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Abstract: The main goal of the structural optimization is to minimize the weight of structures while satisfying
all design requirements imposed by design codes. A truss design model in fuzzy environment has been
developed. The present paper proposes a fuzzy geometric programming approach in parametric form .We have
considered a single objective structural optimization problem with weight as an objective function. The
structural related load and other parameters are taken as fuzzy in nature. This structural model is formulated as a
fuzzy geometric programming problem in parametric form. Fuzzy geometric programming in parametric
approach is used to solve this single objective structural optimization model. Numerical example is given to
illustrate the model through this approximation method. This approach provides an alternative solution

technique to this problem. This method is more reliable and acceptable.

Keywords: fuzzy set,fuzzy geometric programming technique in parametric form, structural weight

optimization, sensitivity analysis.
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1. Introduction

The structural optimization is an important research topic in structural engineering and civil
engineering. Traditionally, the design of a certain structure has depended on the experience of
an engineer. But engineer’s main objective is to reduce complex real-world systems into

precise mathematical model on the basis some related data. In real life, the data cannot be
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recorded or collected precisely due to human errors or some unexpected situations. So one
may consider ambiguous situations like vague parameters, non-exact objective and constraint
functions in the problem and it may be classified as non-stochastic imprecise model. In the
earlier stage of structural design the decision is usually made on precise data but in real life
problem, available data is incomplete and imprecise in nature. Here fuzzy set theory may
provide a method to described or formulate this imprecise model. In 1965, Professor Zadeh
founded the basis of new dimension of mathematics which is now known as fuzzy set theory
[23]. It opposes the crisp set, but adapts the idea of fuzzy boundaries to science. This theory
has been used to represent uncertain or noisy information in mathematical form. Later on
Bellman and Zadeh [2] used the fuzzy set theory to the decision making problem. In the real-
world structural engineering design problems, the input and parameters are often fuzzy. In
practical, the problem of structure may be formed as a typical non-linear programming
problem with non-linear weight function in fuzzy environment .Some researchers applied the
fuzzy set theory to structural analysis [8, 13, and 15]. Structural optimization with fuzzy
parameters was developed by Yeh et.al [22]. In 1989, Xu [21] used two-phase method for
fuzzy optimization of structures. In 2004, Shih et.al [16] used level-cut approach of the first
and second kind for structural design optimization problems with fuzzy resources .Shih et.al
[17] used an alternative « -level-cuts methods for optimum structural design with fuzzy
resources in 2003.

Many researchers have presented different situations and solutions techniques on structural
optimization model [7, 9-11] in different environments. The non-linear optimization
problems have been solved by various non-linear optimization techniques. Geometric
Programming (GP) [6, 14] is an effective method among those to solve a particular type of
non-linear programming problem. Duffin, Peterson and Zener [14] laid the foundation stone
to solve wide range of engineering problems by developing basic theories of geometric
programming and its application in their text book. Chiang [12] used geometric programming
in Communication Systems. One of the remarkable properties of Geometric programming is
that a problem with highly nonlinear constraints can be stated equivalently with a dual
program. If a primal problem is in posynomial form then a global minimizing solution of the
problem can be obtained by solving its corresponding dual maximization problem because
the dual constraints are linear, and linearly constrained programs are generally easier to solve
than ones with nonlinear constraints. Cao [5] discussed fuzzy geometric programming (FGP)
with zero degree of difficult. In 1987, Cao [4] first introduced FGP. There is a good book
dealing with FGP by Cao [3]. Islam and Roy [18] used FGP to solve a fuzzy EOQ model
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with flexibility and reliability consideration and demand dependent unit production cost a
space constraint. FGP method is rarely used to solve the structural optimization problem. But
still there are enormous scopes to develop a fuzzy structural optimization model through
fuzzy geometric programming (FGP). The parameter used in the GP problem may not be
fixed. It is more fruitful to use fuzzy parameter instead of crisp parameter. In that case we
introduced the concept of fuzzy GP technique in parametric form.

