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Abstract. Probabilistic fixed point theory has developed substantially during the last two decades. In
this paper we define a new contraction in probabilistic metric spaces which are spaces in which distribution
functions play the role of the metric. We have shown that under two separate conditions the mapping

has a fixed point. Two illustrative examples are given.
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1. INTRODUCTION

Fixed point theory is one of the most active branches of modern analysis. In 1922, S.
Banach proved the well known Banach contraction mapping principle in metric spaces.
Sehgal and Bharucha-Reid [34] generalized this concept to probabilistic metric spaces in
1972. Probabilistic metric spaces are probabilistic generalization of metric spaces. The
inherent flexibility of these spaces allows us to extend the contraction mapping princi-
ple in more than one inequivalent ways. Hicks [13] established another generalization of
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contraction mapping principles in probabilistic metric spaces. This extension is known
as C-contraction. Subsequently, fixed point theory in probabilistic metric spaces has de-
veloped in extensive way. Hadzic and Pap have given a comprehensive survey of this

development upto 2001 in [12]. Some of the references in Menger spaces of more recent

times may be noted in [24, 27, 28] and [29].

Khan, Swaleh and Sessa [23] introduced a new type of contraction in metric spaces in
1984. They had used a control function to prove their result. This control function is
known as ‘altering distance function’. After this paper many authors have used altering
distance function to get fixed point results. Here we mention a few of these results in
26, 30] and [31]. Recently, Choudhury and Das [1] extend the concept of altering distance
function in the context of Menger spaces. The idea of control function in Menger spaces
opened the possibility of proving new fixed point and coincidence point results. Some of
the recent results where this control function has been used in Menger spaces may be seen

in [2, 3,9, 10] and [25].

Another type of fixed point results appeared in the literature due to R. Kannan [15, 16].

Now we give the definition of Kannan type mappings.

Definition 1.1. [15, 16] Let (X,d) be a metric space and f be a mapping on X. The

mapping [ is called a Kannan type mapping if there exists 0 < a < % such that
d(fz, fy) < ald(z, fx) + d(y, fy)] for all z,y € X. (1.1)

Kannan proved that every mappings satisfying (1.1) have a unique fixed point. This
type of mappings are a class of contractive mappings which are different from the Ba-
nach contraction. A difference between Banach contraction mappings and Kannan type
mappings is that Banach contraction mappings are always continuous but Kannan type
mappings are not necessarily continuous. After the appearance of Kannan’s paper in
[15, 16], many authors created contractive conditions not requiring the continuity of the
mappings and established fixed point results of such mappings. Now this line of research

has a vast literature. Another reason for the importance of Kannan type mappings is
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that it characterizes completeness which the Banach contraction does not. It has been
shown in [35, 36] that the necessary existence of fixed points for Kannan type mappings
implies that the corresponding metric space is complete. The same is not true for Banach
contractions. There is an example of an incomplete metric space where every contraction
has a fixed point [7]. Kannan type mappings, its generalizations and extensions in various
spaces have been considered in a large number of works, some of which may be noted in
[4, 6, 14, 19, 20, 21, 32] and [35]. There are also similarities between Banach and Kannan
type contractions. One is referred to [20] and [21] for similarity between contraction and
Kannan type mappings.

In recent years cyclic contraction and cyclic contractive type mapping have appeared

in several works.

Definition 1.2. Let A and B be two non-empty sets. A cyclic mapping is a mapping
T: Al B — Al B which satisfies:
TACB and TB C A.

This line of research was initiated by Kirk, Srinivasan and Veeramani [22], where they,
amongst other results, established the following generalization of the contraction mapping

principle.

Theorem 1.1. [22] Let A and B be two non-empty closed subsets of a complete metric
space X and suppose f: X — X satisfies:

(1) fAC B and fB C A,

(2) d(fzx, fy) < kd(z,y) for all x € A and y € B where k € (0,1).
Then f has a unique fized point in A() B.

The problems of cyclic contractions have been strongly associated with proximity point
problems. Some other results dealing with cyclic contractions and proximity point prob-

lems may be noted in [8, 11, 17, 37, 38] and [39].
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A generalization of cyclic mapping is p-cyclic mapping. The definition is the following:

Definition 1.3. Let {A;}’_, be non-empty sets. A p-cyclic mapping is a mapping T :
P A = UL A, which satisfies the following conditions :

(Z) TAz - Ai+1 fO’I” 1 <1 <p, TAp - Al.

