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Abstract: In this paper the difference scheme of the initial-boundary value problem to one nonlinear parabolic
equation is considered. The convergence of the solution of the difference scheme to the solution of source
problem is proved. The iteration process for finding of the solution of difference scheme is constructed and its
convergence is obtained.
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1. Introduction
In some mathematical models of diffusion process the following problem occurs:

U, =a(x,tU)U, +b(xt,U)[U,] + f(xt), (x,t)eQx(0,T], (1.1
U(x 0)=9p(x), xeQ, (1.2)
U(0,t)=U(1,t)=0, te(0,T], (1.3)

where U:U(x,t) is unknown function, a, b, f and ¢ are given functions,

T =const>0, Q=(0,1).
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Further in this article we assume that functionsa=a(x,t,u), b=b(xt,u), f=f(xt) are
continuous and have continuous partial derivative with respect to argument u on

ﬁx[O,T]xR and

a(x,t,u)>0, (x,t,u)eQx[0,T]xR. (1.4)

The initial-boundary problem for the equation like (1.1) was considered in article [6] by the
author. The difference schemes to nonlinear parabolic equations were considered in a number
of works (see, for example, [1], [2], [4], [5], [10]). Author received the same results as said
above for problems containing another kind of parabolic equation in articles [8],[9].

In the present work we investigate questions of approximate solution of the problem (1.1)
-(1.3) using the difference scheme for the problem (1.1)-(1.3). In certain conditions the
convergence of the solution of the difference scheme to the solution of source problem is
proved. The iteration process for finding of the solution of difference scheme is constructed

and in certain conditions its convergence is obtained.
2. Preliminaries
Enteragrid @, onthedomain Qx[0,T] as follows:

@, ={x =ih,h>0,i=02,..,M;hM =1},

o, ={t; = jr,7>0,j=01,.,N;zN =T},

w,, = 0, X0,.
Let y) be afunction defined on the grid «,_. Enter the following notations:
L = o

“ y”C(%) - j=TE.)fN ” y' ”C(“’h) '

Let

g(u):%(l— ! j (2.1)

1+u?

Note that
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1 :
OSg(u)sz, -1<g'(u)<1. (2.2)

2
Make the proper approximation of the term [%—U} :
X

2 2
[%—Li} = 2;2 g(i[U (Xi+1’tj)_u (Xi—l’tj)ﬂ"'o(hz)
where A is arbitrary number.

Construct the difference scheme to the problem (1.1)-(1.3) as follows:

U.j+l _u.J ) 1 ) ) _
! L= a(Xi,tJ,UiJ)F[uiﬁl—ZUi”l+ui’fll}+
T

N2
*b(ﬁiﬂwﬁz(ép g(ziijT—UﬁﬂJ+f(&¢“ﬁ,

i=1,2,.,.M -1, j=01,.,N-1, (2.3)
wW=¢, i=01,..M, (2.4)
ul=u), =0, j=12..,N, (2.5)

where ¢ =¢p(x), i=01,...M, j=12,.,N.

365

Further in this work we investigate the difference scheme (2.3)-(2.5). We prove the theorem

of convergence of the solution of scheme (2.3)-(2.5) to the solution of the problem (1.1)-(1.3).

Also, we construct the iteration process for finding of the solution of the scheme (2.3)-(2.5)

and show its convergence to the solution of the scheme (2.3)-(2.5).

3. Main results

First we will refer to one important theorem from book [7], pages 15-17.
Consider the grid function 'y, defined on the grid «,.

Define the maximum norm on the grid @, as follows

¥l = mex Iyl

i=0,1,...M

Let grid function vy, satisfies the following conditions:

A[yi] = Ayi—l_ciyi + Biyi+l = _Fi’ i=12..N-1, (3.1)
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Yo =ty Yy =ty 3.2)
Theorem 1. Let the conditions
|A[>0, [B]>0, D, =[C|[-[A[-[B[>0
hold for all i=1,2,..M -1 and gz, =, =0. A solution of the problem (3.1),(3.2) admits

the estimate

F
W <[5
() Dlle(a)

Basing on the theorem 1 we prove the following theorems:

Theorem 2. Let 4! satisfies the following condition

min {a(xi,tj,uij)}

ic(1.2,...n-1)
ie{lr,g,?,)ﬁ—l} {|b (Xi v uij )|}

and the solution u of the difference scheme (2.3)-(2.5) exists for small values of z and h.

