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1. Introduction 

In some mathematical models of diffusion process the following problem occurs:  

 ( ) ( )[ ] ( ) ( ) ( ]2= , , , , , , , 0, ,t xx xU a x t U U b x t U U f x t x t T+ + ∈Ω×  (1.1) 

 ( ) ( ), 0 = , ,U x x xϕ ∈Ω  (1.2) 

 ( ) ( ) ( ]0, 1, = 0, 0, ,U t U t t T= ∈  (1.3) 

where ( )= ,U U x t  is unknown function, a , b , f  and ϕ are given functions, 

= > 0T const , ( )= 0,1Ω . 
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Further in this article we assume that functions ( ), ,a a x t u= , ( ), ,b b x t u= , ( ),f f x t=  are 

continuous and have continuous partial derivative with respect to argument u  on 

[ ]0, T RΩ× ×  and  

 ( ) ( ) [ ], , 0, , , 0,a x t u x t u T R> ∈Ω× × . (1.4) 

The initial-boundary problem for the equation like (1.1) was considered in article [6] by the 

author. The difference schemes to nonlinear parabolic equations were considered in a number 

of works (see, for example, [1], [2], [4], [5], [10]). Author received the same results as said 

above for problems containing another kind of parabolic equation in articles [8],[9]. 

In the present work we investigate questions of approximate solution of the problem (1.1)

-(1.3) using the difference scheme for the problem (1.1)-(1.3). In certain conditions the 

convergence of the solution of the difference scheme to the solution of source problem is 

proved. The iteration process for finding of the solution of difference scheme is constructed 

and in certain conditions its convergence is obtained. 

2. Preliminaries 

Enter a grid hτω  on the domain [ ]0, TΩ×  as follows:  

 { }= = , > 0, = 0,1,..., ; = 1 ,h ix ih h i M hMω  

 { }= = , > 0, = 0,1,..., ; = ,jt j j N N Ttω ttt    

 = .h hτ τω ω ω×  

Let j
iy  be a function defined on the grid hτω . Enter the following notations:  

 ( ) =0,1,...,
= ,maxj j

iC i Nh
y y

ω
 

 ( ) ( )=0,1,...,
= .max j

C Ch j N h
y y

ω ωτ
 

Let 

 ( ) 2

1 11
2 1

g u
u

 = − + 
. (2.1) 

Note that  
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 ( ) ( )10 , 1 1
2

g u g u′≤ ≤ − < < . (2.2) 

Make the proper approximation of the term 
2U

x
∂ 
 ∂ 

: 

 ( ) ( ) ( )
2 2

2
1 12

2 1 , ,
2

j j
i i

U g U x t U x t O h
x h

λ
λ + −

∂    = − +    ∂   
 

where λ  is arbitrary number. 

Construct the difference scheme to the problem (1.1)-(1.3) as follows:  

 ( )
1

1 1 1
1 12

1= , , 2
j j

j j j j ji i
i i i i i

u u a x t u u u u
ht

+
+ + +
+ −

−  − + +   

 ( ) ( ) ( )
2

1 1 1
1 12

2 1, , , ,
2

j
j j j j j

i i i i ijb x t u g u u f x t
h
λ

λ
+ + +
+ −

  + − +   
 

 = 1,2,..., 1, = 0,1,..., 1,i M j N− −  (2.3) 

 0 = , = 0,1,..., ,i iu i Mϕ  (2.4) 

 0 = = 0, = 1,2,..., ,j j
Mu u j N  (2.5) 

where ( )=i ixϕ ϕ , = 0,1,...,i M , = 1,2,...,j N . 

Further in this work we investigate the difference scheme (2.3)-(2.5). We prove the theorem 

of convergence of the solution of scheme (2.3)-(2.5) to the solution of the problem (1.1)-(1.3). 

Also, we construct the iteration process for finding of the solution of the scheme (2.3)-(2.5) 

and show its convergence to the solution of the scheme (2.3)-(2.5). 

3. Main results 

First we will refer to one important theorem from book [7], pages 15-17. 

Consider the grid function iy  defined on the grid hω . 