In this case where p = 2, this reduces to cyclic mappings. Some fixed point results of
p-cyclic maps have been obtained in [17, 18, 37]. In this paper we are interested in the
fixed point properties of p-cyclic mappings in probabilistic metric spaces. In the following
we describe the space briefly and to the extent of our requirement. Several aspects of this

space has been described comprehensively by Schweizer and Sklar [33].

Definition 1.4. [12, 33] A mapping F : R — R" s called a distribution function if it is
non-decreasing and left continuous with gnlgF(t) =0 and sup F(t) = 1, where R is the
€ teR

set of real numbers and R denotes the set of non-negative real numbers.

Definition 1.5. t-norm [12, 33]
A t-norm is a function A : [0,1] x [0,1] — [0, 1] which satisfies the following conditions
for all a,b,c,d € [0, 1]

(i) A(la) =a,

(i)  A(a,b) = A(b,a),

(i)  A(e,d) > A(a,b) whenever ¢ > a and d >,

(iv)  A(A(a,b),c) = Ala, A(b, c)).

Definition 1.6. Hadzic type t-norm [12]
A t-norm A is said to be Hadzic type t-norm if the family {AP},en of its iterates, defined
for each s € (0,1) as
A%s) =1, APTL(s) = A(AP(s),s) for allp > 0,
is equi-continuous at s = 1, that is, given A > 0 there exits n(\) € (0,1) such that
1>s>nA)=AP(s) >1— X forallp > 0.
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Definition 1.7. Menger space [12, 33|
A Menger space is a triplet (X, F, A), where X is a non empty set, F is a function defined
on X x X to the set of distribution functions and A is a t-norm, such that the following
are satisfied:

(1) Fyy(0)=0 forallz,yeX,

(i)  Fypu(s) =1 forall s >0 if and only if v =y,

(1ii)  Fyu(s) = Fy,.(s) for all z,y € X,s >0 and

()  Fpy(u+v) > A(F,.(u), F, ) for allu,v >0 and x,y,z € X.

An interpretation of F, ,(¢) is that it is the probability of the event that the distance
between the points x and y is less than t. A metric space becomes a Menger space if we
write F, ,(t) = H(t — d(z,y)) where H is the Heaviside function given by

H(t)=1,ift >0,
—0,ift <0.

Definition 1.8. [12, 33] A sequence {z,} C X is said to converge to some point x € X
if given € > 0,A >0 we can find a positive integer N, such that for all n > N,
F, () >1—=A\. (1.2)

Definition 1.9. [12, 33] A sequence {z,} is said to be a Cauchy sequence in X if given
e > 0,\ >0 there exists a positive integer N, such that
Fy 2 (€) >1—=X forall m,n > N,,. (1.3)

Definition 1.8 and 1.9 can be equivalently written by replacing ‘>’ with ‘>’ in (1.2)
and (1.3) respectively. More often than not, they are written in that way. We have given

them in the present form for our convenience in the proofs of our theorems.

Definition 1.10. [12, 33] A Menger space (X, F, A) is said to be complete if every Cauchy

sequence is convergent in X.
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In [1] Choudhury and Das extended the concept of altering distance function in the

context of Menger spaces and gave the following definition of ¢-function.

Definition 1.11. ®-function [1]

A function ¢: R — RT is said to be a ®-function if it satisfies the following conditions:
(1) ¢(t) =0 if and only if t =0,
(11) ¢(t) is strictly monotone increasing and ¢(t) — oo as t — oo,
(111) ¢ is left continuous in (0,00),

(v) ¢ is continuous at 0.

It has been shown in [1] that a ¢-function can generate altering distance function. A
cyclic contraction principle in Menger spaces have been proved with the help of ¢ function

by the present authors in [5].

Theorem 1.2. [5] Let (X, F,A) be a complete Menger space where A is the minimum t-
norm and let there exist two closed subsets A and B of X where A( B is nonempty such

that the mapping T : A|J B — A|J B satisfies the following conditions :

(1)) TACBand TB C A,

(i) Frory(¢(ct)) = Foy(o(t))
for all x € A and y € B where ¢ € (0,1) and t > 0. Then T has a unique fized point in
AN B.

It has been shown that the Theorem 1.2 contains Theorem 1.1.

We will make use of the following function in our theorems.

