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Abstract: In this paper, we introduce the natural lift curves for the spherical indicatrices of the Bertrand mates
of spacelike curves on the tangent bundle T(Slz) or T(Hg) in Minkowski 3-space and we give some new

characterizations for these curves. Additionally we illustrate two examples of our main results.
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1. Introduction

In early course of classical differential geometry, students encounter with the subject
of Bertrand curves discovered by J. Bertrand in 1850. Bertrand curves are one of the
associated curve pairs for which at the corresponding points of the curves one of the Frenet
vectors of a curve coincides with the one of the Frenet vectors of the other curve. These

special curves are very interesting and characterized as a kind of corresponding relation
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between two curves such that the curves have the common principal normal i.e., the Bertrand
curve is a curve which shares the normal line with another curve. It is proved in most texts on
the subject that the characteristic property of such a curve is the existence of a linear relation
between the curvature and the torsion; the discussion appears as an application of the
Frenet-Serret formulas. So, a circular helix is a Bertrand curve. Bertrand mates represent
particular examples of offset curves [11] which are used in computer-aided design (CAD) and
computer-aided manufacturing (CAM). For classical and basic treatments of Bertrand curves,
we refer to [3], [6] and [12].

There are recent works about the Bertrand curves. Ekmek¢i and Ilarslan studied
Nonnull Bertrand curves in the n-dimensional Lorentzian space. Straightforward modication
of classical theory to spacelike or timelike curves in Minkowski 3-space is easily obtained,
(see [1]). l1zumiya and Takeuchi [16] have shown that cylindrical helices can be constructed
from plane curves and Bertrand curves can be constructed from spherical curves. Also, the
representation formulae for Bertrand curves were given by [8].

In differential geometry, especially the theory of space curves, the Darboux vector is
the areal velocity vector of the Frenet frame of a space curve. It is named after Gaston

Darboux who discovered it. In terms of the Frenet-Serret apparatus, the Darboux vector w

can be expressed as w=rzt+xb. In addition, the concepts of the natural lift and the

geodesic sprays have first been given by Thorpe (1979). On the other hand, Caliskan et al. [4]
have studied the natural lift curves and the geodesic sprays in Euclidean 3-space &°. Bilici et
al. [7] have proposed the natural lift curves and the geodesic sprays for the spherical
indicatrices of the involute-evolute curve couple in R*. Recently, Bilici [9] adapted this
problem for the spherical indicatrices of the involutes of a timelike curve in Minkowski
3-space. However, this problem is not handled in other types of space curves.

Spherical images (indicatrices) are a well known concept in classical differential
geometry of curves [1]. Kula and Yayl: [17] have studied spherical images of the tangent
indicatrix and binormal indicatrix of a slant helix and they have shown that the spherical

images are spherical helices. In [19] Siha et. all investigated tangent and trinormal spherical

images of timelike curve lying on the pseudo hyperbolic space H; in Minkowski
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space-time. Iyigiin [20] defined the tangent spherical image of a unit speed timelike curve

lying on the on the pseudo hyperbolic space H? in R&;.

In this study, we carry tangents of the Bertrand mate g of a spacelike curve o to
the center of the unit hypersphere HZ and we obtain a spacelike curve B,..=T" on the
unit hypersphere HZ. This curve is called the first spherical indicatrix or tangent indicatrix
of . One consider the principal normal indicatrix 3, . = N" and the binormal indicatrix

B, =B on the unit hypersphere SZ. Then the natural lift curves for the spherical

indicatrices of the spacelike Bertrand curves are investigated in Minkowski 3-space and some

new results are obtained.

