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Abstract. In this paper, we establish existence and uniqueness results for fixed points of self maps in S-multiplicative
metric spaces under various contractive conditions. An example is provided to illustrate the applicability of the
result.
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1. INTRODUCTION

Fixed point theory is considered one of the fundamental tools in nonlinear analysis. Its signif-
icance stems from its wide range of applications, not only within various areas of mathematics
but also across numerous quantitative science disciplines. This theory plays a crucial role in
establishing the existence and often uniqueness of solutions to nonlinear differential equations,
integrodifferential equations and integral equations in diverse abstract spaces. The Banach Con-
traction Principle [4] was one of the first major results in fixed point theory, followed by Kan-
nan’s introduction of a new type of contractive mapping [11]. Since then, numerous researchers
have explored fixed points for mappings satisfying various contractive conditions ([7], [19],

[14], [15], [12], [2], [11, [13]).
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Bashirov et al. [5] played an important role in introducing multiplicative calculus to the
scientific community and highlighting its practical value. In their study, they formulated the
idea of a multiplicative metric space and proved the existence and uniqueness of solutions for
multiplicative differential equations. This work motivated further research, leading to the de-
velopment of several fixed point results in multiplicative metric spaces by different authors.
Subsequently, Bashirov et al. [6] showed that multiplicative calculus provides a more suitable
framework for modeling problems arising in various fields.

Recently, researchers have been studying fixed point theorems in new types of spaces. Exam-
ples include S-metric spaces by Sedghi et al. [16], modular S-metric spaces by Ege and Alaca
[9] and controlled S-metric-type spaces by Ekiz et al. [8]. A particularly interesting develop-
ment is the S-multiplicative metric space introduced by Adewale et al. [3], where distances
follow a multiplicative version of the triangle inequality. This new way of measuring distance
not only leads to novel fixed point results but also expands the theoretical framework and opens
up avenues for further research.

In this paper, we prove some fixed point theorems in S-multiplicative metric spaces. Our

findings build upon previous studies while introducing new insights to advance the field.

2. PRELIMINARIES

We review the fundamental definitions and key results that will be used in the subsequent

sections. The notion of a metric space was first formalized by Fréchet [10] as described below:

Definition 2.1. [10] Let X be a non-empty set. A function d : X X X — R is called a metric on

X, if it fulfills the following conditions:

(i) d(x,y) >0 forall x,y € X;
(ii) d(x,y) =0 if and only if x = y;
(iii) d(x,y) =d(y,x), for all x,y € X;
(iv) d(x,y) <d(x,z) +d(z,y), forall x,y,z € X.

The pair (X,d) is called a metric space.

The notion of S-metric spaces was first proposed by Sedghi et al. [16] described as:
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Definition 2.2. [16] Let X be a non empty set and S : X x X x X — [0, 0) be a mapping satisfying
following properties:
(1) S(x,y,z) =0ifandonly ifx=y =1z
(i) S(x,y,z) < S(x,x,a)+S(yv,y,a)+ S(z,z,a) for all a,x,y,z € X (rectangle inequality).

Then (X,S) is called a S-metric space.

The concept of multiplicative metric spaces was introduced by Bashirov et al. [5] and is

defined as follows:

Definition 2.3. [5] Let X be a nonempty set and let d : X x X — [0,0) be a function satisfying
the following properties:
(i) d(x,y) > 1 forall x,y € X;
(ii) d(x,y) =1 ifand only if x = y;
(iii) d(x,y) =d(y,x) forall x,y € X ;
(iv) d(x,y) <d(x,z) d(z,y) for all x,y,z € X.

Then d is called multiplicative metric on X and (X ,d) is called a multiplicative metric space.

The concept of an S-multiplicative metric space was introduced by Adewale et al. [3] and is

defined as follows:

Definition 2.4. [3] Let X be a nonempty set and S : X x X x X — [0,0), a function satisfying
the following properties:
(i) S(x,y,z) > 1;
(ii) S(x,y,z) = lifand only ifx =y = z;
(iii) S(x,v,7) < S(x,x,a) S(y,y,a) S(z,z,a) for all x,y,z,a € X.

Then (X,S) is called a S-multiplicative metric space.
Example 2.1. [3] Let X = 7 and define S : X x X x X — [0,00) by

_ L, if x=y=z
S(x,y,2) =

e*,  otherwise.

Then (X,S) is a S-multiplicative metric space.
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Example 2.2. [17] Let X = [1,0) and define the function S : X x X x X — [0,0) by
§('x7)}7z) :maX{E7X7X7E7‘E7E}'

Then (X,S) is S-multiplicative metric space.
Example 2.3. [18] Let X = N and define S : X x X x X — [0,0) by

— 1, fx=y=z
S(x,y,2) =
1+xyz,  otherwise.