The present paper proposes the concept of fuzzy geometric programming technique in
parametric form. Here we have considered the coefficients of the problem are fuzzy and
taken these in parametric form and solve it by fuzzy geometric programming technique in
parametric form.

The rest of this paper is organized in the following way. In section 2, we discuss about
structural optimization model of a two-bar truss in crisp form as well as fuzzy form. In
section 3, we discuss about mathematics Prerequisites. In section 4, we discuss about
formation of fuzzy geometric programming problem in parametric form and solution
technique of fuzzy geometric programming in parametric form. In section 5, we discuss about
parametric geometric programming technique on two bar truss structural model. In section 6,
we discuss about an illustrative example and in section 7, we discuss about sensitivity

analysis. Finally we draw conclusions from the results in section 8.

2. Structural Model
Two bar truss model is developed and work out under the following notations.
2.1. Notation

We define the following variables and parameters;

2P = applied load;

t = thickness of the bar;

d = mean diameter of the bar (decision variable);

2b= the distance between base point.

WT= weight of the structure;

h = the perpendicular distance from loaded joint to the base line (decision variable);

y = depends on b and h (decision variable);
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2.2. Crisp Model

The symmetric two-bar truss shown in Figure 1 has been studied by several researchers in
optimization [19, 20] and approximation modeling [1]. Here we consider same model. The
objective is to minimize the weight of truss system subject to the maximum permissible stress

in each member is o, . There are two design variables- mean tube diameter (d) and height (h)

of the truss.

Secton A-A

Figure 1: Two bar truss under load

The weight of the structure is p(2d7zt\/b2 +h? ) and stress is(P b? + h? )/(d athy < o,.

The structural model can be written as
Minimize WT (d,h) = p(2dztb” + 1
Pvb* +h?

SUbjeCt tOO'(d,h) WSO'O, (221)
T

d,h>0;

Let Vb2 +h? =y = b2 +h? = y2. Hence the new constraint is
b’ +h* <y’ = Db’y ?+h*y? <1,
Hence the structural model is

Minimize WT (d,h,y)=2ptdzy

-1
Subject to o(d,h,y)= deht <oy,
T

(2.2.2)
b’y 2 +h?y? <1;
d,h,y>0;
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The above problem (2.2.2) can be treated as a Posynomial Geometric Programming problem

with zero Degree of Difficulty.
2.3. Fuzzy Model

The objective as well as constraint goal can involve many uncertain factors in a structural
optimization problem. Therefore the structural optimization model can be represented in
fuzzy environment to make the model more flexible and adoptable to the human decision
process. If the coefficient of objective function and constraint goal of (2.2.2) are fuzzy [23] in

nature .Then the crisp model (2.2.2) is transformed into fuzzy model as follows

Minimize WT (d,h,y)=2pt d zy

-1

Pyh™ ~

Subject to — < 00,
: dzi (2.3.1)
b2y ? +h*y?<1;
d,h,y>0;

where P, t and o, are fuzzy in nature.

3. Mathematics Prerequisites

Fuzzy set theory was introduced by Professor Zadeh [20] as a new way of representing

impreciseness or vagueness.

Definition 3.1. Fuzzy Set: a fuzzy set Ain a universe of discourse X is defined as the set of

ordered pair
Z\={(X,,UA(X)/XE X)}

Where ;1 X —[0,1] is a mapping called the membership function of the fuzzy set Aand

1 is called the membership value or degree of membership of x e X in the fuzzy set A.

Definition 3.2 Normal Fuzzy Set: A fuzzy set A of the universe of discourse X is called
a normal fuzzy set implying that there exists at least one xe X such that

15 (X) =1.0therwise the fuzzy set is subnormal.
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Definition 3.3. « -Level Set or « -cut of a Fuzzy Set: The « -level set (or interval of

confidence at level « or « -cut) of the fuzzy set Aof Xisa crisp set A, that contains all the

elements of X that have membership values in A greater than or equal to « i.e.