Definition 1.12. V-function [4]
A function 1 : [0,1] x [0,1] — [0,1] is said to be a V-function if

(i) 1-is monotone increasing and continuous,
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(ii) Y(x,z) > x for all0 <z < 1,
fiii) $(1,1) = 1,1(0,0) = 0.

2. MAIN RESULT

In this section we have two theorems and two examples.

Theorem 2.1. Let (X, F,A) be a complete Menger space with a Hadzic type t- norm A
such that whenever x, — x and y, — vy, Fy, 4. (t) = Fy,(t). Let {A;}_, be non-empty
closed subsets of X and the mapping T : \J_, Ai — Ui_, Ai is a p-cyclic mapping, that
18,
TA CAiyq for1 <i<p TA,C A (2.1)
and s such that
Fryry(t) > w(Fx,Tw(%)aFy,Ty(%)) (2.2)
whenever x € A; andy € Ajyq for1 <i<p
and
Fromw(t) > O(Fr: (%), Furw(2)) (2.5)
whenever z € A, and w € Ay
forti to,t >0 witht =t +t3, a,b >0 with 0 <a+b <1 and ¢ is a V-function. Then
" A; is non-empty and T has a unique fized point in (i, A;.
Proof. Let xy be any arbitrary point in A;. Now we define the sequence {x,}>2, in X

by x, = Tx,_1,n € N where N is the set of natural numbers.

By (2.1), we have
T, € A1, 1 € Ay, 19 € Az, ...... Tp—1 € Ay and in general x,, € A1, Typpr1 € Ag,....... ,
Tnp+(p—1) € Ap for all n > 0.
Now, fort,ty,to > 0 with t = t; + t5, we have
Friron(t) = Fro, 12, (t)
= Fry, 12, (1)
> w(an_hT%_l(%),Fmewn(tl)) ( since T, € Ay, T € Apy1 )

b
= w(Fxn—hmn(%)a F$n733n+1 (%2)) (24)
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Lett) = 55, ty = ab—jb and ¢ = a + b, then obviously we have 0 < ¢ < 1. (2.5)
Then, we have from (2.4),

Fxn+17$n( ) > ¢( Tn— 11:71(6) Fxn7xn+1(£))' (26)
We now claim that for allt >0, n > 0,

Fxn xn+1( ) > Fxn 1 xn(t> (2 7)
If possible, let for some s > 0, and some n > 0,

F,, xn+1( )< F, _ lzn( ), then we have from (2.6),

Fapiron(8) > O(Frp 22 (2)s Fan o (3))

= V(Fopiron(2)s Frnran(2))
> F,

— xn+1yxn(§)

> Friwn(8),
which is a contradiction, since 0 < ¢ < 1 and F' is non-decreasing.
Therefore, for allt >0, n >0, (2.7) holds.

Now using (2.7), we have from (2.6), for all t > 0,
Fpir i (0) > V(P00 (5), P2 (1)
2 O (Fay 100 (2): P10 (2))
= V(Fap 01 (2), P 1 (£))

>Fxnxn (2. (2.8)
By repeated applications of this inequality, for all t > 0, n > 0, we obtain
Foar(6) > Faper (). (2.9)
Taking limit as n — oo on both sides, for all t > 0, we have
hm Fopiran(t) =1. (2.10)
Again, by repeated applications of (2.8), it follows that for allt > 0, n > 0 and each i > 1,
Fronsins® > Fopayn (2. (2.11)

We next prove that {x,} is a Cauchy sequence (Definition 1.9), that is, we prove that for
arbitrary € > 0 and 0 < A < 1, there exists N (e, \) such that
Fy o2 (€) > 1 =X for alln,m > N(e, \).

Without loss of generality we can assume that m > n.
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Now,
e=e=>e(l—c)(l+c+c+..... + cmmnl),
Then, by the monotone increasing property of F, we have
Fup o (€) > Fyp oy (e(l—0)(14+c+ A+ .. + cmmnly),
that is,
Frpaom(€) > A(Fy, o (€(1 =€), A(Fy, s anis(ec(1 =€), Al )
AFr o, (€21 = 0)), By (™ (1 = 0))).....0). (2.12)
Putting t = (1 — c)ec’ in (2.11), we get
F$n+i,fcn+i+1 ((1 - C)Eci) > F$n7In+1 ((1 - C)6>‘
Then, by (2.12), we have
Fopam(€) > A(Fy, 400 (€(1 =€), A(Fy, 4,0 (€(1 =€), A :
A(Fr (€1 = €)), Fap (€1 = ))))),
that is,
Fo o (€) 2 A(m_n)an,an(E(l —c)). (2.13)
Since the t-norm A is a Hadzic type t-norm, the family {AP} of its iterates is equi-

continuous at the point s = 1, that is, there exists n(\) € (0,1) such that for all m > n,

