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Abstract: Fibonacci numbers are fascinating and their impact on the field of mathematics has been great. In this

paper, mainly present formulas for the sums of k-Lucas numbers with indexes in an arithmetic sequence, say
an+r, for fixed integers @aand r (0<r <a-1). Also the generating function evaluates and presents the

alternating sum for the k-Lucas numbers with arithmetic index.
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1. INTRODUCTION:

The field of Fibonacci is about more than just a sequence. Like any sequence one can analyze its
starting values and the ratio of its terms, from which we obtain the generalized Fibonacci
sequence and the golden ratio respectively. Fibonacci and Lucas numbers and their
generalization have many interesting properties and applications to almost every field of science
and art. Besides the usual Fibonacci numbers many kind of generalizations of these numbers

have been presented in the literature [9, 10, 11]. In [1, 4] a new generalization of the classical
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Fibonacci sequence is introduced. It should be noted that the recurrence formula of these

numbers depends on one real parameter k.

Definition 1: For any integer numberk >1, the k™ Fibonacci sequence, say {F»}on is defined
recurrently by:
Fo=0F,=Land F , =kF +F ., forn>1 (1.1)

Particular cases of definition (1.1)

If k =1, we obtain the classical Fibonacci sequence{0,1,1,2,3,5,8,...}

If k =2, we obtain the Pell sequence{0,1,2,5,12,29,70,...}.

If k =3, we obtain the sequence{F; },., ={0,1,3,10,33,109,...}.

neN

Few terms of the k-Fibonacci numbers are

Many properties of k- Fibonacci numbers are obtained directly from elementary matrix algebra.
In [4, 5] several properties of these numbers are deduced that are related with their derivatives
and the so called Pascal triangle. Falcon and Plaza [3], gives several formulas for the sum of
these numbers with indexes in an arithmetic sequence. Also in [6], authors apply the binomial
and the k-binomial transforms to the k-Fibonacci sequences and derives many formulas like
generating function and Binet’s formula. In [7] authors defined k- Fibonacci hyperbolic
functions and deduced some properties of k- Fibonacci hyperbolic functions related with the
analogous identities for the k- Fibonacci numbers. In [2], Falcon studied the k- Lucas numbers
and proved various properties related with the k- Fibonacci numbers.
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Some of the interesting properties that the k-Fibonacci sequence satisfies are summarized as
below [1], [2], [4]:

1. Binet’s formula: The Binet’s formula for the k-Fibonacci numbers is

FE = fuln _:ug
k,n L — 1, ! (12)
, 2
where 1, = W is the positive root of the characteristic equation r* —kr—1=0

associated to the recurrence relation defined in (1.1).

2. Catalan’s identity: F _F - sz,n = (- sz,r

r’ k,n+r (13)
3. D’Ocagne Identity: £ F . —F F = (=1)" Foms ”
4. COﬂVOlUtiOh prOdUCt: l:k,n+m = l:k,n+l|:k,m + I:k,n I:k,m—l (15)
0 Fena+Fn—1)

5. Sum of the firstnterms: » F, . = ( kntl ki
6. Sum of the first n even terms: Zn:F = M

| = €7
7. Sum of the first n odd terms: Zn:F _ Rones

' ) — k,2i+1 k (18)

. _ X

8. Generating function: f, (x)=———

In [2] Falcon generates the k-Lucas numbers from the k-Fibonacci numbers whose recurrence
relation is given below:

Definition 2: For any integer numberk >1, the k™ Lucas sequence, say {L, . }oon s given by:

neN

L v =KLy o + Ly s fOr n>1with initial conditions L, , =2,andL,, =k. (1.10)
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As particular cases:

If k =1, we obtain the Lucas sequence{2,1,3,4,7,11,18,29,...},
if k =2, we obtain the Pell-Lucas sequence {2,2,6,14,34,82,198,...},

if k =3, we obtain the sequence {L;};

neN

Few terms of the k-Lucas numbers (1.10) are

Lo=2

L., =Kk

L., =k*+2

L, =k*+3k

L, =k*+4k*+2
L, s =k®+5k*+5k

2. PRELIMINARIES:

Now, some basic properties of k-Lucas numbers are describe.