Then (X,S) is a S-multiplicative metric space.

Lemma 2.1. [3] Let (X,S) be a S-multiplicative metric space and {x,} a sequence in X. Then,

{xn} converges to x if and only if

S(xp,x,x) = 1 asn— oo,

Lemma 2.2. [3] Let (X,S) be a S-multiplicative metric space and {x,} a sequence in X. Then,

{xn} is said to be a Cauchy sequence if and only if

S(xp,Xm,x7) — 1 as nym,l — oo.

Proposition 2.1. [17] Let (X,S) be an S-multiplicative metric space. Then for all x,y € X, the
following hold:
(i) S(x,x,y) = S(3,,%);
(i) S(x,y,y) < S(x,x,y);
(iii) S(x,y,x) < S(3,3,%).

3. MAIN RESULTS

In this section, we establish the existence and uniqueness of a fixed point for different con-

tractive conditions in S-multiplicative metric spaces.

Theorem 3.1. Let (X,S) be a complete S-multiplicative metric space and T : X — X be a

mapping. Suppose there exist non-negative real numbers 0,0y, 03 and o such that 2(a; +
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0+ o03)+ 0y <1and
3.1) S(Tx,Ty,Tz) < (S(x,y, z))a' (S(x,x, Tx))oc2 Sk, Ty))m3 (§(z7z,Tz))a4

forall x,y,z € X. Then T has a unique fixed point in X.

Proof. Let xp € X be an arbitrary element of X. Since T : X — X, we can define a sequence

{xx} in X by x,,1.1 = Tx,, forn=0,1,2,---. Now, consider

S(xnvxnaxn-i-l)
= S(T'xnfl ) T-xnfl 5 T_X'n)
: <§(xn*17xn*17xn))al <§(xn717Xn71’Txn71>)a2 (S(xnfl»xnfl,T)Cnfl))o53 (S(XnyxnyTXn))a4
N (g(xn_l,xn_l,xn))al (S(x”_l’xn_l’x”))az (E(Xn—l7xn—17xn))a3 (g(xnaxnaxn+l))a4 .
It gives that
(E(xn;xn,xn-i-l )) e S (S(xn_] , Xn—1 7xn)) 01 +02+03 )

From this, we deduce that

<O£1 —+ 0 + 063)
3'(xnaxn»anrl) < (E(xnflrxnfl»xn)) -0y
(04 o (04
Letk = M Then it follows that
1—oy
- - k
(3.2) S(xnaxn;xn—l—l) < (S(xn—laxn—laxn)) .

By the same argument, we obtain

< < k
(3.3) S<xn—laxn—17xn) < (S(xn—Z;xn—Z;xn—l)) .
Using inequalities (3.2) and (3.3), we have

— _ k2

S(xnv-xnvxn—l—l) S (S(-xn—Zaxn—2axn—l)) .
Proceeding by induction, we obtain

- - K
(3.4) S(Xny Xy Xn1) < (S(xo,xo,xl))
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For any m,n € N with m > n, we have

- - - 2
S(Xns Xy Xim) < S(Xn, Xn, Xn+1) (S(xmaxm7xn+1))

_ _ 5 _ 2
< S (X, X0, Xnt 1) ((S(xmaxm:xn—i-Z)) S(xn+l=xn+laxn+2)>

— — 2 — 22
S (%5 Xns Xnt1) (S(xn—i-l»xn—i-l;xn—i-Z)) (S(xmaxm;xn—i-Z)) .

Continuing in the same way, we obtain

—_ f— — 2 —_ szn
S(xn;xmyxm) SS(xnaxnaxn—H) (S(xn+1>xn+laxn+2)) (S(xm—laxm—laxm))

= = 2 = 22
< S(xnyxnaxn+1) (S(xn+1;xn+17xn+2)) (S(xn+27xn+27xn+3)) e

Applying (3.4), we deduce

S (%> Xy X ) < (g(xo,xo,x]))k” ((E(xo,X(),m))an)Z ((E(xo,xo’xl))k”“)zzu'

— k”+2kn+1+22kn+2+23kn+3+"'
= (S(x0,x0,x1)

_ (S(so,x0,))¢ (1F (2R (207 + (26 )

kn
_ 1
- (S(XO,Xo,Xl))l_zk ( 0<k< E) .
Therefore
kn

S (X, Xy Xm ) < (S'(xo,xo,xl)) 1 =2k
1
Since, 0 <k < o taking the limit as n,m — oo, we obtain
lim  S(xy, X, %) = 1.
n,m—roo
Now, for n,m,l € N with n > m > [, we have,
3(Xnyxmaxl) < E(xnyxnaxnfl) g(xmvxmaxnfl) E(xlvxlyxnfl)-