A=) (5) > 1 — X\ whenever n(\) < s < 1. (2.14)
Since, Fpy oy (t) — 1 ast — 0o and 0 < ¢ < 1, there exists an positive integer N (e, \) such
that

Frowr (529 > () for all n > N(e, ). (2.15)

From (2.15) and (2.11), withn =0, i =n and t = (1 — c)e, we get

Frpionia (6(1 = €)) > Fagu, (57%) > () for all n > N(e, ).

Then, from (2.14) with s = F,, ... (e(1 —¢)), we have
Am=(F, o (e(l—¢)) > 1— A

It then follows from (2.13) that

Fy oz (€) > 1 =X for allm,n > N(e, \).

Thus {z,} is a Cauchy sequence.

Since X is complete, we have
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lim z, = z. (2.16)
n—oo
By the construction of the sequence {z,}, we have x, € Ay, x9p, € Ay, ........ Tnp € Aj.

Therefore the subsequence {xn,} of {x,} which belongs to Ay also converges to z in Ay,
since Ay is closed. Similarly subsequence {41} belongs to Ay also converges to z in As.
Since As, Ay, ........ VA, are closed sets, similarly we get z € Ag, Aq,........ JA,. Therefore
z€ AN A2 As...... A,
Now, we prove that Tz = z.
Putting © = x,, y = z in (2.2), for all t > 0, we have
Fro,r2(t) > O(Fop 10, (1) Fo2(%)) (T € Anta, 2 € Ansa).
Now, using (2.5), for allt >0, we get
Fra, 1:(t) > U(Fy, 10,(L), Foro(%)). (2.17)
Taking limit as n — oo in (2.17), for all t > 0, we have
Fora(t) = O(F.2(2), Fora(L)
= 1/)(17 F, Tz(£>>
> (Fora(2), Fara(3))
> F.r.(L). (2.18)
(since by our assumption x, — x,y, — y implies F, , — F,,)
By repeated applications of (2.18) n times, for all t > 0, we obtain
F.r.(t) > Fz,Tz(cin>-
Taking limit as n — oo on both sides, for all t > 0,
F.r.(t) > nh_{](f)lo Fsz(Cin) =1,
which implies
F.r.(t)=1.
Thus z =T=z.
To prove the uniqueness of the fixed point, let us take v € Ay[)Az() As...... N A, be an-
other fized point of T, that is, Tv = v.
Now,
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FLo(t) = FTva( )
7 (§

which implies that z = v, that is, the fixed point is unique.

We prove our next theorem with the help of the control function ¢ and using the
minimum ¢-norm instead of Hadzic type t-norm. It is important to note that to prove our

result we can not follow the same argument as in Theorem 2.1.

Theorem 2.2. Let (X, F,A) be a complete Menger space where A is the minimum t-
norm. Let {A;}_, be non-empty closed subsets of X and the mapping T : \Ji_, Ai —
" A; is a p-cyclic mapping, that is,

TAigAi—l—l fO’I"].Si<p, TApgAl (2]9)

and is such that
Frory(6(t)) > U(Fora($(2)), Fyry(8(7))) (2.20)
whenever x € A;, y € Aj and 1 < 4,5 < p, i # j, t1,te,t >0 witht =t; + 13, a,b >0
with 0 < a+b <1, ¢ is a U-function and ¢ is a ©-function. Then (;_, A; is non-empty

and T has a unique fized point in (;_, A

Proof. Let zy be any arbitrary point in A;. Now we define the sequence {x,}2°, in X

by x, = Tx,_1,n € N where N is the set of natural numbers.