Define the maximum norm on the grid hω  as follows  

 ( ) =0,1,...,
= .max iC h i M

y y
ω

 

Let grid function iy  satisfies the following conditions:  

 [ ] 1 1= = , = 1,2,..., 1,i i i i i i i iy A y C y B y F i N− +Λ − + − −  (3.1) 
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 0 1 2= , = .Ny yµ µ  (3.2) 

Theorem 1. Let the conditions  

 > 0, > 0, = > 0i i i i i iA B D C A B− −  

hold for all = 1,2,..., 1i M −  and 1 2= = 0µ µ . A solution of the problem (3.1),(3.2) admits 

the estimate  

 
( ) ( )

.
C h C h

Fy
Dω

ω

≤  

Basing on the theorem 1 we prove the following theorems: 

Theorem 2. Let jλ  satisfies the following condition  

 

{ }
( ){ }

{ }
( ){ }

1,2,..., 1

1,2,..., 1

min , ,
0

max , ,

j j
i ii nj

j j
i ii n

a x t u

b x t u
λ ∈ −

∈ −

< <  (3.3) 

and the solution u  of the difference scheme (2.3)-(2.5) exists for small values of τ  and h . 

Then the following estimate takes place: 

( ) ( )
( ) [ ]

( )
, 0,

max max , .
C x x t Th

u x T f x t
ω t

ϕ
∈Ω ∈Ω×

≤ +  

Proof. Write equation in the following way:  

( ) 1 1 1
1 12

1, , 2j j j j j
i i i i ia x t u u u u

h
+ + +
+ − − + +   

 ( ) ( )2
1

1 1
1 12

2 1, ,
2

j j
j j j j i

i i i ij

ub x t u g u u
h
λ

λ t

+
+ +
+ −

  + − − =     

( )1, ,
j

ji
i

u f x t
t

+= − −  

Transform the left side of the equation: 

( ) ( ) ( )
1 1

11 1
2 2 2

1 2, , , , , ,
j j

j j j j j j ji i
i i i i i i i

u ua x t u a x t u u a x t u
h h ht

+ +
++ −  + − + +  

 

 ( ) ( ) ( ) ( )
2

1 1
1 12

2 1, , 0 0
2

j
j j j j

i i i ijb x t u g u u g g
h
λ

λ
+ +
+ −

   + − − + =       

( ) ( ) ( )
1 1

11 1
2 2 2

1 2, , , , , ,
j j

j j j j j j ji i
i i i i i i i

u ua x t u a x t u u a x t u
h h ht

+ +
++ −  = + − + +  
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 ( ) ( )2

1 1 1 1
1 1 1 12

2 1, ,
2 2

j j
j j j j j ji

i i i i i ij jb x t u u u g u u
h
λ θ

λ λ
+ + + +
+ − + −

  
′   + − − =     
    

( ) ( )1 1 1
1 1 12

1 , , , ,
2

j
j j j j j j j ji

i i i i i i iju a x t u b x t u g u u
h

θλ
λ

+ + +
+ + −

  
′  = + − −   
    

( )1
2

1 2, ,j j j
i i iu a x t u

ht
+  − + +  

 

 ( ) ( )1 1 1
1 1 12

1 , , , ,
2

j
j j j j j j j ji

i i i i i i iju a x t u b x t u g u u
h

θλ
λ

+ + +
− + −

  
′  + − − =   
    

 
( )1, ,

j
ji

i
u f x t
t

+= − −
 

for some numbers ( )0,1j
iθ ∈  according to Lagrange meanvalue theorem. 

Taking into account (2.2), (3.3) we can apply threorem 1 to expression above and we obtain: 

 ( ) ( ) ( )( )1 1,j j j
iC C Ch h h

u u f x t
ω ω ω

+ +≤ +
 

from which easily can be obtained the required estimate.
 

Theorem 3. Let exists solution U  of the problem (1.1)-(1.3) such that 
4

4

U V
x

∂
≤

∂
, 

2

2

U V
t

∂
≤

∂
 for some positive constant V . If jλ  satisfies the following condition  

 

{ }
( ){ }

{ }
( ){ }

1,2,..., 1

1,2,..., 1

min , ,
0

max , ,

j j
i ii nj

j j
i ii n

a x t u

b x t u
λ ∈ −

∈ −

< <  (3.4) 

and the solution u  of the difference scheme (2.3)-(2.5) exists for small values of τ  and h  

then the following estimate takes place 

 ( ) ( )2 ,
C h

u U TW h
ω τ

τ− ≤ +  

where W  is positive constant independent from τ  and h .  