Letting n,m,l — oo, we obtain,

lim  S(x,%m,%) = 1.
n,m,l—oo
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Therefore, {x,} is a Cauchy sequence in X. Since X is complete, there is x € X such that {x,}

converges to x. That is
lim x,, = x.

n—oo

Now, we show that x is a fixed point of 7'. For this purpose, we consider

SO, X, Tx) = S(Txp_1,Txp_1,Tx)

< (S(xn—lvxn—hx))al (g(xn—laxn—lyTxn—l))az (g(xn—laxn—laTxn—l))m3 (3(}(,)67 Tx))a4-

Therefore

Oy

S (%, %, Tx) < (E(xn,l,xn,l,x))al (g(xn,l,xn,l,xn))az (g(xn,l,xn,l,xn))053 (S(x,x,Tx))

Taking the limit as n — oo, we deduce that

(o7]

S(x,x,Tx) < (g(x,x,x))a1 (E(x,x,x))a2 (E(x,x,x))oc3 (S(x,x,Tx))

Therefore, we have
(S(x,x, Tx))l_a4 <1,

which implies

S(x,x,Tx) < 1.

On the other hand, by the definition of S-multiplicative metric, we have g(x,x, Tx) > 1. Com-
bining these two inequalities, we conclude that S(x,x,Tx) = 1. Consequently, Tx = x and thus
x is a fixed point of 7. To establish uniqueness, suppose that there exists y € X with y # x such

that 7y = y. Then

S(x,x,y) = 8(Tx,Tx,Ty)
< (S(x,x,y)) % (E(x,x, Tx)) = (E(x,x, Tx)) = (E(y, v, Ty)) “
= (g(x,x,y)) % (E(x,x,x)) @ (E(x,x,x)) % (g(y, y,y)) “.

Therefore,

S(x,x,y) < (3‘()6,)6,)/))061 )
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It follows that (S(x,x,y)) 1% < 1 Thus, we have S(x,x,y) < 1. However S(x,x,y) > 1. From
these two inequalities, we conclude that S(x,x,y) = 1. Hence, we must have x =y, which proves

the uniqueness of a fixed point. 0

Theorem 3.2. Let (X,S) be a complete S-multiplicative metric space and T : X — X be a
mapping. Suppose there exist non negative real numbers Qy, 0,03 and 0y such that 2(oy +

062)+5063—|—OC4 < 1and

(3.5) S(Tx,Ty,Tz) < (E(x,y, z))al (g(x,x, Ty))m2 (g(y,y, Tz))a3 (g(z,z, T)C))O‘4

forall x,y,z € X. Then T possesses a unique fixed point in X.

Proof. Let x( be any point X. Since T maps X into itself, we may construct a sequence {x,} C X

by x,4+1 =Tx,, forn=0,1,2,---. Now, consider

g(xnvxnvxn—i-l)

= S(Txn—laTxn—lyTxn)

o) Oy

® (g(xn—l 1 Xn—1; Txn)) % (S(xmxna Txn—l))

~—

< an 1,Xn—1,Xn an 1>Xn—1, T X 1)

(%] 07] Oy

S(xnfl 1 Xn—1,%Xn+1 )) % (S(xmxn;xn))

—~

xnflaxnflaxn))

(0%)

— — 2— o
< an 15 Xn— 1xn (S(xn—hxn—l;xn)) S(xn—i-l;xn—i-l;xn))

/N

xn—l yXn—1 7xn))

(0] (0%) a3

)
)" (S
)™ (S(
)" (S

S(xnfl7)611717)6}’!))2063 (E(xnyxnaxn+l))

—

S xn 15Xn—1,%Xn xnfhxnflyxn))

Therefore,

-

<= +op+2
: S (S(xn—laxn—laxn))al oreh .

(g(xmxn;xn—i-l))

It implies that
( o1+ 0 +203 )
S(xnvxnaxn—H) < (E(xn—laxn—laxn)) 1—a

o+ o +2¢
Put k = M, we obtain
1—a3

- - k
(36) S(xnaxnaanrl) < (S(xnflaxnflaxn» .

By an analogous argument, we obtain that

= - k
(3.7 S(xnflaxnflaxn) < (S(xanaanZaxnfl» .
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Inequalities (3.6) and (3.7) together imply that

— _ k2
S(xmxnaxn—i—l) < (S(xn—Zaxn—Zaxn—l)) .