By (2.19), we have
T, € Ay, 11 € Ay, 19 € As,...... Zp—1 € A, and in general x,,, € Ay, Tppi1 € Aag,...... ,
Tpp+(p—1) € Ap for all n > 0.
Now, for t,t1,ty > 0 with ¢t = t; + t5, we have

Fopi1,00(0() = Fra, 10,1 (6(1))

- FTmn_l,T:pn (¢(t))
> w( Tp—1,T T 1(¢(%))7 an,Txn((b(%))) ( Tno1 € Ap, T, € Appy )
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= (P10, (3(2)): Fonnn (0(2)))- (2.21)
Let t) = 25, ty = ab—jb and ¢ = a + b, then obviously we have 0 < ¢ < 1. (2.22)
Then, we have from (2.21),
Frpiron(0() > (Foy 10, (8(2))s Fopanin (6(2)))- (2.23)
We now claim that for all £ > 0, n > 0

If possible, let for some s > 0, and some n > 0,
Fopani(0(2)) < Fyp 1 2,(0(2)), then we have from (2.23),
Foiran(@(5)) > (Fop 2 (0(2)), Frpann (0(2)))
= P(Frpir 0 (D(2)); Frnir 2 (0(2)))
> P (9(2))
(s)),

which is a contradiction, since 0 < ¢ < 1, ¢ is strictly increasing and F' is non-decreasing.

> an+1 $n<
Therefore, for all t > 0 and n > 0, (2.24) holds.

Now, using (2.24) in (2.23) and by the properties of v, for all t > 0, n > 0, we have

Frpiron(@(t) > Y(Fry 10, (6(2)), Fopznr (6(2)))

2 V(Foy 2 (6(2): Foyy2 (6(2)))
= V(Fopa1 (0(2)), Fapzns ((2)))
(

> Fopani (0(2)). (2.25)
By repeated applications of (2.25), for all ¢ > 0, n > 0, we have
Frpiron(0(t) > Foy o (6(5))- (2.26)
Taking limit as n — oo on both sides of (2.26), for all t > 0, we obtain
hm anH 2 (O(1)) = 1. (2.27)

Again, by virtue of a property of ¢, given s > 0 we can find ¢ > 0 such that s > ¢(t).
Thus the above limit implies that for all s > 0,
hm F, (s) =1. (2.28)

Tny Tn+1
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We next prove that {z,} is a Cauchy sequence. If possible, let {x,} be not a Cauchy
sequence. Then there exist € > 0 and 0 < A < 1 for which we can find subsequences
{@muy} and {@nwy} of {z,} with n(k) > m(k) > k such that

eyt (€) < 1= A, (2.29)
We take n(k) corresponding to m(k) to be the smallest integer satisfying (2.29) so that
F, () >1— A\ (2.30)

LT (k) Tn(k)—1

If €, < €, then we have
me(k)v%(k) (e1) < Fl’mm,wn(m (€).
We conclude that it is possible to construct {@,,x)} and {z,x)} with n(k) > m(k) > k
and satisfying (2.29) and (2.30) whenever ¢ is replaced by a smaller positive value. As ¢
is continuous at 0 and strictly monotone increasing with ¢(0) = 0, it is possible to obtain

€2 > 0 such that ¢(es) < e.

Then, by the above argument, it is possible to obtain an increasing sequence of integers
{m(k)} and {n(k)} with n(k) > m(k) > k such that
Fap gy ang (P(€2)) <1 = A (2.31)
and
Fopiy i1 (0€2)) 2 1= A, (2.32)
By (2.31), we get
L= A> Fy a0 (0(€2))
= Fre, g1 Team -1 (9(€2)
> Y(Fe 1 Ty 1 (PCE))s Py 1 a1 (0(F)))
= Y (Fe -1 (PCE)) Py ran (0(2)))- (2.33)
(since Tm)—1 € Amp) and Tpgy—1 € Angy, m(k) # n(k) )

~—

By (2.28), for sufficiently large & and by virtue of property of ¢ we have
t1
Fxm(k)—lvxm(k)<¢(z>> >1-A (2.34)

and

Fxn(k)—lvxn(k)((b(%)) >1- A (2.35)
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Using (2.34) and (2.35) in (2.33), we have

L= A>¢9(1—=X\N1=-X)>1-),
which is a contradiction.

Thus {z,} is a Cauchy sequence.

Since X is complete, we have

lim z, = z. (2.36)
n—oo
By the construction of the sequence {z,}, we have z, € Ay, x9, € Ay, ........ Tnp € Aj.

Therefore the subsequence {z,,} of {z,} which belongs to A; also converges to z in Aj,
since A; is closed. Similarly subsequence {x,,1} belongs to A, also converges to z in A,.

