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Abstract: Let P be a subset of a Banach space E and P is normal and regular cone on E, we prove some
common fixed point theorems for multivalued maps in cone metric spaces and these theorems generalize the
recent results of various authors.
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1. Introduction and Preliminaries

Recently, Huang and Zhang [1] have generalized the concept of a metric space, replacing the
set of real numbers by an ordered Banach space and obtained some fixed point theorems for
mapping satisfying different contractive conditions. Subsequently, many authors have studied
the strong convergence to a fixed point with contractive constant in cone metric space, see for
instance [2],[3],[7].[8].SeongHoon Cho and Mi Sun Kim [6] have proved certain fixed point
theorems by using multivalued mapping in the setting of contractive constant in metric spaces.
In sequel, R. Krishnakumar and M. Marudai [3] proved fixed point theorems of multivalued

mappings in cone metric spaces.
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The purpose of this paper is to extend and improves the fixed point theorems of
Krishnakumar and Marudai [3]. First, we recall some definitions and other results that will
be needed in the sequel.
Definition 1.1 [1].Let E be a real Banach space and P a subset of E. P is called a cone if and
only if

) P is closed, non-empty and P # {0};

i) ax + by € P for all x,y € P and non-negative real numbers a, b;

iii) x€Pand —xeP=>x=0 Pn(-P)={0}.
Given a cone P c E, a partial ordering is defined as < on Ewith respect to P by x < y if and
only ify —x € P. It is denoted as x «< y will stand for y — x € int P, where int P denotes
the interior of P. The cone P is called normal if there is a number K > 0 such that for all
x,y €E 0 <x < yimplies ||x|| < K ||yl
The least positive number K satisfying above is called normal constant of P. The cone P is
called regular if every increasing sequence which is bounded above is convergent and every
decreasing sequence which is bounded below is convergent.
Definition 1.2[1].Let X be a non-empty set of E.Suppose that the map d: X x X — E satisfies:

(i) 0 < d(x,y)forall x,y € Xand d(x,y) = 0 ifand only if x = y;

(i) d(x,y) = d(y,x)forall x,y € X;

(ii) d(x,y) < d(x,z) + d(z,y)forall x,y,z € X.
Then d is called cone metric on X and (X, d) is called cone metric space.
Example 1.1.LetE = R4, P ={(x,y) €EE:x,y =0} c R:, X =Rand d: X x X — E defined
by

d(x,y) = (Ix =yl [x = yI)

where «=> 0 is a constant. Then(X, d) is a cone metric space [1].
Definition 1.3.Let (X, d) be a cone metric space ,x € X and {x,,} a sequence in X. Then

Q) {x,} converges to x whenever for every c € E with 0 « ¢ there is a natural

number N such that d(x,,x) < c foralln > N.
@)  {x,} is Cauchy sequence whenever for every ¢ € E with 0 < c there is a

natural number N such that d(x,, x,,) < c forall n,m > N.
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(iii)  (X,d)is said to be a complete cone metric space, if every Cauchy sequence is
convergent in X.
Definition 1.4.Let (X, d) be a metric space. We denote by CB(X) the family of non-empty
closed bounded subset of X.Let H(.,.) be the Hausdorff distance on CB(X).That is, for
A,B € CB(X),
H(A, B) = max{Supgead(a, B), Suppep d(4, b)}
where d(a,B) = inf{d(a, b): b € B} is the distance from the point a to the subset B. An

element x € X is said to be a fixed point of a multivalued mapping T: X — 2% if x € T(X).

2. Main Results

Theorem 2.1.Let (X,d)be a complete cone metric space and the mappings Ty, T,: X —
CB(X) be multivalued maps satisfy the condition for each x,y € X,
H(T,x, T,y) < a[d(x,Tyx) + d(y, T2y)]
+b[d(x, Ty) + d(y, T1x)]
+eld(x, y) + d(Tax, Toy)]  (2.1)

for all x,yeXanda+b+c< %,a, b,c, € [O%) Then T; and T, have a common fixed

pointin X.
Proof: Forevery x, € Xandn > 1, x; € Tyx, and x, € T,x; thatis
Xan+1 € T1Xzn @NA X2p42 € ToXon41,
d(Xzn+1, X2n) < H(T1x2n, ToX2n-1)
< ald(xzn , Tixzn) + d(xan-1, ToX2n-1)]
+b[d(x2n , ToX2n—1) + d(xzn-1, T1X25)]
+c[d(x2n , Xan-1) + d(Tyxon, ToXzn-1)]
< a[d(x2n , X2n+1) + d(X2n-1, X20)]
+b[d(x2n , x20) + d(X2n-1, X2n41)]
+c[d(x2n » X2n-1) + d(X2n41, X20)]
< a[d(x2n , X2n+1) + d(X2n-1, X21)]