Continuing in the same way, we obtain

n

(3.8) SO, X, Xpa1) < (E(xo,xo,xl))

For any m,n € N with m > n, we have

- - - 2
S Xims Xm) < S (X, X, Xnt1) (S(xmaxm7xn+1))

— _ 2 — 2
S (s Xns Xnt1) ((S(xmaxm;xn-l—Z)) S(xn+1;xn+17xn+2)>

IN

~ ~ 2 5 22
:S(xnaxnaxn—i-l) (S(xn+17xn+l;xn+2)) (S(xmaxm;xn—ﬂ)) .

Continuing this procedure, we obtain

szn

— — —_ 2 _
S(xn;xmyxm) < S(xnaxnaxn—H) (S(xn—i—l y Xn+1 ,X,H_z)) (S(xm—l s Xm—1 7xm))
= = 2 = 22
< S(xnyxnaxn+1) (S(xn+1;xn+17xn+2)) (S(xn+27xn+27xn+3))

It follows from (3.8) that

S o) < (g(xo’x()’m))kn <(§(XO,XQ,X1))I<”H)2 ((S(XQ,XO,Xl))kn+2)2

— k"+2k"+1+22kn+2+23k”+3—|—~~-
= (S(XO,X(),)CI)>

— (S(ro,x0,x0)) ¥ U0+ (2K)% + (2k)3 +---)

K"
_ 1
- (S(XO,XO,)CI)> 1-2k ( 0<k< 5) .

Therefore,
kn

S (X, Xy Xm ) < (g(xo,xo,xl)) 1 -2k,

) 1 ) )
Since 0 <k < > letting n,m — oo, we obtain
lim  S(xy, X, %) = 1.
n,m—»oo

Now, for n,m,l € N with n > m > [, we have

S(xn7xm7-xl) S g(xnyxnaxnfl) 3(xm7-)‘:1’117-){1’171) S(XZ,XZ,Xn,1>.
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Letting n,m,l — oo, we obtain
lim  S(xy,Xp,x) = 1.
n,m,l—oo
Therefore, {x,} is a Cauchy sequence in X. Since X is complete, there is x € X such that {x,}

converges to x. That is

lim x,, = x.
n—oo

We proceed to show that x is fixed point of 7. For this purpose, we consider

S(xp, %0, Tx) = S(Txp—1,Txp—1,Tx)

(021

< (E(xn—l yXn—1 7x)) “ (g(xn—l »Xn—15 Txn—l))a2 (E(xn—l yXn—1, Tx)) . (§<X,xa Txn—1 ))
= (g(xn—laxn—lax))al (S(xn—laxn—laxn))az (g(xn—hxn—l,Tx))oc3 (g()@x?xn))om,

Therefore,

Sns%0, TX) < (SGon—15%0-1,%)) ™ (SGon—1,%n-1,%) ) (SGon1,%0-1, T%))  (S(x,2,30) ) .
Letting n — oo, it follows that
S(x,x,Tx) < (E(x,x,x))al (E(x,x,x))a2 (S(X,X,T)C))OCS (g(x,x,x))m.
That is,
S(x,x,Tx) < (S(x,x, Tx))a3.
Therefore,
(S(x,x, Tx))lioc3 <1,

which implies that S(x,x,Tx) < 1. On the other hand, S(x,x,Tx) > 1. Combining these two
inequalities, we conclude that S(x,x,Tx) = 1,, which immediately yields Tx = x. Hence, x is
a fixed point of 7. Now, to show uniqueness of a fixed point, suppose that y € X with y # x

satisfies Ty = y. Then

S(x,x,y) =S(Tx,Tx,Ty)
. (S(x,x,Tx)) - (S(x,x,Ty)) % (S(y,y,Tx)) *
: (§(x,x,x)) * (g(x,)gy)) % (E(y, v, x)) o

! (S(x,x,y)) % (g(x,x,y)) .

< (E(x,x,y))
= (g(x,x,y))

= (g(x,x,y))

IS

o
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Therefore,
S(x,x,y) < (g(x,x,y))al+a3+a4.
It follows that
(S(x,x,y))170“70537064 <1.
Therefore, we have S(x,x,y) < 1. However S(x,x,y) > 1. Using these two inequalities, we

conclude that E(x,x, y) = 1. Hence, we must have x = y, which proves the uniqueness of a fixed

point. 0J

Theorem 3.3. Let (X,S) be a complete S-multiplicative metric space and T : X — X be a

1
mapping. Suppose there exist a real number 0 < o < 3 such that for all x,y,z € X

(3.9) S(Tx, Ty, Tz) < (M(x,y,z))*
where
M(‘x7y7z) - maX {S(xﬂy7z)7§(x7x7 T‘x)7§(y7y7 Ty)7§(Z7Z7 TZ)} M

Then T has a unique fixed point in X.