Since Az, Ay, .ooeo... Ay are closed sets, similarly we get z € Az, Ay4,........ ,Ap. Therefore

ZeAlﬂAgnAg ...... ﬂAp
Now, we prove that Tz = z.

Putting x = x,,, y = z in the inequality (2.20), for all ¢ > 0, we have
Fro, 7:(¢(t)) > ¥(Fy, 10, (6(2)), Fo-(9(2)))-
(xn € Apy1, 2 € A;, where n + 1 # 1)
Now, using (2.22), for all t > 0, we get
Fra,0:(0(t)) > V(Fr 10, (0(2)), Frorz(6(L))).

Taking liminf as n — oo on both sides of the above inequality, for all ¢ > 0, and by the

properties of ¢, we have

h}g@}.}f Fre, m2(6(t)) > 1#(11711221.# F, 1z, (¢(£))7 F.r.(6(4))),
that is,
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> F.r.(6(3))-
By repeated applications of the above inequality for all £ > 0 we have

Now, taking limit n — oo on both sides for all ¢ > 0, we have

Fre(6(6) > lim Fora(o(2) =1

Then, by the property of ¢, we get z = T'z.

To prove the uniqueness of the fixed point, let us take v € Ay () A2 As...... N A, be
another fixed point of T, that is, Tv = v.

Now,

F.o(6(t)) = Fromo(6(t))
> P(Fora(6(2)), Foro(6(2)))
= Y(FL(¢(2)), Fou(9(2)
_1/1(1 1) 1.

Again, by the properties of ¢ we can conclude that z = v.
Therefore z € Ay (A2 () As......[ 4, is a unique fixed point of T

Taking two non-empty sets A and B of X we get the following corollary.

Corollary 2.1. Let (X, F,A) be a complete Menger space where A is the minimum
t- norm and let there exist two closed subsets A and B of X such that the mapping
T: AU B — Al B satisfies the following conditions :

(1)) TACBand TB C A, (2.37)

(i) Fromy($(t) > O(Fora (), Fyry(8(7))) (2.58)
forallx € A andy € B, t1,ta,t > 0 witht =t + 12, a,b >0 with0 < a+b< 1, ¢ is
a U-function and ¢ is a ®-function. Then A\ B is nonempty and T has a unique fixed
point in A B.



580 BINAYAK S. CHOUDHURY, KRISHNAPADA DAS* AND SAMIR KUMAR BHANDARI

Now, we give the following example to illustrate Theorem 2.1 for p = 2.

Example 2.1. Let X = {x,29,23}, A1 = {1,225}, Ay = {x1,23}, A(a,b) = min(a,b)
and F, ,(t) be defined as:

0, if <0,
Fuy2y(t) = 0.75, if 0<t<2,
1, if t>2.
(0, if t<0,
Fuy2(t) = 0.90, if 0<t<l,
o if t>1.
(0, if £<0,
Fry 2s(t) = 4 0.75, if 0<t<2,
1, of t>2.

Then (X, F,A) be a complete Menger space. If we define a mapping T : A;|J Az —
Ay | Ay satisfies all the conditions of Theorem 2.1 by taking Txy = x1, Txy = x5, Tws = a1
with ¥(x,y) = min{z,y}, a = 0.85, b = 0.10. Here 1 is the unique fized point of T in
A () As.

Now we give the following example to illustrate our Theorem 2.2 for p = 3.

Example 2.2. Let X = {z1,29,23,24}, p = 3 and Ay = {x9, 23}, Ay = {29,217},
Az = {x9,24}. Also we take the t-norm A(a,b) = min(a,b) and F, ,(t) be defined

as:
0, if <0,
Fxl,xz(t) = Fxl,%(t) = Fx1,x4<t) = sz,m(t) = Fl‘37x4(t) = 0.60, Zf 0<t<s,
1, if t>8.
0, if t<0,
Fw2,x3(t) =

1, if t>0.
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Then (X, F, A) be a complete Menger space. If we define T : U§:1 A — U?:1 A; satisfies

all the conditions of Theorem 2.2 by taking Tx, = x9, Txo = 19, Tx3 = o, Txy = x3 With

o(t) =t, Y(r,y) = min{z,y}, a = 0.10, b = 0.85. Here x5 is the unique fived point of T
m ﬂ?:l Az
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