2. Preliminaries
To meet the requirements in the next sections, the basic elements of the theory of curves and
hypersurfaces in the Minkowski 3-space are briefly presented in this section. A more detailed

information can be found in [10].
The Minkowski 3-space R. is the real vector space R° endowed with standard flat
Lorentzian metric given by

g = —dx,” +dx,” +dx,”,
where (x;,X,,X3) is a rectangular coordinate system of R?. Avector V =(v,,v,,v;)e IR
is said to be timelike if g(v,V)<O0, spacelike if g(v,v)>0 or V =0 and null (lightlike)

if gv,V)=0 or V =0 Similarly, an arbitrary curve " =77(s) in R’ can locally be

timelike, spacelike or null (lightlike), if all of its velocity vectors 7"are respectively timelike,

spacelike or null (lightlike), for everyt & | < R . The pseudo-norm of an arbitrary vector

VeR? is given by |V|=|g(v,V). s called a unit speed curve if the velocity vector
Vof I satisfies |V|=1. Atimelike vector V is said to be positive (resp. negative) if and

only if v, >0 (resp. v, <0).
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Let /7 be a unit speed spacelike curve with curvature x and torsion z. Denote
by {t(s),n(s),b(s)} the moving Frenet frame along the curve 7" in the space R?. Thent, n

and b are the tangent, the principal normal and the binormal vector of the curve I,
respectively.

The angle between two vectors in Minkowski 3-space is defined by [21]:

Definition 2.1:

Let X and Y be spacelike vektors in R that span a spacelike vector subspace, then we have

[9(XY)[<[X]IY] and hence, there is a unique real number ¢ such that
g(XY)=|X[[¥|cosp.

The reel number ¢ is called the Lorentzian spacelike angle between X and Y.

Definition 2.2:

Let X and Y be spacelike vectors in &, that span a timelike vector subspace, then we have

g(XY)>|X][V| and hence, there is a unique pozitive real number ¢ such that
l9(XY)|=[X[I¥ coshe .

The reel number ¢ is called the Lorentzian timelike angle between X and Y.

Definition 2.3:

Let X be a spacelike vector and Y a positive timelike vector in R?, then there is a unique
non-negative reel number ¢ such that

9(XY)|=[X [ sinhy
The reel number ¢ is called the Lorentzian timelike angle between X and Y.

Definition 2.4;

Let X and Y be pozitive (negative ) timelike vectors in R, then there is a unique

non-negative real number ¢ such that
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g(XY) <|X[|Y [coshp.

The reel number ¢ is called the Lorentzian timelike angle between X and Y.

Casel. Let 77 beaunit speed spacelike curve with a spacelike binormal. For these Frenet

vectors, we can write
TxN=—-B , NxB=-T , BxT =N,
where 'x' is the Lorentzian cross product in space R;. Depending on the causal character
of the curve 77, the following Frenet formulae are given in [5].
T=«kN, N=xT+7B, B=zN
The Darboux vector for the spacelike curve with a spacelike binormal is defined by [11]:
w=-7T +xB.

If b and w spacelike vectors that span a spacelike vector subspace then by the Definitionl. we

can write
= [\w||cos
wMleose e g )=
 =||w||sing
Case Il. Let 7" be a unit speed spacelike curve with a timelike binormal. For these Frenet

vectors, we can write
TxN=B, NxB=-T , BxT =—N,
Depending on the causal character of the curve 77, the following Frenet formulae are given
in [5].
T=xN, N=-xT+7zB, B=rN
The Darboux vector for the spacelike curve with a timelike binormal is defined by [11]:
w=7T—-xB.
There are two cases corresponding to the causal characteristic of Darboux vector w.

i) If ||<[f],then wisa timelike vector. In this situation, we have

{ K= ||W||sinhg0

2 _ _ 2,2
7 =|w|coshp Il = =g (ww) ==~
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and the unit vector ¢ of direction w is

c:iW:sinh(oT—coshgoB.
[

ii) If |x|>|7], then w is a spacelike vector. In this situation, we can write

= h
{K e W =g (w,w)=x*~7?

T= ||W||Sinh(p

and the unit vector c of direction w is

c=—W=sinhe T —coshe B.

1
[w

Proposition 2.5.

Let « be a timelike (or spacelike) curve with curvatures xand z. The curve « is a
general helix if and only if L = costant , [13].