Proof. Let xy € X be an arbitrary element of X. Since T : X — X, we can define a sequence
{x,} in X by x,11 = Tx,, forn=0,1,2,---. Now, consider

S(xn7xn7-xn+l) = S(Txn—l;Txn—la T)Cn)

(3.10)

IA

(M (Xp—1,%0-1,%0)) ",
where
M (xp—1,%p—1,%;) = max {g(xn—l,xn—l,xn),g(xn—l,xn—hTxn—1),§(xn—1,xn—1,Txn—l),
S (X, Xn, Txn)}
= max {E(xn,l,xn,l,xn),g(xn,l,xn,l,xn),g(xn,l,xn,l,xn),g(xn,xn,xnﬂ)}
= max {E(xn_l,xn_l,xn),g(xn,xn,xnﬂ)}.

Case(i). If M (x,—1,X4—1,%n) = S(xpn, Xn,Xn+1), then (3.10) implies that

3(xnaxnaanrl) < (g(xmxn:xn+l))a )
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1
which is not possible, as 0 < o < 7

Case(ii). If M (x,—1,X,—1,%) = S(Xp—1,X%1—1,%n), then (3.10) gives that

§<xnaxn7xn+1) < (g(xnfly-xnfbxn))a

Similarly, we can show that
< < o
S(xnflaxnflaxn) S (S(xn727xn727xn71))
Using above two inequalities, we obtain
OCZ

E(xnaxn;xn—i—l ) < (g(xn—27xn—27xn—l ))

Continuing in this manner, we obtain

n

(3.11) S (ns %05 Xn11) < (S(x0,%0,%1))
For any m,n € N with m > n, we have
- - - 2
S(xn;xm7xm) < S(xnaxnaxn—i—l) (S(XM7xm7-xn+1))

_ _ 5 _ 2
S(xnaxnaanrl) ((S(xlmxmaanrZ)) S(xn+1axn+1axn+2)>

IN

= ~ 2 5 22
S(xnaxnaxn—i—l) (S(xn+1>xn+laxn+2)) (S(xmaxm:xn-i-Z)) .

Continuing in the same way, we obtain

2m—n

— — — 2 —
S(xnaxrmxm) < S(xnyxnaxn+1) (S(xn+laxn+1;xn+2)) (S(xmflyxmflaxm»
— — 2 = 22
< S (X, Xn, Xn11) (S(xn+laxn+laxn+2)) (S(xn+27xn+27xn+3)) e

It follows from (3.11) that

E(xn,xm,xm) < (S(XO,XO,xl))an <(§(x0,x07x1))an+1>2 <(§(x0,xO,X1))an+2>22'..

_ nyo n+l+22 n+2+23 ”+3+...
= (S(x0,x0,21)) ¢ ¢

- (g(xo,xo,m))an (1+ o)+ (2a)* + (20)* +--+)

an
= (S(xo,xo,xl)) 1 -2a .
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Therefore,
al’l

S (X, X, Xm) < (E(xo,xo,xl)) 1 -2a

Since, 0 < o < 1, letting n,m — oo, we get

lim  S(xy, X, %) = 1.
n,m—soo

Now, for n,m,l € N with n > m > [, we have,
g(xnaxmaxl) < g(xmxmxn—l) g(xm7xm7xn—l) g(xlaxlaxn—l)~

Letting n,m,l — oo, we obtain
lim  S(xy,Xp,x) = 1.
n,m,l—oo

Therefore, {x,} is a Cauchy sequence in X. Since X is complete, there is x € X such that {x,}

converges to x. That is

lim x,, = x.
n—soo

We proceed to show that x is fixed point of 7. For this purpose, we consider

S(xpy X, Tx) = S(Txp—1,Txp—1,Tx)
(3.12) < (M (-1, %-1,x)) %,
where
M(x,—1,X%p—1,%) = max {g(xn,l,xn,l,x),g(xn,l,xn,l, Txn1),S(Xn_1,X%0—1,TXn_1),
S(x,x, Tx)}
= max {S(xn—1,X—1,%), S(Xn—1,%n—1,%n), S(Xn—1,%n—1, %), S (x,x, Tx) }
= max {S(xy—1,X-1,%), S(Xp—1, %01, %), S(x,x, Tx) } .
Case(i). If M(x,_1,%,_1,x) = S(x,_1,%,_1,%), then (3.12) implies that
S(xp, %0, Tx) < (g(xn_l,xn_l,x))a

Taking the limit as n — oo, we get

S(x,x,Tx) < (E(x,x,x))a =1.
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However, E(x,x, Tx) > 1. Taking both inequalities into account, it follows that

S(x,x,Tx) = 1.
Consequently, 7x = x.
Case(ii). If M (x,_1,%,_1,%) = S(Xy_1,Xs_1,%,), then (3.12) implies that
S(Xp,Xn, Tx) < (g(xn_l,xn_l,xn))a.
Taking limit as n — oo, we get
S(x,x,Tx) < (g(x,x,x))a =1.