1. Binet’s formula:

k+vk*+4 :k—«/k2+4
2 2 '

Lo =4 + 15, Wherey, = and u,

These roots verify g, + u, =K, 1444, =—1and g4, — 11, =\k* + 4 .
(See [2] for the proof)
2' Lk,m+n = I—k,n+1|:k,m + Lk,n I:k,m-l

Proof: Applying the Binet’s formula on R. H. S., obtain

m-1

Lk,n+1|:k,m + Lk,n Fk,m—l = (/ulrwl +ﬂ;+l)(ﬁfﬁ;luz}+(luln +/u2)(,ttl—

Hy

= (o) (= ) () )

H—H

={2,3,11,36,119,393,1298,...}.

=

(1.11)

(1.12)
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1 m+n m+n
I‘k,n+l|:k,m + I‘k,n I:k,m—l = 10— 1 [:u’l (/ul — M, ) — M, (/u2 _Iul):l ( -y = _1)
2

="+ 15"") =Ly [From (L.11)]

2. I:k,m Lk,n+l - I:k,m+l|‘k,n = (_1)”*1 I‘k,m—n

Proof: Mathematical induction method use for proof of this. If n=0, then

I:k,m Lk,n+1 - I:I<,m+1|‘k,n = I:k,m Lk,l - I:k,m+l|-k,0

=Fnk—F 2 = —(FkynH + Fk’mﬂ) [From (1.1)]
=—L ., [ L, =Fo+Fonal
If n=1,then
Fonbiz = Fomabin = (K° +2)Fp —KF g =—kF , +2F,  [From (L.1)]
=F s~ Fn+2Fn :(ka2 + Fk,m)
=Lyms [ Lin = Fonia + Fnaal

Now, suppose the formula is true until (n—-1):

F

k,m

Lk,n—l - I:k,m-¢—l|—k,n—2 = (_1)n_1 L

k,m—(n-2)?

) Then,
I:k,mLk,n - I:k,m+l|‘k,n—l = (_1) L

k,m—(n-1)
I:k,m Lk,n+1 - I:I<,m+1|‘k,n = Fk,m (kLkn + Lk,n—l)_ I:I<,m+1 (kLk,n—l + Lk,n—z) [From (110)]
= k(_Fl&.leﬁ.n - Fhm+1Lk,n—1) + (Fk,le-:,n—l - Fk,m+ 1Ll-=~.n—2)

- (_1)n (kLk,m—(n—l) - Lk,m—(n—Z)) = (_1)n+1 L mn-

(1.13)

109
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3. ON THE k-LUCAS NUMBERS OF KIND an+r:

In this section, some interesting formulas are derive for the sums of the k-Lucas numbers with
index in an arithmetic sequence, say an+r for fixed integer a and r such that 0<r <a-1. Also,

describe generating function for these numbers with index in an arithmetic sequence.
Let us prove following lemmas that we will need after some time:

Lemma 1: For all integers n>1,

W+ =F . +F . (see[3] for the detail of proof) (2.1)

Lemma 2: Lk,a(n+2)+r = ( I:k,a—l + Fk,a+l) Lk,a(n+1)+r _(_1)a Lk.an+r '

Proof: Applying Binet’s formula and Lemma 1 on R. H. S., obtain

(Fk,a—l + Fk,a+l) Lk,a(n+1)+r _(_1)a Lk,an+r

a(n+1)+r

= (g + 1) (1 + 1) (1) Ly

a(n+2)+r

=1 +‘u;(n+2)+r +(_1)a (lulan+r +ﬂzaln+r)_(_l)a Lk’an+r
= L ani2)er [From (1.11)]

Sincel, , =F, ., +F ., then the above formula can be rewritten as

Lk,a(n+2)+r = Lk,a Lk,a(n+l)+r _(_1)a Lk,an+r . (22)

0

Formula (2.2) gives the general term of the k-Lucas sequence {Lk'amr}n_o as a linear combination

of the two preceding terms.

o0

2.1 GENERATING FUNCTION FOR THE SEQUENCE{L, ., | )
ansr |

Suppose that 1,  (k, x) be the generating function of the sequence {Lk,aw}with 0<r<a-Ll.

That is
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Ia,r (k’ X) = I‘k,r + Lk,a+rx+ I‘k,2a+rX2 + I‘k,a‘a+rx3 o (23)

Now multiplying both sides by the algebraic expression ?1— L(k‘a)x+(—1)ax2), obtain
(1— L .Xx+(-1)° xz)la’r (k,x)