A={x,u;(x)za,xe X,a €[0,1]}

Definition 3.4. Triangular Fuzzy Number (TFN): A triangular fuzzy number A= (a,b,c)is

a fuzzy set of real line R whose membership function is of the form

p;(A)=y—— for b<x<c (3.4.1)

c
0 for otherwise

Where a and ¢ denote the lower and upper limits of support of a fuzzy A respectively.

Figure 2 Triangular fuzzy number
4. Mathematical Analysis

4.1. Fuzzy geometric programming problem in parametric

Consider a geometric programming problem
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Ty m
Minimize y,(s) = ZcokHS?ij
k=l j=1

T; m
subjectto w;(s)=> ¢, [ s <L i=1,23,

k=1 j=1

....... n (4.1.1)
X; >0, j=12,..,m

wherec, , a,; are real numbers.

Here we are considering the problem of fuzzy objective and constraint with fuzzy coefficients,

therefore the problem (4.1.1) transforms into a fuzzy geometric programming as follows
~ To m
Minimize y(s) = > ¢, [ [s}*
k=1 =1
T m ~
subjectto v, (s)=> ¢, J[s<1L =123
k=1 j=1

T N 4.1.2)
X; > 0,j=12,..m

where coefficients c, are fuzzy numbers.

Here we consider coefficient ci as a triangular fuzzy number i.e. Cic = (Cyi» Cai» oz ) With

membership function as follows

X —Cyjy

forc, < x<cy
Caik — Caik
)1 for x =c,; 413
e, (x) = (4.1.3)
Caik — X
forc,, <x<cg
Caik — Caik

0 otherwise

Here @ -cut of Cik is given by

Cy (@) = [Cikl (@), Cye (05)] = I:Clik +a(C2ik _Clik)1C3ik _a(csik —Caik )]’0 <i<nl<k<T,.

If the coefficients are taken as triangular fuzzy number then the fuzzy geometric
programming problem (4.1.2) can be written in the form
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~ T . m
Minimize y,(s) = coc ] [ s
k=L =1

T . .m
subjectto w;(s)=> c[[si¥ <L i=123,...n

k=1 j=1

X;>0,j=12,..m

Using « -cut of the fuzzy numbers coefficients, the above problem is reduces to

Ty m
Minimize y,(s) = D [Coq (@), o (@)]] [ 57
k=1 j=1

X >0,j=12,..m

Which is equivalent to

Minimize y,(s) = icm (a)ﬁ s (4.1.6)

k=1 j=1

T

subjectto y,(s) =D cu(@)] s <L i=123,.....n
j=1

k=1

X >0,j=L12,..m

This is known as fuzzy geometric programming problem in parametric form.

4.2. Solution of fuzzy geometric programming in parametric form

(4.1.4)

(4.1.5)

Now we discuss the solution procedure to solve the problem (4.1.6) by using fuzzy

parametric geometric programming technique. Here problem (4.1.6) is a constrained

posynomial geometric programming problem with degree of difficulty = T-(m+1), where

T =Ty+T,+.....+T, be the total number of terms in the primal problem and m is the number

of variables.

The dual problem of the primal problem (4.1.6) can be written as

p T
Maximize g(w) =] |

j Wi T, Wrs
Crkl w
rs
r=0 k=1 \ Wi s=1+T,,

4.1.7)



SAMIR DEY" AND TAPAN KUMAR ROY 408

To
subject to > w,, =1 (Normality condition)
k=1
P I
Z Wy =0, j=1,2,..,m (Orthogonality conditions)
r=0 k=1
w, >0, r=0,12,...p; k=12,..T, (Positivity conditions)

Case 1: For T > m+1, a solution exists for the dual variablesw,, .
Case 2: For T <m+1,no solution exists for the dual variables w,, .