However, S(x,x, Tx) > 1. Using these two inequalities, we obtain S(x,x, Tx) = 1. Consequently,

Tx=x.

Case(iii). If M(x,—1,x,—1,x) = S(x,x,Tx), then (3.12) implies that
S (X, %, Tx) < (g(x,x, Tx))a
Letting n — oo, it follows that
S(x,x,Tx) < (S(x,x, Tx))a

Therefore,

1-o

(S(x,x,Tx)) <.

This implies that S(x,x,7x) < 1. Since S(x,x,Tx) > 1, implies that S(x,x,Tx) = 1. Thus,
Tx=x.
This shows that x is a fixed point of 7. To prove the uniqueness of a fixed point, suppose that

there exists y € X with y # x such that Ty = y. Consider

S(x,x,y) =S(Tx,Tx,Ty)
< (M(x,x,y)%,
where
M(x,x,y) = max {g(x,x,y) ,S(x,x,Tx),S(x,x,Tx),S8(y,y, Ty)}

= max {S(x,x,y),g(x,x,x)j(x,x,x)j(y, y,y)}
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= max {S(x,x,y), 1,1, 1}

= g(x,x,y).

Therefore,
S(x,x,y) < (S(x,x,))"

It gives that (§(x7x,y))lfa < 1. Thus, we have S(x,x,y) < 1. However S(x,x,y) > 1. From
these two inequalities, we conclude that S(x,x,y) = 1. Hence, we must have x = y. This proves

the uniqueness of a fixed point. 0J

Theorem 3.4. Let (X,S) be a complete S-multiplicative metric space and T : X — X be a

1
mapping. Suppose there exist a real number 0 < o < 5 such that for all x,y,z € X
(3.13) S(Tx, Ty, Tz) < (M(x,5,2))*,
where
M(‘x7y7 Z) = max {g(‘x’y7z)7§(‘x7'x7 Ty)7§(y7y7 TZ)7§(Z7Z7 Tx)} *

Then T has a unique fixed point in X.

Proof. Let xy € X be an arbitrary element of X. Since T : X — X, we can define a sequence

{xx} in X by x,1.1 = Tx,, forn=0,1,2,---. Now, consider

S(xnyxnaxn+1) = S(TxnflaTxnfla T-xn)

(3.14)

IA

(M (X1, %n-1,%0)) %
where
M (X, 1,0 1,X,) = max {E(xnfl,an,xn),?(an,an,Tan)j(xnfl,xnfl,Txn),
E(xn,xn,Txn_l)}
= max {g(xn—laxn—laxn)yg(xn—laxn—l7xn)7§(xn—laxn—laxn+l)a§(xnaxn,xn)}
= max {S(xn,l,xn,l,xn),g(xn,l,xn,l,xnﬂ), 1}

= max {E(xn—l yXn—1 ;xn)7§(xn—l yXn—1 ;xn+1)}-
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Case(i). If M (x,—1,X4—1,%n) = S(Xp—1,X%1—1,%n), then inequality (3.14) implies that
3'()Cnaxnaanrl) < (g(xnflaxnflvxn))a

a2

S (g(xn_z,xn—ern—l ))

Continuing in this way, we obtain

n

S(xl’l7xn7xn+l) S (E(XQ,XO,XI))

For any m,n € N with m > n, we have

- - - 2
S(xn;xmaxm) < S(xnaxnaxn—i-l) (S(xrmxm»xn—i-l))

— _ 7 — 2
SS(Xn,Xn,Xn_H) ((S(xm?-Xern-l-z)) S(xﬂ+17-xﬂ+1axn+2)>

_ _ _ 2
S (%5 Xns Xnt1) (S(xn+l7xn+1axn+2))2 (S(xm>xm;xn+2))2 .

Continuing in this, we deduce that

— p— S— 2 S zm—”
S(xnaxmaxm) < S(xnaxnaxn—H) (S(xn—i-l;xn—i-laxn—l—Z)) (S(xm—hxm—laxm))

= = 2 = 22
< Sy xn,Xnt1) (SGont1,%ns1,%042)) " (S(nr2:X012,%043))

Hence,

S (X Xy Xm) < (E(xo,xo,xl))an ((E(xo,xo,m))O‘nﬂ)2 <(S(xo,xo,x1))an+2>2

_ nin n+1+22 n+2+23 n+3+“.
= (S(x0,x0,x1)) " * *

- (E(XO,Xo,m))an (14 (2a) + (2a)* + (2a)* +- )

al’l
_ 1 1
- (S(XO,X(),Xl)) 1-2a ( 0<a< g < E) .
Therefore,
al’l

S (X, Xy X ) < (S(xo,xo,xl)) 1 -2 .