0<Al< (3.3)

Then the following estimate takes place:

u

o) ST, [ (x0)

Proof. Write equation in the following way:

i+l

a(x,t!,u] )%[u."“ —2ul ™t ult ]+

. .Z(Zj)z 1 _ . 0t
JRNIC SRR

h? 22}

T
Y ()
r i l
Transform the left side of the equation:
P Coaui N
IR 2t i i) Hizt j+1 i
a0 vl ) | Tran )

+b(xi'tj’“ij)2(§zj J {9(;,— [ui":ll—uﬂﬂj—9(0)+g(0)} =

_ a(Xi,tj,Uij)%—'—a(xi’ﬂ|uij)%_uijﬂ[%_i_a(xi’tjauij)h_22:|+
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N2
+b(Xi,tj,uij)2(hL2J)|:2ﬂyj|:ulﬁl J+l] ( [u:;l UJH]H
U.Jfllhl{ (X t’,u ) /1‘b x,,t’, I' [ _ I1++11 J+1j|]:|_
—ui’+l[r+a(x thu ,)F}r
__i +1
= . f(X tJ )

for some numbers 8 e (0,1) according to Lagrange meanvalue theorem.

Taking into account (2.2), (3.3) we can apply threorem 1 to expression above and we obtain:

||uj+l . +||f(xi,tj+1)

<[’
)

|C(“’h)

from which easily can be obtained the required estimate.

C{uh

4
Theorem 3. Let exists solution U of the problem (1.1)-(1.3) such that 8lj <V,
X
o°U . j I . .
P <V for some positive constant V . If A' satisfies the following condition
~ min a(xi,tj,uij)
0</1j < ie{1,2,..., n—l}{ } (34)

max {|b(xi,tj,uij )|}

ie{1,2,...,n-1}
and the solution u of the difference scheme (2.3)-(2.5) exists for small values of z and h

then the following estimate takes place

oy ) STW (z+h?),

where W is positive constant independent from 7 and h.

Proof. For the difference equations (2.3) we have:

u*t-u)

-a(s 001 L UL 20 02
T

i+1
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2
+b(xi,tj,Uij)2(§;) g(zij [Uiﬁl—uijﬂj+f(xi,tj+1)+g(r+h2),
i=12...M-1, j=01,.,N-1,
where Q(z‘+ h2) IS a quantity, which can be expressed as follows
Q(z‘+h2) = (T+h2)Q(T,h)
for some bounded function q.
The grid function Y, =u’ U/, is the solution of the following equations:

Y- j+l _Yj

T

2
- b<xi’tj’uij ) 2(;’21) {g (%I:uij:f —Uij_ﬁl]j— g (%[Uijﬁl —Ui’f]j}

Jr[a(xi,tj,uij)—a(xi,tJ,Uij )j|h—12|:UiJ:11_2Uij+l+Uij;1]+

.\ 2(2,:) [b(xi,tjauij)_b(xiitj’uij )}g(ﬁ[uilj—uiiﬂ),

i=1,2,.,M -1, j=01,.,N-1. (3.5)

+a(x,t),u’ )i[v T2ty 40(r+h?) =

h2 i+l

Transform the right side of the inequality (3.5) using Lagrange Mean Value Theorem:
A

= b(x,t!,ul) (Y =Y )x

i+1

xg' (%[@jﬂuijﬁl + (1_ ‘9ij+l)u ij++11 - HijJrluijjll - (1_ ‘9ij+l)U .Jj]] +

(%, 1,070 + (1- 07U ) x
<[ (UN))"+0(h) Y,
+b'(x,0,0070) + (107U ) ) x
[(U')ij+1+o(h2)]2Yij,
for some numbers 6/ e(0,1) according to the multidimensional analogue of Lagrange

Mean Value Theorem.
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Denote by A’,and B’ the following quantities:

At = [ (x.t',u) )+ 270 (%t u))x

xg (211 [91+1u|1++11 ( _Him)uij:ll_eij+1uij+11_(1_9ij+1)Uij+11]ﬂ’

B+ :%[a(xi,t",uij)—/Ijb(xi,tj,uij)x

xJ ( /1[9”1unjfll (1 491+1)UIJ++11 eij+1uij+11_(1_9ij+1)Uij+11]ﬂ’
Then equation (3.5) can be written as follows

" %)Yi MBI =

j+ly j+1 j+l j+l
A (A +B,

=-Y/] E+ R(xi,t")}+g(r+h2),

i=01,..M, j=01..N, (3.6)
where
R(x.t)=a'(x,t, 071 + (1- 67U ) (U ") +
(g0 (- g u i) () T
and according to theorem 1 there exists a positive number L such that
R(x.t')<L.

According to the conditions (1.4),(2.2),(3.4) A">0, B/">0, A"+ Bij”+£> 0,
T

_ j+l
B

Al > 0. Therefore we can apply the theorem 1 to (3.6). We obtain

1 i
clo) STM?* Lj”Y g

This implies, that

Aij+l+ Bij+1+_ _
T

||Y j+l

o) +W (r+h2)j, j=01,.,N-1.