Proof. For the difference equations (2.3) we have:  

 ( )
1

1 1 1
1 12

1= , , 2
j j

j j j j ji i
i i i i i

U U a x t U U U U
ht

+
+ + +
+ −

−  − + +   
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 ( ) ( ) ( ) ( )
2

1 1 1 2
1 12

2 1, , , ,
2

j
j j j j j

i i i i ijb x t U g U U f x t O h
h
λ

t
λ

+ + +
+ −

  + − + + +   
 

 = 1,2,..., 1, = 0,1,..., 1,i M j N− −  

where ( )2O hτ +  is a quantity, which can be expressed as follows  

 ( ) ( ) ( )2 2= ,O h h q hτ τ τ+ +  

for some bounded function q . 

The grid function =j j j
i i iY u U− , is the solution of the following equations:  

 ( ) ( )
1

1 1 1 2
1 12

1, , 2
j j

j j j j ji i
i i i i i

Y Y a x t u Y Y Y O h
h

t
t

+
+ + +

+ −

−  + − + + + =   

 ( ) ( )2

1 1 1 1
1 1 1 12

2 1 1, ,
2 2

j
j j j j j j

i i i i i ib x t u g u u g U U
h
λ

λ λ
+ + + +
+ − + −

       = − − − +             

 
( ) ( ) 1 1 1

1 12

1, , , , 2j j j j j j j
i i i i i i ia x t u a x t U U U U

h
+ + +
+ −

   + − − + +    

 

( ) ( ) ( )
2

1 1
1 12

2 1, , , , ,
2

j
j j j j j j

i i i i i ijb x t u b x t U g U U
h
λ

λ
+ +
+ −

    + − −       

 = 1,2,..., 1, = 0,1,..., 1.i M j N− −  (3.5) 

Transform the right side of the inequality (3.5) using Lagrange Mean Value Theorem: 

 ( )( )1 1
1 12 , ,j j j j

i i i ib x t u Y Y
h
λ + +

+ −− ×  

 ( ) ( )1 1 1 1 1 1 1 1
1 1 1 1

1 1 1
2

j j j j j j j j
i i i i i i i ig u U u Uθ θ θ θ

λ
+ + + + + + + +

+ + − −
  ′× + − − − − +   

 

 
( )( )1 1 1 1, , 1j j j j j

i i i i ia x t u Uθ θ+ + + +′+ + − ×
 

 
( ) ( )1 2j j

ii
U O h Y+ ′′× +   

 
( )( )1 1 1 1, , 1j j j j j

i i i i ib x t u Uθ θ+ + + +′+ + − ×
 

 
( ) ( )

21 2 ,j j
ii

U O h Y+ ′ +   

for some numbers ( )1 0,1j
iθ
+ ∈  according to the multidimensional analogue of Lagrange 

Mean Value Theorem. 
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Denote by j
iA , and j

iB  the following quantities:  

 ( ) ( )1
2

1= , , , ,j j j j j j
i i i i iA a x t u b x t u

h
λ+  + ×  

 ( ) ( )1 1 1 1 1 1 1 1
1 1 1 1

1 1 1
2

j j j j j j j j
i i i i i i i ig u U u Uθ θ θ θ

λ
+ + + + + + + +

+ + − −

  ′× + − − − −   
, 

 ( ) ( )1
2

1= , , , ,j j j j j j
i i i i iB a x t u b x t u

h
λ+  − ×  

 ( ) ( )1 1 1 1 1 1 1 1
1 1 1 1

1 1 1
2

j j j j j j j j
i i i i i i i ig u U u Uθ θ θ θ

λ
+ + + + + + + +

+ + − −

  ′× + − − − −   
, 

Then equation (3.5) can be written as follows  

1 1 1 1 1 1 1
1 1

1j j j j j j j
i i i i i i iA Y A B Y B Y

τ
+ + + + + + +

+ −
 − + + + = 
   

( ) ( )21 , ,j j
i iY R x t O ht

t
 = − + + +  

 

 = 0,1,..., , = 0,1,..., ,i M j N  (3.6) 

where 

( ) ( )( )( ) 11 1 1 1, , , 1 jj j j j j j
i i i i i i i

R x t a x t u U Uθ θ ++ + + +′ ′′= + − +  

( )( ) ( )
211 1 1 1, , 1 jj j j j j

i i i i i i
b x t u U Uθ θ ++ + + +  ′ ′+ + −    

and according to theorem 1 there exists a positive number L  such that  

 ( ), j
iR x t L< . 