) 1 )
Since, 0 < a < 3 letting n,m — oo, we get

lim  S(x, %, Xm) = 1.
n,m—soo
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Now, for n,m,l € N with n > m > [, we have,
E(-xrhxmaxl) S E(-xrhxl’hxnfl) E(xm7-)(:1117-)‘:}'171) E(xlvxlrxnfl)-

Letting n,m,l — oo, we obtain

lim  S(x,%m,%) = 1.
n,m,l—oo

Case(ii). If M (x,—1,x,—1,%1) = S(Xy—1,X1—1,%n+1), then inequality (3.14) implies that

g(xnaxnaxn—o—l) < (E(xn—laxn—lvxn—o—l))a
— 2— o
< <<S(xn717xn717xn)) S(xn+17xn+17xn)>
_ 20 —
= (S(xn—laxn—laxn)) * (S(xnaxnaxn+1))a
It implies that
- - - 2
(S(xnaxnaxn+1)) * < (S(xn—laxn—laxn)) OC.

Therefore,
2a

§<xnaxn7xn+l) < (g(xn—hxn—]?x")) 1-o.

2
Denote A = 1—a. Then we have

= — A
S(xnaxn;anrl) < (S(xnflaxnfl;xn))

— 2
< (S(xn—Z;xn—Zaxn—l))l .

By induction, we have

n

g(xruxnrxn—b-]) S (S(X(),XO,X]))

Now, for any m,n € N with m > n, we have
- - - 2
S(xnaxlmxm) < S(xnaxn;anrl) (S(xmaxmaanrl))

_ _ 5 _ 2
Ss(xnaxn;anrl) ((S<Xm7xmaxn+2)> S(xn+laxn+l;xn+2)>

Continuing in this, we deduce that

_ _ _ 2 _
S(xn;xm7xm) < S(xnaxnaxn—H) (S(xn—i—l ;xn+1;xn+2)) (S(xm—laxm—laxm)

= ~ 2 = 22
S(xnaxnaanrl) (S(xn+17xn+laxn+2)) (S<xm7xmaxn+2)) .

m—n
) 2

17
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— — 2 = 22
< S(xmxnvxn—H) (S(xn+laxn+laxn+2)) (S(xn+27xn+27xn+3))

Hence,

S (s Xy X ) < (§(x0,xo,x1))m ((g(xo,xo,xl))lnﬂ)2 ((g(xo,xo,)ﬂ)))bnﬂ)2

— ln+2ln+1+22&n+2+231n+3+...
= (S(x0,%0,x1))

_ Bl 1+ D+ +22) +--)

An
_ 1
- (S(X(),)C(),Xl)) =22 < 0< A< 5) .

Therefore,
)Ln
g(xmxmaxm) < (E(X(),X(),)q» 1-2A .

. 1 . .
Since, 0 < A < R letting n,m — oo, we obtain

lim  S(xy, X, %) = 1.
n,m—soo

Now, for n,m,l € N with n > m > [, we have,
S(xnyxmaxl) < E(xnyxnaxnfl) §(xmvxmaxnfl) §(xlvxl,-xnfl)-

Letting n,m,l — oo, we obtain
lim  S(xy,Xp,x) = 1.

n,m,l—oo

Therefore, {x,} is a Cauchy sequence in X. Since X is complete, there exists x € X such that

x, — x. Now, we shall show that x is a fixed point of 7". For this, consider

S(xpy X, Tx) = S(Txp—1,Txp—1,Tx)
< (M (%p-1,%0-1,%))%,
where
M (xp—1,%p—1,X,) = Max {g(xn_l,xn_l . X), SO0 1, %01, Txn—1), 8 (Xp_1,%n1,TxX),
E(x,)@Txn_l)}

= max {Sv(xnfl »Xn—1 7x)a§(-xn71 yXn—1 7xn)a§(xn71 yXn—1, TX),S(X,X,X,,)} .
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Letting n — oo, we get
S(x,x,Tx) < (max {g(x,x,x) .S (x,x,x), 8 (x,x, Tx), S (x, x,x) }) *
= (max {1,1,8(x,x,Tx), l)})a
= (S(x,x, Tx))a
Therefore,
S(x,x,Tx) < (S(x,x, Tx))a

This implies that

(S(x,x,Tx)) <.

Hence, S(x,x,Tx) < 1. On the other hand, by definition,

S(x,x,Tx) > 1.