T

_ i .
||YJl oo ;1+TL W (z+h?)’s <e™W (r+h?), j=01,..N-1

The theorem 3 is proved.
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Construct the iteration process for finding of the solution of the difference scheme (2.3)-(2.5).

u ™t = (1-o)ul ™ + G{r {a(xi A u ) S [ult 20 ol
h

+b(x,t,u/) 2r:122 9 (i[uiﬁ“ —ul ]) +f(x ,t“l)} +u) } ,

1=01,.;i=12..,M-1 j=01,.,N-1, (3.7)
ut=ul, i=01,..M, (3.8)
ut =gt et =gt 1=1,2,; j=01,.,N-1. (3.9)

Theorem 4. Let 4! satisfies the following condition

0< A< izlrg.i..r,]n-l{a(xi'tj’uij )} , (3.10)

i:m,%—l{|b ( X t uij )|}

and o' satisfies the following condition

h2
h?+27 max {a(xi,t",uij )}

i=1,2,..,n-1

0<ol< (3.11)

then iteration process (3.7)-(3.9) converges for each j and the limit is the solution of the

difference scheme (2.3)-(2.5).

Proof. It is clear, that if [im(uJ™",u/™"...u}™") exists then it will be the solution of the

[

difference scheme (2.3)-(2.5). Consider Iljl—l; . Taking into account the method, used in the

proof of theorem 3, we have:

uij+1,|+1 _uij+1,| — (1_O_j )(uij+1,| _uij+1,|—1)+

+ajr{a(xi,tj,u.‘ )i[(u_jm _u4j+1,|71)_2(uij+1,| _uij+1,|71)+(uij_+11,| _uij_zl,l—l):|+

i hz i+1 i+l

N2
+b(xi,t",ui")2(ﬁ;) {g(zj,- [u) —uﬂ?"]j—g[z%[uiﬁ“1—usz“1]ﬂ -

= (1_61 )(uij+1,l _uij+1,l—1)+
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j

N Ghzr {a(xi,tj, uij )[(uij:ll,l _uij++11,|71)_2(uij+1,| _uij+1,|71)+(uij_+11,| _uij_zl,l—l):|+

+ﬂ,jb(Xi,tj’ uii )[(ui{zl,l _uiizl,l—l)_(uij_zl,l _uij:il,l—l):|}x

xg'[i[aiﬂlu_]ﬂ,l i (1_ 6;ij+1,| )u_j+1,|-1 _ 0ij+1,|uij:11,| _ (1+ 9ij+1,| )uij+11,|—1B _

i+1 i+l

24
= {1_61 _O'_jZT[Am,l L B ]}(u_j+l,l _u_j+1,|—1)+
h | 1 I

i A+l j-Rpittl
N o TA1 (u.j+l,l _u_j+1,|71)+ o TBi (uj+1,| _u_j_zl,l—l),

hz i+l i+l hz i-1
where
A =a(x,t,u) )+ 2% (%, u))x
Xgr(ziﬂ[eim,luij:ll,l +(1_(9ij+1,| )uij++11,l—l _gij+1,|uij_+11,| _(1+(9ij+1,| )uij_+11,|1:|j’
B/ =a(x,t),u))—ATb(x,t!,u’)x
Xg(zi/v[gim,luij:lu _'_(1_0ij+1,| )uij++11,l—l _aj+1,|uij_+11,| _(1+6ij+1,| )Uij—?yll])’
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for some numbers 6! e(O,l) according to the multidimensional analogue of Lagrange

Mean Value Theorem.

Apply the maximum norm to the both sides of the last equation:

|C(mh) = max

||uj+1,l+1 _uj+l,l
i=1,2,...M-1

j jH+LI
o'tA j+1l L1
hz (ui+1 _ui+l )+

_,_{1_61' _O'_jzz'[Aijﬂ,l + Bt :I}(U_Hl,l _u_j+l,l—l)+
h 1 1 1

ipi+Ll
TO'JBiH'

h2

<

j+1l j+1,1-1
(ui—l —U; )

o't

hz [Ajﬂ,l + Bij+1,l:|

+
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i Al i;gi N .
+|a G I IU C D"UJ M (312
(1.4),(2.2),(3.10) imply that; 0< Al < 2i:lrr21axnil{a(xi thul )} ,
0< B/ < 2i:1rrz1a>$]71{a(xi,t" u) )} : According to (3.11) we have
1-o' - Gj; [A”“ + Bij”*']z 0, therefore we can remove module in the right part of (3.12)
and we have:

||uj+1,l+l _uj+1,l ” < (1—0')||uj+1" _uj+1,l—1||

S(en) S{en)

. |
It is clear that 0<(1-o")<1, therefore the sequence u converges and its limit is the

solution of the difference scheme (2.3)-(2.5).
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