- (1— L X+ (-1)° xz)( Ler * Ly aer X Ly g X2 4 L X 4.0

= Lo (L = Leabior )X (Lo = Liabian (1) L 4

= Lk,r +(Lk,a+r - Lk,a Lk,r ) X+ Z(Lk,a(n+2)+r - Lk,aLk,a(n+l)+r +(_1)a Lk,an+r)Xn

n>2

Now, from equation (2.2), the summation of right hand side of the above equation vanishes.That

is

(1 L (1) 2y (k) = L+ (Larr = Lol ) X (2.4)
From (1.12), we have

Liasr = biraFica + b Fcas

Lk,a+r - Lk,r Lk,a = Lk,r+1Fk,a - Lk,rFk,a+l

r+l

Lk,a+r - I‘k,r Lk,a = (_l) Lk,a—r [From (113)]

Hence equation (2.4) becomes,

(L Lo (1) 21y, (ko) = L+ (1) L X

r+l
Ia'r (k, X) _ I‘k,r +(_1) Lk,a—rX

(1- Leax+(-2)"*) 29

Particular cases:
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The generating function of sequence {Lk’an+r } for values of a and r are:

1) If a =1 andthenr=0:

(K x) = Lo+ (-)LaX _ 2-kx
U (1L x+(-1)X°)  L-kx—x

sequence as it is given in [2].

>, which is the generating function of the k-Lucas

2) If a = 2, then

2—(k*+2
a) Atr =0, then Izyo(k,x) Lko"‘( 1)Lk2X ( + )X

1- L%+ (-1 X T1- (K*+2)x+x°
L, +(-1)" L x k(+X)
b) Atr =1, then l,,(k,x)= ; k: )((+() )kl = (K2 +2)x+
k,2

3) If a = 3,then

_ 2—(k*+3k)x
a) Atr=0,then l,,(k,x)= Lo+ 1)Lk'§’x2 = s( i ) 2
1- L x+(-1) X 1—(k +3k)x—x

Lo +(-1)°Lox k+(k?+2)x
1-L x+(-1) %2 1—(k3 +3k) x—x*
Lo+(-1) Lox (K +2)-kx
1- L x+(-1)° X2 - 1-(k®+3k)x—x*
2.2 SUM OF k-LUCAS NUMBERS WITH ARITHMETIC INDEX an + r:

b) Atr=1,then I, (k,x)=

c) Atr=1,then l,,(k,x)=

In this section, present and derive the sums of k-Lucas numbers with arithmetic index
an-+r,where a and r are fixed integer such that 0<r<a-1.

Theorem 3: Sum of k-Lucas number of kind an+r, is

z L. _ k a(n+1)+r (_1)a Lk,an+r - Lk,r + (_1)r Lk’a—" (26)
Kaitr Lka _(_1)3 -1

Proof: Applying Binet’s formula for the k-Lucas numbers, we have

Z Lk ai+r Z(,UlaHr _|_qual+r) z ai+r + Z,uaH.r

i=0
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_ =) " -1
w =1 My —1

an+r an+a+r

(pupy )" g7 = g5 = gy 15+l + (g, ) 5™ = g5 = gl +
(1 1) (15 -1)

(1) (™" + ™) = (™ + 5" + () + 05) — (ptty ) (8 +157")
(=D (e + 15 )+1

_ Lk,a(n+1)+r B (_1)3 Lk,an+r - I‘k,r + (_1)" Lk,afr
Lk,a - (_1)61 -1

Corollary 4: Formula for sum of odd k-Lucas numbers:

If a = 2s + 1, then equation (2.6) gives

: L . Lk,(25+l)(n+1)+r + Lk,(25+1)n+r - Lk,r + (_:l-)r Lk,(25+l)—r
Z K,(2s+1)i+r —
i=0

Lk,25+1

For example: (1) If s = 0 thena=1,r = Oand

i L. = Lk,n+l + Lk,n B Lk,O + Lk,l _ Lk,n+1 + Lk,n —2+K
i=0 ! Lk,1 K

a) If k=1, then it is sum formula for Lucas sequence, that is
Y=L+l -1=L,,-1[2]
i=0

b) If k= 2, then the sum formula for the Pell-Lucas sequence, that is

: _Pn+1+Pn
;R_ 2

(2)Ifs=1 — a= 3 then

r
. L _ Lk,3(n+l)+r + Lk,3n+r - Lk,r + (_1) Lk,3—r
Z k,3i+r — L
i=0 k,3
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a) If r=20,then

Z L ~ Lisgan T hean = Lo L _ Ly gnes + Lian =2+ (k* +3K)
o Ly (k®+3k)

If k=1, then

Z|_3L3n+LL3nJr2

b) If r=1, then

z L k anva T Lk,3n+l - Lk,1 + Lkvz — Lk,3n+4 + Lk,3n+1 - k2 -k-2
K3l Lk’3 (k3 +3k)