Combining the above inequalities, we obtain S(x,x, Tx) = 1. Consequently, Tx = x and there-
fore x is a fixed point of T'. To prove the uniqueness of the fixed point, suppose that there exists

y € X with y # x be such that Ty = y. Consider

S(x,x,y) =S(Tx,Tx,Ty)

< (M(x,x,y))%,

where
M (x,x,y) = max {E(x,x,y),g(x,x, Tx),S(x,x,Ty),S(y,y, Tx)}

= max {g(x,x,y),E(x,x,x),S(X,x,y)j(%)’ax)}

= max {S(x,x,y),1,5(x,x,y) }

= S(x,x,y).
Therefore,

S(xx,y) < (S(x,x,y))"

Consequently,
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which implies that S(x,x,y) < 1. On the other hand, since S(x,x,y) > 1, we conclude that

S(x,x,y) = 1.
Hence, x = y. This establishes the uniqueness of a fixed point 0

Example 3.1. Let X = 7 and consider S-multiplicative metric S : X x X x X — [0,00) on X
defined by

) ifx:y:Z,

S(x,y,2) =
eI otherwise.

Then (X,S) is a complete S-multiplicative metric space. Define a mapping T : X — X by

Choose constants
o =0, =0, az =0, oc4:%.
Then
20+ 0+ 03)+ 04 :2(O+O+O)+é = % <1.

For any x,y,z € X, we verify the contractive condition
(3.15) S(Tx, Ty, T2) < (S(x,3,2)) ™ (S0e,x,T%))* (S22, Ty) ™ (S(z,2,T2)) ™

Case(i). If all x,y,z >0, then Tx = Ty = Tz = 0 and hence S(Tx,Ty,Tz) = 1. Therefore, the
inequality (3.15) holds trivially.

Case(ii). If all x,y,z < 0, then Tx = =, Ty = % Tz — % Therefore,
< (XY B\ ()
Tx,Ty,Tz) = (_,_,_>_ 7).
STxTnT2) =5(5.55) =¢
On the other hand
N < — X 5x
S()C,y,z) = e)H—y-i—Z’ S(X,X, T)C) = S(-x7-x’ 5) =e2.
Similarly,

% < Z
S<y7y7Ty):ej) and S(Z,Z,TZ):e%.
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Therefore,

(5.3:2) ™ (06, 7)“ (500, 79)* (S(e.2,72)) % = (e¥)°

Thus,
S(Tx,Ty,T7) < (g(x,y, z))al (S(x,x, Tx))oz2 (g(y,y, Ty))oz3 (S(Z,Z,TZ))OM.

Case(iii). Let any two of x,y,z are greater than or equal to O and let other be less than O.

Without loss of generality, assume that x,y > 0 and z <0. Then Tx =0, Ty=0 and Tz = %

Therefore,
S(Tx,Ty,Tz) =S (0,0, %) =l
On the other hand
S(x,y,2) = T S(x,x,Tx) = S(x,x,0) = e**.

Similarly,

_ — y Sy - — Z 52

S(y7y7 Ty) =S <yay7 E) =e? 3 and S(Z,Z,TZ) =S <Z7Z7§> =e?.
Therefore,

Thus,
S(Tx,Ty, T2) < (S(x,3,2)) ™ (S(x,x,Tx))* (S, ) (S(z,2,T2) ™ .
Case(iv). Let any two of x,y,z are less than 0 and let other be greater than or equal to 0. Without

loss of generality, assume that x > 0 and y,7 < 0. Then Tx =0, Ty = % and Tz = % Therefore,

S(Tx,Ty,Tz) =S <O7 %7 %) _ (7).
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On the other hand
S(x,y,2) = T S(x,x,Tx) = S (x,x,0) = e**.
Similarly,

= - 5y = = 5z
S(y,y,Ty) = S(y,y,%) =e?, and S(z,z,Tz) =S (Z,Z,—> =e2.

Therefore,

(56,3, (56,5, 720) * (500, T9)“ (S0, 72)) “ = (¢¥)

=8(Tx,Ty,Tz).
Hence,
S(Tx,Ty,Tz) < (S(x,3,2))™ (S(x,x,Tx)) " (S(,3, Ty))* (S(z,2,Tz)) ™.

Therefore, the inequality (3.15) is satisfied. Hence, all assumptions of Theorem3.1 are fulfilled.
Consequently, by Theorem 3.1 the mapping T has a unique fixed point in x =0 € X.

4. CONCLUSION

In this paper, we have established existence and uniqueness results for fixed points of self-
maps in S-multiplicative metric spaces under various contractive conditions. An illustrative

example is provided to demonstrate the applicability of the result.
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