _p(svs)ap(s7t) _p(t7t)}
=2p(s,t) —min{p(s,s),p(t,1)}

are metric on U. Furthermore (U,dp,) and (U,dp,,) are metric spaces. It is clear that dp, and
dp,, are equivalent.
Let (U,p) be a partial metric space. Then
(1) A sequence {s,} in (U,p) is a Cauchy sequence < {s,} is a Cauchy sequence in
(U, dp,),
(2) (U,p) is complete < (U,dp, ) is complete. Moreover

limy, e dp, ($p,5) =0 p(s,5) = limy_yeo P (8p,5) = liMy, yy—s0 P (S5 Sm)-

Lemma 1.14. [11] Assume that s, — s as n — oo in a partial metric space (U,p) such that

p(s,s) =0. Then lim, e p(s,,7) = p(s,r) for every r € U.

Lemma 1.15. [14] Let (U, p) be a partial metric space.
(1) if p(s,t) =0 then s =t,
(2) If s # t then p(s,t) > 0.

Lemma 1.16. [10] If {s,} with lim,_,c p(sy,5n+1) = O is not a Cauchy sequence in (U,p) and
two sequences {n(k)} and {m(k)} of positive integers such that n(k) > m(k) > k, then following

four sequences

p (Sm(k) 1 Sn(k)+1 ) P (sm(k) »Sn(k) )7
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p (Sm(k)—l 2 Sn(k)+1 ) P (Sm(k)—l ) sn(k))

tend to L > 0 when k — .

2. MAIN RESULTS

[9] Let @ be the family of functions ¢ : [0,00) — [0, o) such that

(1) ¢(x) < x for any x > 0;
(2) @ is continuous;

(3) ¢(0) =0.

Definition 2.1. Let (U, p) be a partial metric space and T : U — U be a given self map. We say
that T is an T — @-Berinde-contraction mapping on U, if there exists ¢ € ® and 7 > 1 such that

for all s,# € U we have
2.1)  Tp(Ts,Tt) < @(max{p(s,t),p(s,Ts),p(t,Tt)})+ L(min{dp,, (s,Ts),dp, (t,Ts)})

Theorem 2.2. Let (U,p) be a complete partial metric space and T : U — U be self map.

Suppose that

(1) T is an T — @-Berinde-contraction mapping;
(2) There exists s, € U such that s, = T'sy—; = T" sy for all n € N;

(3) T is continuous,

Then T has a unique fixed point in U.

Proof. Based on (ii), we have a sequence {s,} in U such that s, = T's, for all n € N. If
Sp = Sp+1 for some n € N, then s, is a fixed point of 7', and the existence proof is complete.
Assume s, # 5,11 forall n € N.
Now, from (i) and (ii) we get
P(Sn7Sn+1) = p(TsnflyTSn) < TP(TSn—I,TSn)
< (P(maX{P(Sn—I,Sn),P(San,TSnfl)yp(Sn,TSn)})

+ L(min{dp,, (Sn—1,TSn—1),dp,, (S0, TSn—1)})

= @(max{p(sn—1,51),P (Sn—151), P (Sns8Sn+1)})
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+ L(min{dpm (Sn—l ) Sn) ) dpm (Snv Sn) })
(22) = (P(max{p(sn7sn+l)7p(sn—1asn)})

Now, if p(sp,Sn+1) > p(Sn—1,5n) then

P (SnsSnt1) < QP (SnsSnt1)) < P (SnsSnt1)

which is a contradiction, therefore taking (2.2) into consideration

(2.3) P (nsSnt1) < QP (Sn—1,51)) < P(Sn—1,51)

Since the sequence p (s, s,+1) decreasing and bounded from below, we conclude that it con-

verges to some nonnegative number U i.e.

(2.4) IEEOP(Sm Sn+1) = A

n

We claim that A =0

Suppose on contrary, that A > 0. Taking n — oo in (2.3) and using definition of ¢ we get that
A<opA) <A
a contradiction. Hence we conclude that

(2.5) lim p(sy,874+1) =0

n—oo

Now, we show that {s, } is a Cauchy sequence in U i.e. We prove that limy, ;,—se0 P (S, Sm) = 0.
We prove it by contradiction.

Let

Hm p(sp,sm) #O.

n,m—soo
Then sequences in Lemma 1.16 tends to p > 0, when k — oo,

So we can see that

(2.6) lim p(sn(k)7sm(k)) =H

k—boo

Further corresponding to n(k), we can choose m(k) in such a way that it is smallest integer

with m(k) > n(k) > k. Then
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(2.7 ]}E?op(sm(k)—lvsn(k)> =u
Again,
P (Sn()=15Sm(k)=1) < P (Sn(k)—15Sm(k)) T P (Sm(k)s Sm(k)—1)
Letting k — oo and using Lemma 1.16 we get