If k=1, then

Z |_3 L= L3n+4 + L3n+1

c) If r=2,then

ZL Lianes + Lianie = Lo + L _ Lk,3n+5+Lk,3n+2_k2+k_2
K, 342 = kas (k3 +3k)
If k=1, then

Z |_3 , = L3n+5 + L3n+2

(3)1fs=2 - a=S5, then

: L . Lk,5(n+1)+r + Lk,5n+r - Lk,r + (_1)r Lk,S—r
Z k,5i+r

Les

Y L snes +k®+5k®+5k -2
a) fr=20, then Lk,5i _ _k5n+5 Lk55n :

i=0 k> +5k° +5k

n LA L
b) If r =1, then Lk,5i+1 _ Lk,5n+6 + Lk,gml i: 4k —k -2

=0 k> +5k” +5k

n 3 _ 2 _
c) Ifr=2, then Lisio = L sner + Lk,:n+2 +3k kc+3k-2

i=0 k> +5k” +5k

” Lisnse + Lisnia —K® —k? ~3k —2
d) If r= 3; then ka5i+3 — k,5n+8 + k,5n+3 3

k® +5k* + 5k

T
o
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- Ly oo + Ly spog —K* —4k% +k =2
e) Ifr=4, then L. = k,5n+9 K, 5n+4
) :Z k,5i+4 k5 +5k3 +5k

Corollary 5: Sum of even k-Lucas numbers

If a = 2s, then equation (2.6) is

L k 2s(nl)+r k 2sn+r Lk +( 1) Lk 2s-r
z K,2si+r
Lk,ZS -

For example: (1) If s=1 — a = 2,then

- Lk,2n+r - Lk,r + (_1)r Lk,2—r

L k ,2(n+1)+r
Z K2i+r — L 2
k2

+k?>—k+2
k2

n KL
a) If r=0: > L, =—2"
i=0

For the Lucas sequence, k=1, it is z L,=L,.,+2

i=0

b) If r_ z I‘k 2 = Lk 2”;2

For the Lucas sequence, k=1, it is Z Li,=L,.,—2

i=0

2 If s=2 — a= 4,then

r
. L k A+)+r Lk,4n+r - Lk,r + (_1) Lk,4—r
Z K ditr

L,—2
a) Ifr=0then 'L, = Lyania = IZ“” +2k4 +4K?
i=0 k* +4k
b) Ifr =1,then ino Ly g = Ly anss —klzkin:k: k3 —4k
c) Ifr=2,then no L sio = W

-L —k* -4k
— k,4n+7 k,4n+3
d) Ifr =3, then 2 L 4iss = T .

115
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Now, we consider the alternating sequence{(-1)"L, .., }. By the previous method we can also

find the sum formula for this sequence. Moreover, generating function for this alternating

sequence has been also proved by the previous method.

Theorem 6: Alternating sum of the k-Lucas numbers with index an+r is given by:

N n n+a r+l
Z(—l)i Ly sinr = (D"Laayr + D Lo + L (DT L
" ,ai+r Lk,a + (_1)a +1

For different values of a and r the above sum can be written as:

n i _1 n L _ —l n L k 2
(1) Fora=1, r=0and Z(_l)' L, :( )" L (k )L, +k+
i=0

n , -D"L, +(=1" +L  —-(-D™L
(2) For a=2' Z(_l)l Lk,2i+r — ( ) k,2(n+1)+r ( ) Lk,2n+r k,r ( ) k,2—r
i=0

k?+4
a) Ifr=0, then iZ:O:(_l)i L, = (D" Lionz Jrk(z—+1):r L, +k*+4
b) Ifr=1,then izn():(—l)i Ly g = (D" Lk,znszi(;l)n Ly 20
(3) For a=3, iZn():(—l)i Leair = (=" L s(nnyer —(—1);—:,_3;; +L, — (DL,
a) If r=0, then izznol(_l)i Les = (=D)"Lans — (;?j ;k(,gn +k*+3k+2
b) Ifr=1,then izr:'(_l)i Ly s = (=" Lisnes — (;)i ;kk,am —k®+k-2
¢) Ifr=2,then iz;:(_l)i L= (=1)" Ly g0 — (;?Jnr:kkm KZ k42

CONCLUSION:

The k-Lucas numbers are generated by the k- Fibonacci numbers. In this paper, the sum
properties are presented for k- Lucas numbers with index in an arithmetic sequence. In additional,
generating function and alternated sum formula for the k- Lucas numbers presented and

derived.
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