K
Remark 2.6. We can easily see from equations of the section Case | and Case Il that:

lztango and E:tanhgo (or 1=cothgo), if @=constant then « is a general helix.
K K K

Lemma 2.7.

The natural lift & of the curve « is an integral curve of the geodesic spray X if and only if
a is a geodesic on M, [9].

Definition 2.8.

Let a=(a(s);T(s),N(s),B(s)) and B=(B(s");T"(s"),N"(s"),B"(s")) betwo
regular non-null curves in R;. a(s) and B(s*) are called Bertrand curves if N(s) and
N*(s*) are linearly dependent. In this situation, (a,,B) is called a Bertrand couple in ;.

(See [1] for the more details in the n-dimensional space)

Lemma 2.9.

Let « be a spacelike curve with a timelike binormal. In this situation, f isa spacelike
with a timelike binormal Bertrand mate of « . The relations between the Frenet vectors of

the (a,B) is as follow
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T°| [coshd 0 sinhO|[T
N“|=f 0 1 0 |N|, g(T.T")=cosho=constant, [8].
B sinh@ 0 coshO | B

Lemma 2.10.

Let B be a spacelike with a spacelike binormal Bertrand mate of a spacelike curve with a

spacelike binormal o . The relations between the Frenet vectors of the (e,/3) is as follow

T | [cos® 0 sin@][T
N“|=f 0 1 0 |IN|, g(T.T")=cos6=constant, [8].
B* sind 0 cosO| B

Definition 2.11.

Let S? and H. be hypersphere in R}. The Lorentzian sphere and hyperbolic sphere of

radius 1 in IR13 are given by

S? :{V =(V,V,, V) e R g(V,V):l}
and

Hy ={V =(v,v,,v;) e R g (V,V) =1

respectively, [10].
Definition 2.12.

Let M be a hypersurface in R} equipped with a metric g. Let TM be the set

ULT,(M): peM | of all tangent vectors to M. Then each veTM is in a unique 7,(M),

and the projection 7 :TM —M sendsvto p. Thus 7 *(p)=T,(M). There is a natural way

to make TM a manifold, called the tangent bundle of M.

A vector field X e (M) is exactly a smooth section of TM, that is, a smooth
function X :M —TM suchthat z-X =id,,, [9].
Definition 2.13.

Let M be a hypersurface in R?. A curve a:l — M is an integral curve of X e y(M)

provided ¢ =X,;thatis,
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%(a(s))=X(a(s)) forall sel,[10]. 1)

Definition 2.14.

For any parametrized curve « : 1 — M, the parametrized curve

ol —>TM
given by

a(t)=(a(s)a(s)=a(s),, )
is called the natural lift of « on TM. Thus, we can write

da d, . )

E:a(“(s))b(s) = Dy(sya(s) 3

where D is the standart connection on  R?, [9].

Definition 2.15.

For veTM , a smooth vector field X e y(7TM )defined by
X(v)=eg(v.S(), ) e=g(£.8) @
is called the geodesic spray on the manifold TM, where & is the unit normal vector field of

M and S is the shape operator of M, [9].

3. The Natural Lift Curves for the Spherical Indicatrices of Spacelike Bertrand Couple
in Minkowski 3-Space

In this section we investigate the natural lift curves of the spherical indicatrices of

Bertrand curves (c,f) as in Lemma 2.9. and Lemma 2.10.. Furthermore, some interesting
theorems about the original curve were obtained depending on the assumption that the natural

lift curves should be the integral curve of the geodesic spray on the tangent bundle T(Sf) or
T(H2).
Note that D and D are Levi-Civita connections on SZ and H/, respectively. Then

Gauss equations are given by the followings

D,Y =DxY +£g(S(X),Y )& DY =DxY +2g(S(X),Y)& e=g(&¢)
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0
where ¢ is a unit normal vector field of S/(or HZ) and S=1, :{ 0 J is the shape

operator of S/ (or H?).
i) The natural lift of the spherical indicatrix of the tangent vector of B