According to the conditions (1.4),(2.2),(3.4) 1 0j
iA + ≥ , 1 0j

iB + ≥ , 1 1 1 > 0j j
i iA B

τ
+ ++ + , 

1 1 1 11 > 0j j j j
i i i iA B A B

τ
+ + + ++ + − − . Therefore we can apply the theorem 1 to (3.6). We obtain  

 ( ) ( ) ( )1 21 , = 0,1,..., 1.j j

C Ch h
Y L Y W h j N

ω ω
τ τ

τ
+   ≤ + + + −    

 

This implies, that  

 ( ) ( ) ( ) ( )
1

1 2 2

=1
1 , = 0,1,..., 1

Tj jj TL

C h r
Y L W h e W h j Nτ

ω
τ τ τ

+
+ ≤ + + < + −∑  

The theorem 3 is proved.  
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Construct the iteration process for finding of the solution of the difference scheme (2.3)-(2.5).  

 ( ) ( )1, 1 1, 1 1, 1, 1,
1 12

1= 1 , , 2j l j l j j j l j l j l
i i i i i i iu u a x t u u u u

h
σ σ t+ + + + + + +

+ −

   − + − + +  
 

( ) ( )
2

1, 1, 1
1 12

2 1, , ,
2

j j j l j l j j
i i i i i ib x t u g u u f x t u

h
l

l
+ + +
+ −

   + − + +       
, 

 = 0,1,...; = 1,2,..., 1, = 0,1,..., 1,l i M j N− −  (3.7) 

 1,0 = , = 0,1,..., ,j j
i iu u i M+  (3.8) 

 1, 1 1, 1
1 0 1= , = , = 1,2,...; = 0,1,..., 1.j l j j l j

Mu u l j Nφ φ+ + + + −  (3.9) 

Theorem 4. Let jλ  satisfies the following condition  

 

( ){ }
( ){ }

1,2,..., 1

1,2,..., 1

min , ,
0

max , ,

j j
i ii nj

j j
i ii n

a x t u

b x t u
λ = −

= −

< < , (3.10) 

and jσ  satisfies the following condition 

 ( ){ }
2

2

1,2,..., 1

0 <
2 max , ,

j
j j

i ii n

h
h a x t u

σ
t

= −

≤
+

 (3.11) 

then iteration process (3.7)-(3.9) converges for each j  and the limit is the solution of the 

difference scheme (2.3)-(2.5).  

Proof. It is clear, that if ( )1, 1, 1,
0 1, ,...,lim j l j l j l

M
l

u u u+ + +

→∞
 exists then it will be the solution of the 

difference scheme (2.3)-(2.5). Consider 
1l l

i i
u u
+
− . Taking into account the method, used in the 

proof of theorem 3, we have:  

 ( )( )1, 1 1, 1, 1, 1= 1j l j l j j l j l
i i i iu u u uσ+ + + + + −− − − +  

 ( ) ( ) ( ) ( )1, 1, 1 1, 1, 1 1, 1, 1
1 1 1 12

1, , 2j j j j l j l j l j l j l j l
i i i i i i i ia x t u u u u u u u

h
σ t + + − + + − + + −

+ + − −
  + − − − + − +  

 