(2.8) lim p(sn(k)—bsm(k)—l) =H

k—soo
In (2.1) replacing s by s,,(r)—1 and 7 by s,y respectively we get
P (Sm(k) s Snk)) = P(TSm(k)—15 T Snky—1)
< TP (Tsm(k)—15TSn(r)-1)
< @(max{p (Sy(k)—1>Sn(k)—1)> P Sm(k) =15 TSm(k)—1)s P Sn(k)=1> T Snr)=1) })
+ L(min{dp,, (Sm(t)—15 T Sm(k)—1)> Ao (Sn()=1> T Sm(i)-1) })

= @(max{p (Sm(k)—l7sn(k)—1)ap(sm(k)—l7sm(k))7p(sn(k)—lasn(k))}>

(2.9) + L(min{dp,, (Sp(k)~1>Sm(k))» Dpm (Sn(ic)—15Sm(k)) })

Letting k — oo in (2.9) and applying Lemma 1.16 with (2.5), (2.7), and (2.8) yields

p<ou) <u

This implies that {s,} is a Cauchy sequence in the metric space (U, p) and hence in (U,dp,)
which is complete. Therefore the sequence {s, } is convergent in the space (U, dp, ). This implies

that there exists s* € U such that lim;,_,c dpk(s,,, s*) = 0. Again from Lemma 1.13 we get

p(s*,s*) = lim p(sy,s*) = lim p(sy,sm) =0

n—soo n,m—soo
As T is continuous, we have
* . . *
s =lims, 1 =1lmTs,=Ts
n—oo n—soo

Now, we show that the uniqueness of a fixed point of 7. Assume that 7" has two distinct fixed
points s* and ¢* such that Ts* = s* and Tt* = ¢* then replacing s by s* and 7 by t* in (2.1) we

get
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p(s*,t*) =p(Ts*,Tt") < 1p(Ts*,Tt")
< @(max{p(s",t"),p(s",Ts"),p(t", T1")})
+ L(min{d,,, (s*,Ts"),d,, (t*,Ts*)})
= @(max{p(s",1"),p(s",s"), p(1",1") })
+ L(min{d,,,(s*,5"),dp, (t*,s")})
(2.10) =o(p(s",17)) <p(s,17)
which is a contradiction. Hence 7" has a unique fixed point. This completes the proof. UJ

Now, we state the following fixed point theorem by removing the continuity assumption of 7'

from Theorem 2.2.

Theorem 2.3. Let (U,p) be a complete partial metric space and T : U — U be self map.

Suppose that

(1) T is an T — @-Berinde-contraction mapping;
(2) There exists s, € U such that s,, = Ts,_1 = T”+1sof0r alln e N;

(3) {sn} is a sequence in U such that s, — s as n — oo.

Then T has a unique fixed point in U.

Proof. Following the proof of Theorem 2.2 we know that the sequence {s, } given by s, = s,
is a Cauchy sequence in the complete partial metric space (U,p). Consequently, there exists

s € U such that
p(s,s) = 1i_r>n p(sn,s) = lm p(s,,s,) =0

n,m—oo

Therefore, It is sufficient to show that 7 admits a fixed point.

Now, using (2.1) we get

P(5011,T5) = p(T'5,, Ts)

< 1p(Tsy,Ts)



10 HEERAMANI TIWARI, PADMAVATI, SANJAY SHARMA

< @(max{p(sn,s),p(sn, Tsn),p(s,Ts)})
+ L(min{d,,, (1, Tsn),dp,, (5,Tsn)})
= (p(max{p(sn,s),p(sn,sn+1),p(s, TS)})

(21 1) +L(min{dpm (Sﬂ?sn+1)7dpm (S,Sn+1)})

Taking n — oo in (2.11) we get

p(s,Ts) < o(p(s,Ts)) < (p(s,Ts)
This is a contradiction, and so we obtain 7T's = s. O

The uniqueness can be shown as Theorem 2.2.

Example 2.4. Let U = [0, 1] and p(s,7) = max{s,t}. Then (U, p) is a complete partial metric
space. Consider the mapping 7' : U — U defined by T'(s) = 1;; for all s and ¢ : [0,00) — [0, 0)
be such that ¢(x) = 5 and 7 = %.Without loss of generality we assume that s > ¢.

Now,
3 s
(2.12) Tp(TS,Tl‘) - EP(E, _) =503

On the other side

o(max{p(s,1),p(s,Ts),p(t,Tt)}) = o(max{p(s,),p(s, %O),P(t, 1L0>})

(2.13) =o(s) = %S
and
(2 14) mln{dpm <S7 TS) ? dpm (t’ TS)} = min{dpm (S’ %)7 dpm (t’ %)}

Therefore from (2.12), (2.13) and (2.14) it is clear that it satisfies all the conditions of Theo-
rem 2.2. Hence T has a fixed point, which in this case is 0.
3. CONCLUSION

Motivated by the work of Mebawondu et al. [9], Berinde [15, 16], and Baiz et al. [7, 8], this

paper provides some results for T — @-Berinde contraction mappings in partial metric spaces.
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