Let (@) be Bertrand curves as in Lemma 2.9. We will investigate the curve «
to satisfy the condition that the natural lift curve of ET* is an integral curve of geodesic
spray, where .. is the tangent indicatrix of 4. If the natural lift curve ET* is an integral
curve of the geodesic spray, then by means of Lemma 2.9. we get,

Di.f. =0, (5)
where D is the connection on the hyperbolic unit sphere S/ and the equation of tangent
indicatrix is f. = T" . Thus from the Gauss equation we can write

DBT*'B.T* =5ﬂ'{,BT* +eg(S(BT* )[)’T )T*, &= g(T*,T*)=1.

On the other hand, from the Lemma 2.9. straightforward computation gives

) ds..
B.=t.= 9 ds _ (iccosht9+tsinh@)N£ :
T ds ds. ds..
Moreover, we get
ds 1 t = N

ds. " xcosh@+zsinhg’

K T+ T
xcosh@ +zsinhd xcosh@+zsinhd

DtT*tr* =—
and g(S(tr*),tr*):l.
Using these in the Gauss equation, we immediately have

D.t.=- T+ L ___B-T

! kcoshO+tsinh®  kcoshO+tsinho
From the Eq. (5) and Lemma 2.9. we get

- £ - -coshé |T + ¢ - -sinh@ |B=0.
Kk coshO+tsinhd xcoshO+tsinhd

Since T, N, B are linearly independent, we have
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K +ch=0
xcoshl + tsinh0
¢ -sh6=0
xcoshO + tsinh6
it follows that,
xsinh0 +tcosh6 =0, (6)
L = tanhg. (7)

K

So from the Eq. (7) and Remark 2.6. we can give the following result.

Result 3.1:
Let (a,ﬂ) be Bertrand curves as in Lemma 2.9. If « is a general helix, then the tangent
indicatrix g. of g isa geodesicon SZ.

Moreover from Lemma 2.7. and Result 3.1. we can give the following theorem to
characterize the natural lift of the tangent indicatrix of S without proof.

Theorem 3.2:

Let (a,) be Bertrand curves as in Lemma 2.9. If « is a general helix, then the natural
lift ET* of the tangent indicatrix g. of A is an integral curve of the geodesic spray on
the tangent bundle T (S7).
ii) The natural lift of the spherical indicatrix of the principal normal vectors of

Let A . be the spherical indicatrix of principal normal vectors of # and EN* be the

natural lift of the curve g, .. If EN* is an integral curve of the geodesic spray, then by means
of Lemma 2.7. we get,

De.t.=0 (8)
that is

D t.= BtN*tN* +8g(S(tN* ),t

N

)N e=g(N'.N')=1

N

On the other hand, from Lemma 2.9. and Case II. i) straightforward computation gives

,BN* =t =-sinhgT +coshgB .
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Moreover we get

' _ . + ' .
(=9 coshgo.l_ . Ksinhg + tcoshg N+ sinho B

W W] W]

and g(S(tN*),tN*):l.

D,

t

Using these in the Gauss equation, we immediately have

= _ gcoshg ¢ sinhg
Di.t.=- T+ B.
i Wl
Since T, N, B are linearly independent, we have

¢ coshg

Wi
o sinhg

W]

=0

=0

it follows that,
9 =0, 9)
T
—=constant . (10)

K

So from the Eq. (10) and Remark 2.6. we can give the following result.

Result 3.3:

Let (a,ﬂ) be Bertrand curves as in Lemma 2.9. If « is a general helix, then the principal

normal indicatrix g . of g isa geodesic on SZ.

Moreover from Lemma 2.7. and Result 3.3 we can give the following theorem to

characterize the natural lift of the principal normal indicatrix of £ without proof.