The solution of the geometric programming problem is obtained by solving the system of
linear equations of dual problem (4.1.7). Once optimal dual variable w"is known, the

corresponding values of the primal variable s is found from the following relations:
Cu@] s} =wg"(w') i=012..T, (4.1.8)
j=1

Taking logarithms on both side of (4.1.8), then above simultaneous equations are transformed

as

> wg (W) .
]Z_;aik,-(logsj)zlog[m) 1=012,..,T,

(4.1.9)
It is a system of linear equations in logs; for j=1,2,....n.For different value of « €[0,1] ,
equation (4.1.9) will provide different solution set of dual variable w; .Using dual- primal

variable relation ,we will obtained different set of solution of primal variable sJ Now

decision maker take best from these solutions sets.

5. Parametric Geometric Programming Technique on Two bar Truss

Structural Model

According to section 4, the fuzzy two bar truss structural model (2.3.1) reduces to a fuzzy
parametric  programming by replacing f=t0 +(1-a), P= P,+(1-a)P, and

o= o, +(—a)o,where a €[0,1]

The model (2.3.1) takes the reduces form as follows
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Minimize WT (d,h,y)=2pdzy(t, + 1-a)t,)
(Ra-aPyh’
dz(t, + l-a)t)(o, + A-a)a,) (5.1.1)
b’y +h*y? <1
d,h,y>0;

Subject to

Applying Geometric Programming Technique, the dual programming of the problem (5.1.1)

is

z(t, +1-a)t) (o, +1-a)o; Way

max g(w) = (2zp(t, + (1-a)t, )™ [ (R +(-a)R) )] ’ (ij )

. (5.1.2)
x [Wizzj (W + Wy, )27
subject to w,, =1 (Normality condition)
For primal variable y : 1.w,, +w,; +(-2).W,, + (-2).w,, =0 (orthogonal condition)
For primal variableh: 0.w,, +(-1).w, +0.w,, + 2.w,, =0 (orthogonal condition)
For primal variabled : 1.w,, +(-1).w;, +0.w,, +0.w,, =0 (orthogonal condition)

WOl’ Wll’ WZl’ W22 > O

This is a system of four linear equation with four unknowns. Solving we get the optimal

values as follows

W =1w; =1w, =0.5and w,, =0.5
From primal dual relation we get
2pdry(ty +(L-a)t,) = Wy, g™ (W)

PR+@1-a)R) 4-ht Wy
7(t, + (L-a)t)(o, + (- a)a,) w,

B W 3 W
b’y?=—2 —andh’y? = —2
W21 + W22 W21 + W22
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The optimal solution of the model (5.1.1) through parametric approach is given by

W 2 \Wa W
9*(W)=(27rp(t0+(1—a)t1)wm{ (P, +(1-a)P) J [b_] (i}

7(t, + L-a)t)(o, + (1-a)o,) Wy, Wo,

(Wag +Wpy)

X (Wy, + Wy, )

2 2
b*(W,, +W,,) h = /b W,,
W21 W21

4 (R +(1-a)R) . JbZ(wzﬁwzz)x thwzz

B 7(t, + (L-a)t)(o, +(1-a)o,) W, Wy

Note that the optimal solution of GP technique in parametric approach is depends on « .
6. An illustrative example

The input data for the structural optimization problem (2.2.2) is given as follows: single load
2P=66,000 Ibs. The two bars are identical, having a cross section with wall thickness t= 0.1 in.
The distance between the supports is 2b= 60 in. The material properties are: density

p=0.3lbs/in*and permissible stress o, = 60,000 psi .Now determine the mean diameter d

and height h of the said two bar truss model.

Formulation of the said model is presented as follows

Minimize WT (d,h, y)=0.188yd
Subject to 1.75yd *h™<1;
900y +h*y? <1;
d,h,y>0;

(6.1.1)

This is a Posynomial Geometric Programming Problem with degree of difficulty (DD)
=4-(3+1)=0.