 ( ) ( )2

1, 1, 1, 1 1, 1
1 1 1 12

2 1 1, ,
2 2

j
j j j l j l j l j l

i i i i i ij jb x t u g u u g u u
h
l

ll
+ + + − + −
+ − + −

       + − − − =           
 

 ( )( )1, 1, 1= 1 j j l j l
i iu uσ + + −− − +  
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 ( ) ( ) ( ) ( ){ 1, 1, 1 1, 1, 1 1, 1, 1
1 1 1 12 , , 2

j
j j j l j l j l j l j l j l

i i i i i i i ia x t u u u u u u u
h
σ t + + − + + − + + −

+ + − −
 + − − − + − +   

 
( ) ( ) ( ) }1, 1, 1 1, 1, 1

1 1 1 1, ,j j j j l j l j l j l
i i i i i ib x t u u u u ul + + − + + −

+ + − −
 + − − − ×   

 
( ) ( )1, 1, 1, 1, 1 1, 1, 1, 1, 1

1 1 1 1
1 1 1

2
j l j l j l j l j l j l j l j l

i i i i i i i ig u u u uθ θ θ θ
l

+ + + + − + + + + −
+ + − −

  ′× + − − − + =   
 

 ( )1, 1, 1, 1, 1
2= 1
j

j j l j l j l j l
i i i iA B u u

h
σ τσ + + + + − 

 − − + − +  
 

 

 ( ) ( )
1, 1,

1, 1, 1 1, 1, 1
1 1 1 12 2 ,

j j l j j l
j l j l j l j li i

i i i i
A Bu u u u

h h
σ τ σ τ+ +

+ + − + + −
+ + − −+ − + −  

where 

 
( ) ( )1, = , , , ,j l j j j j j

i i i i iA a x t u b x t ul+ + ×  

 ( ) ( )1, 1, 1, 1, 1 1, 1, 1, 1, 1
1 1 1 1

1 1 1
2

j l j l j l j l j l j l j l j l
i i i i i i i ijg u u u uθ θ θ θ

l
+ + + + − + + + + −

+ + − −
  ′× + − − − +   

, 

 
( ) ( )1, = , , , ,j l j j j j j

i i i i iB a x t u b x t ul+ − ×  

 ( ) ( )1, 1, 1, 1, 1 1, 1, 1, 1, 1
1 1 1 1

1 1 1 ,
2

j l j l j l j l j l j l j l j l
i i i i i i i ijg u u u uθ θ θ θ

l
+ + + + − + + + + −

+ + − −
  ′× + − − − +   

 

for some numbers ( )1, 0,1j l
iθ
+ ∈  according to the multidimensional analogue of Lagrange 

Mean Value Theorem. 

Apply the maximum norm to the both sides of the last equation:  

 ( ) ( )
1,

1, 1 1, 1, 1, 1
1 12

=1,2,..., 1
= max

j j l
j l j l j l j li

i iC i Mh

Au u u u
hω

σ τ +
+ + + + + −

+ +
−

− − +
 

 
( )1, 1, 1, 1, 1

21
j

j j l j l j l j l
i i i iA B u u

h
σ τσ + + + + − 

 + − − + − +  
 

 

 ( )
1,

1, 1, 1
1 12

j j l
j l j li

i i
B u u
h

τσ +
+ + −
− −+ − ≤  

 1, 1,
2

=1,2,..., 1
1max

j
j j l j l

i i
i M

A B
h
σ τσ + +

−


 ≤ − − + +  


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 ( )

1, 1,
1, 1, 1

2 2 .
j j l j j l

j l j li i
C h

A B u u
h h ω

σ τ σ τ+ +
+ + −

+ + −


 (3.12) 

(1.4),(2.2),(3.10) imply that: ( ){ }1,

1,2,..., 1
0 < 2 max , ,j l j j

i i ii n
A a x t u+

= −
≤ , 

( ){ }1,

1,2,..., 1
0 < 2 max , ,j l j j

i i ii n
B a x t u+

= −
≤ . According to (3.11) we have 

1, 1,
21 0
j

j j l j l
i iA B

h
σ τσ + + − − + ≥  , therefore we can remove module in the right part of (3.12) 

and we have:  

 ( ) ( ) ( )
1, 1 1, 1, 1, 11 .j l j l j l j l

C Ch h
u u u u

ω ω
σ+ + + + + −− ≤ − −  

It is clear that ( )0 < 1 < 1jσ− , therefore the sequence 
l
u  converges and its limit is the 

solution of the difference scheme (2.3)-(2.5).  
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