Theorem 3.4:

Let (c,8) be Bertrand curves as in Lemma 2.9. If « is a general helix, then the natural
lift EN* of the principal normal indicatrix . of f is an integral curve of the geodesic
spray on the tangent bundle T (S7).

iii) The natural lift of the spherical indicatrix of the binormal vectors of

Let j.. be the spherical indicatrix of binormal vectors of £ and ,EB* be the natural lift
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of the curve g . If EB* is an integral curve of the geodesic spray, then by means of Lemma
2.7. we get,

Dit.=0 (11)
that is

D, tB* :Bts*ts* +8g(S(tB*),tB*>B*, 8=g(B*,B*)=—1

On the other hand, from Lemma 2.9. straightforward computation gives

tB* = (Ksinhﬁ + Tcoshﬁ) Nﬁ .
d

Sgr

Moreover we get

ds _ 1

- 1 t . = N 1
ds,.  wsinhl+zcoshl B
Dt =- - T+ d
& B xsinh@ + tcoshO xsinh@ + tcosh

and g(S(tB*),tB*):-l.

Using these in the Gauss equation, we immediately have
Dt = d T- ¢ B+B"
® B ksinhO+tcosh®  ksinhO+tcoshf

From the Eg. (11) and Lemma 2.9. we get

(— al -sinh@]T+( ¢ -coshﬁjB=0.
Ksinh0 + tcosh6 xsinh@ + tcosh6

Since T, N, B are linearly independent, we have

il +sinh@ =0
xsinh0 + tcosh
¢ -coshd =0
Ksinh@ + tcosh0
it follows that,
xcoshl +tsinh0 =0, (12)
L= _cotho

K
(13)

So from the Eq. (13) and Remark 2.6. we can give the following result.
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Result 3.5:

Let (a,) be Bertrand curves as in Lemma 2.9. If « is a general helix, then the binormal
indicatrix .. of f isageodesicon H;.

Moreover from Lemma 2.7. and Result 3.5 we can give the following theorem to characterize
the natural lift of the binormal indicatrix of g without proof.

Theorem 3.6:

Let (a,) be Bertrand curves as in Lemma 2.9. If o is a general helix, then the natural

lift EB* of the binormal indicatrix g_.. of A isan integral curve of the geodesic spray on

the tangent bundle T (H; ).

From the classification of all W-curves (i.e. a curves for which a curvature and a torsion are
constants) in (Walrawe, 1995), we have following result with relation to curve « .
Result 3.7:

(1) If the curve « with x=constant>0, t=0 then « isa partofacircle,

(2) If the curve a with = constant >0, ©=constant #(0 and |r| >k then « isa part

of a spacelike hyperbolic helix,
a(s) = %(KSinh(\/ES),\/TZKS,KCOS}Z(\/ES)) K=1%-x%.

(3) If the curve a with x=constant >0, t=_constant#(0 and |‘[|<K then o is a

part of a spacelike circular helix,
a(s) = %(\/rsz,Kcos(\/Es),lcsin(\/fs)) , K= K -7,

From Lemma 3.1 in Choi et al 2012, we can write the following result:
Result 3.8:

There is no spacelike general helix of spacelike curve with a timelike binormal in

Minkowski 3-space with condition |z =|x|.
The method used for (a,/) Bertrand curves as in Lemma 2.9. , («,s) Bertrand

curves as in Lemma 2.10. applied in the following results and theorems are obtained.
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Result 3.9:
Let (a,) be Bertrand curves as in Lemma 2.10. . If « is a general helix, then the tangent
indicatrix f. of p isageodesicon S.

Moreover from Lemma 2.7. and Result 3.9. we can give the following theorem to
characterize the natural lift of the tangent indicatrix of f without proof.
Theorem 3.10:
Let (a,) be Bertrand curves as in Lemma 2.10. If « is a general helix, then the natural

lift ET* of the tangent indicatrix g. of A is an integral curve of the geodesic spray on
the tangent bundle T (S7).

Result 3.11:

Let (@,f) be Bertrand curves as in Lemma 2.10.. If « is a general helix, then the
principal normal indicatrix g,. of g isa geodesic on HZ.