Applying Geometric Programming Technique, the dual programming of the problem
(6.1.1).is

- w (9001 1 )™ ——
max g (W) = (0188) (175) [W—j (W—] (W21 + W22 )( )
21 22
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subject to w,, =1 (Normality condition)

For primal variable y : 1.w,, +w,; +(-2).W,, + (-2).w,, =0 (orthogonal condition)
For primal variableh: 0.w,, +(-1).w;, +0.w,, + 2.w,, =0  (orthogonal condition)
For primal variabled : 1.w,, +(-1).w,, +0.w,, + 0.w,, = 0 (orthogonal condition)

Worr Wygs Wop, Wy, > 0

This is a system of four linear equation with four unknowns. Solving we get the optimal

values as follows
w =1w,=1Lw, =05and w, =0.5

From primal dual relation we get

0.188yd = w,,g" (W) ,1.75yd *h* = 4L gooy2 = Y2 ang h2y? = 22
Wll W21 + W22 W21 + W22

Solving this we get the optimum solution of the problem (6.1.1) by Geometric Programming

(GP) Technique is presented in Table 1

Table 1 Optimal solution of Two Bar Truss Structural Model (6.1.1)

Weight Diameter Height )
Method . y (in)
WT (lbs) d*(in) h*(in)
GP 19.74 2474874 30 42.426402
NLP 19.74 2474874 30 42.42641
Schmit [19] 19.8 2.47 30 | -

When the input data is taken as triangular fuzzy number i.e.

P =33000 = 30000 + (1 — &) x 3000

t=01=0.07+(1—)x0.03, and & = 60000 =57000+ (1— ) x3000 where « €[0,1]
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The optimal solution of the fuzzy model by fuzzy parametric geometric programming is

presented in table 2.

Table 2 Optimal solution of Two Bar Truss Structural Model (6.1.1)

Weight Diameter Height N

’ WT"(lbs) d*(in) h in) ro
01 19.71859 2540026 30 4242641
02 19.63636 2611085 30 4242641
03 19.55330 2.685756 30 4242641
0.4 1946939 2.765397 30 4242641
05 19.38462 2850533 30 4242641
06 19.20897 2.941766 30 4242641
0.7 19.21244 3.089787 30 4242641
08 19.125 3.145399 30 4242641
09 19.03665 3.250534 30 4242641

1 18 94737 3.383286 30 4242641

7. Sensitivity analysis

The change of optimal solutions of the problem for fuzzy model with small change of

tolerance of constraint goal when « change, is given in Table 3.

Table 3 shows that as stress o, changes increasingly the total weight of the given problem

slightly increase, which is expected. It is also noted that the mean diameter of the bar is

increasing with increasing tolerance of constraint goal stress. So it is clear from the

sensitivity analysis that the mean diameter of the rod is increasing as well as total weight of

truss is also increasing on account of stress o, changes increasingly.
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Table 3 Change of value of objective function and decision variable for change of a

Tolerance Weight Diameter
a

of o, WT"(Ibs) d’(in)
0.25 19.86835 2.560224
0.1 0.5 20.12308 2.593048
0.75 20.38442 2.626724
0.25 19.50380 2.678956
0.3 0.5 19.75385 2.713302
0.75 20.01039 2.748540
0.25 19.13924 2.814451
0.5 05 19.38462 2.850533
0.75 19.63636 2.887553
0.25 18.77468 2.970526
0.7 05 19.01538 3.008610
0.75 19.26234 3.047683
0.25 18.41013 3.152258
0.9 0.5 18.64615 3.192672
0.75 18.88831 3.234135

8. Conclusion

This method provides an alternative solution technique to this problem. This method

is more reliable and acceptable. Here decision maker (engineer) may obtain the optimum
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results as per his/her requirement .The methodology presented in this paper can be applied in

other fields of engineering optimization.

Conflict of Interests

The author declares that there is no conflict of interests.
Acknowledgements

It’s my privilege to thank my respected guide for his enormous support and encourage for the
preparation of this research paper. The great support of my family members makes me

possible to do it.

REFERENCE

[1]Balling,R.J. and Clark,D.T.,“A Flexible Approximation model for use with optimization” 4"
AIAA/USAF/NASA/OAI Symposium on Multidisciplinary Analysis and Optimization,Cleveland,OH,AIAA, 2
(1992) 886-894.

[2]Bellman, R.E. and Zadeh, L.A., “Decision-making in fuzzy environment”, Management Science, 17 (1970),
B141-B164.

[3]B. Y. Cao, Fuzzy geometric programming Series: Applied Optimization, Springer, 76 (2002).
[4]B. Y. Cao, “Fuzzy geometric programming (1)”, Fuzzy sets and Systems, 53 (1993), 135 -153.

[5]B. Y. Cao, “Solution and theory of question for a kind of fuzzy positive geometric program, Proc.2™ IFSA
Congress, Tokyo, 1% July (1987), 205-208.

[6]C.Zener, “Engineering Design by Geometric Programming, Wiley, (1971).

[7]1C.S.Beightler, D.T.Phillips and D.J.Wilde, Foundations of Optimization, Prentice-Hall, Englewood Cliffs,
NJ,(1979).

[8]Jung,C.Y., and Pulmano,V.A., “Improved Fuzzy Linear Programming Model for Structural Designs”,
Computers and Structures,58 (1996),471-477.

[9]Kaufmann, A. and Gupta, M., “Fuzzy Mathematical Models in Engineeringand Management Science”,
North Holland, (1988).

[10]Kanarachos,A., Markis,P., and Koch,M., “Localization of Multi-Constrained Optima and Avoidance of
local Optima in Structural Optimizations Problems”, Comput.Meth.Appl.Mech.Eng, 51 (1985),79-106.

[11]Kripakaran, P.,Gupta, A.and Baugh Jr, J.W. “A novel optimization approach for minimum cost design of
trusses”. Computers and Structures, 85 (2007),1782-179.



415 TRUSS DESIGN OPTIMIZATION USING FUZZY GEOMETRIC PROGRAMMING
[12]M.Chiang, Geometric Programming for Communication Systems. Hanover: Now Publishers Inc.,(2005),1-
132.

[13]Rao, S.S., “Description and optimum Design of Fuzzy Mathematical Systems”,Journal of Mechanisms,
Transmissions, and Automation in Design, 109 (1987), 126-132.

[14]R.J.Duffin, E.L.Peterson and C.M.zener, Geometric Programming theory and Applications, Wiley, New
York, 1967.

[15]Saka,M. and Ulker,M. “Optimum design of geometrically nonlinear space trusses”, Computers and
Structures,41(6) (1991),1387-1396.

[16]Shih,C. J. and Lee, H. W. “Level-cut Approaches of First and Second Kind for Unique Solution Design in
Fuzzy Engineering Optimization Problems”, Tamkang Journal of Science and Engineering, 7(3) (2004) ,189-198.

[17]1Shih,C.J.,Chi,C.C. and Hsiao,J.H. “Alternative « -level-cuts methods for optimum structural design
withfuzzy resources”, Computers and Structures 81 (2003), 2579-2587.

[18]S Islam,T.K.ray, “ A fuzzy EOQ model with flexibility and reliability consideration and demand dependent
unit production cost a space constraint: A fuzzy geometric programming approach”, Applied Mathematics and
computation, 176 (2006), 531-544.

[19]Schmit, L.A., “Structural Synthesis- Its Genesis and Development,” AIAA Journal, 119(10) (1981),1249-
1263.

[20]Sobieszczanski-Sobieski,J.,Barthelemy, J.F.andRiley,K.M., AIAA Journal, 20(9) (1982), 1291-1299.

[21]Xu, C. “Fuzzy optimization of structures by the two-phase method”,Computer and Structure, 31(4) (1989),
575-580.

[22]Yeh, Y.C, and Hsu, D.S. “Structural optimization with fuzzy parameters”.Computer and Structure, 37(6)
(1990), 917-924.

[23]zadeh, L.A., “Fuzzy Sets”, Information and Control, 8 (1965), 338-353.