Moreover from Lemma 2.7. and Result 3.11. we can give the following theorem to

characterize the natural lift of the principal normal indicatrix of £ without proof.
Theorem 3.12:
Let (c,8) be Bertrand curves as in Lemma 2.10.. If « is a general helix, then the natural

lift EN* of the principal normal indicatrix g,. of g is an integral curve of the geodesic

spray on the tangent bundle T (HOZ) :

Result 3.13:

Let («,8) be Bertrand curves as in Lemma 2.10.. If « is a general helix, then the
binormal indicatrix g of g isageodesicon Sf.

Moreover from Lemma 2.7. and Result 3.13. we can give the following theorem to

characterize the natural lift of the binormal indicatrix of 4 without proof.

Theorem 3.14:
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Let (c,) be Bertrand curves as in Lemma 2.10.. If « is a general helix, then the natural
lift EB* of the binormal indicatrix g.. of A isan integral curve of the geodesic spray on

the tangent bundle T (S7).

From Walrawe, (1995), we can write the following result:

Result 3.15:

(1) If the curve a with x=constant>0, =0 then « is a part of a orthogonal
hyperbola;

(2) If the curve o with x=constant>0, t=constant#0 then « is a part of a

spacelike hyperbolic helix,
a(s)= %(Kcosh(x/zs),x/rsz,Ksinh(\/Es)) K=x>+7*

Example 3.16:

Let o ﬁ s, 2cos(<3s),2sin(\3s) | beaunit speed spacelike circular helix with
3 '3

[33 Esm )"Fcos(ﬁs)]
N = 0 sm(ﬁs)) k=2 and r=1.
B= [2 3 ‘/_ )“/_cos(\/_s)}

In this situation, spacelike with timelike binormal Bertrand mate  for o can be given by the

eguation

ﬂ(s):[ﬁs (2.7 )eos(). (g-ijsm(fs)], "y

3

For A :§ , we have
3
B(s)= [?s,—cos(ﬁs),-sin(\@s) j

The straight forward calculations give the following spherical indicatrices and natural lift

curves of spherical indicatrices for £,
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e =y (VEs) = Jpeon(Es | BT*:( 03 cos( V). %m(ﬁs)]
B, = 0.cos(\35).sin{35) B =(0.-Fsin{\Fs),NBeos(4Fs))
o =[5y ) = sV | B, {0 con(3 ) S s

respectively, (Figs. 1-6).

Figure 1. Tangent indicatrix for Bertrand Figure 2. Principalr nbrmal indicatrix for

mateof o on S/ Bertrand mate of o on S/

T -

Figure 3. Binormal indicatrix for Bertrand ~ Figure 4. Tangent indicatrix for Bertrand

) mate of o and its natural lift
mateof a on S
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Figure 5. Principal normal indicatrix for Figure 6. Binormal indicatrix for Bertrand

Bertrand mate of o and its natural lift mate of o and its natural lift
Example 3.17: Let a(s)= [cosh (ij i, sinh [ij j be a unit speed spacelike hyperbolic

N R W

helix with

N:{cosh(\%},o,sinh[\sﬁﬂ : x:% and r=%.
|- ol ) ol )

In this situation, spacelike with spacelike binormal Bertrand mate £ for o can be given by

the equation

B(s)= ((1+x)cosh(%},%,(Hz)smh{%j j . LelR.

For A =1, we have
S S . S
s)=| 2cosh| —= |,—=,2sinh| —= | |.
pts)={ 2 55 | Gy 2500 5 )
The straight forward calculations give the following spherical indicatrices and natural lift

curves of spherical indicatrices for 5,



102

- —cosh

! NN

SR
. z(cosh(ji], )

(1 . S
vl )
respectively, (Figs. 7-10).

)

Figure 7. Tangent indicatrix for Bertrand mate

of a on S}

Figure 9. Binormal indicatrix for Bertrand

mateof o on S/
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