+b[d (X2 , X2n-1) + A(X2p41, X20)]
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+cld(Xan , Xon-1) + d(Xapn41, X20)]

d(X2n41,X2n) < (@ + b + ) [d(xzp, Xon1) + d(Xon_1, X20)]

a+b+c
(1—(a+b+c))

d(Xzn4+1, X2n) < Ld(xzn, X20-1), Where L =
Similarly,  d(xzn+3, X2n+2) < H(T1X2n42, T2Xan+1)
< a[d(X2n+2 » T1Xon+2) + d(Xant1, ToaXon41)]
+b[d(Xzn42 » T2Xans1) + A(Xz2ns1, T1Xon42)]
+c[d(Xont2 s X2n+1) + d(TiX2n42, ToXon41)]
< a[d(X2n+2 » X2n+3) + d(Xant1, X2n+2)]
+b[d(Xz2n42 » X2n+2) + d(X2n11, X2n43)]
+c[d(X2n42 s X2n+1) + d(Xanes, Xans2)]
< a[d(X2n+2 » X2n+3) + d(Xant1, X2n+2)]
+b[d(Xzn41 » X2n42) + d(X2n12, X2n43)]

+cld(Xan+1 » Xon+2) + d(Xans2, Xan+3)]

< (a+ b+ )[d(X2ns1, X2n+2) + d(Xon42, X2n43)]

a+b+c

d(X2n+2, Xon+3) < Ld(Xany1, Xone2), Where L = (—(atbr0)

Thus d (X441, Xn) < L™d (x4, X0).
For n > m we have
d(xp, Xm) < d(xp, Xp—1) +d(Xp_1, Xp2) + —— — —
————— + d(Xm+1, Xm)
S[LVPHLM2 4 — — — — LM d (%, x0)

Lm
< (1TL) d(xl, XO).

Let 0 «< ¢ be given, choose § > 0 such that ¢ + Ns(0) < Pwhere N5(0) = {y € E: ||yl < 6}.

Also choose a natural number N;such that ﬁd(xl,xo) € Ng(0) for all m > N;.

Lm

Then d(x1,x9) L ¢

(1-L)
for all m = N;. Then we get d(x,, x,,) < c for all n >m. Therefore {x,} is a Cauchy

sequence in (X, d) is a complete cone metric space, there exists z € X such that lim,,_,,x, =
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z. Since {x,} has a convergent subsequence {x,,} such that lim,,_.x, =u. By the
uniqueness of the limit, z = u. Since T; and T, are continuous,
limy_olixym =Tiu  and limy,_oTx, = Tou.
Now, if m is odd, then
limy 0 ToXon1 = Tou

Choose a natural number N, such that d (x,,41, ) < # foralln > N,.

c(1-k)
3

wherek=a+ b +c.

Hence for n > N, we have d(xz,41,u) <

d(Tyu,u) < H(Tyxop, Touw) + d(Ty1x5,, )
< al[d(xy, , T1X2n) +d(u, Tou)]
+b[d(xyy, , Tou) + d(u, Tyixp,)]
+c[d(x9n ,u) + d(T1 %25, Tou)] + d( Tixon, )
< ald(Xon , X2ne1) +d(u, Tou)]
+b[d(xzp , Tou) + d(u, x5041)]
+cld(xyn ,u) + d(Xopeq, Tow)] + d(Xpg1,w)
< af[d(xzn , Xan+1) + d(u, Tou)]
+b[d(xz2n ,u) + d(u, Tou) + d(U, Xan+1)]
+eld(xgn ,u) + du, Tyu) + d(u, X2n41)] + d(X2ne1, W)
(1 - Kd(Tu,u) < a[d(xzn , ) + d(xzn41,u)]
+b[d(x2n ,u) + d(xz2n+1, W]
+cld(xyn ,u) + d(xopeq, W] + d(Xone1, )
< kd(x2p,u) + kd(Xap41,u) + d(Xzn41,u)
< d(xopu) + d(xonir, w) + d(X2n41, 4

[d(x2n, ) + d(Xop41,u) + d(Xopn41,u)]

d(T. <
(zu,U)_ 1—k

d(T. )<<C+C+C
W S3T3T3
d(T,u,u) < c

for all n > N,.Therefore d(Tyu, u) < %for all i > 1,we get%— d(T,u,u) € P for all i > 1.

As i - o we get %—> 0 and P is closed, —d(T,u,u) € P, but d(T,u,u) € P. Hence
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d(T,u,u) = 0and so u = T,u.Thus u is the fixed point of T,. And if m is even, then we
have

lim,_,oT1Xop = THu
Now by using (2.1), we have

[d(X2n+1, ) + d(Xopi2, 1) + d(Xop42,w)]
1—-k

d(Tyu,u) <

d(Tyu ) < = + =+ =
W S3T373

KLc

for all n > N,. Therefore d(Tyu,u) < %for all i > 1.Hence%— d(T,u,u) € P for all i > 1.

As i —» oo we get %—> 0 and P is closed, —d(Tyu,u) € P, but d(T;u,u) € P. Hence

d(Tyu,u) = 0andso u = Tyui.e. uis the fixed point of T, too.
Hence u = Tyu = T,u, u is the common fixed point of T; and T,.
Theorem 2.2.Let (X,d) be a complete cone metric space and the mappings Ty, T,: X —
CB(X) be multivalued maps satisfy the condition
H(Tyx, T2y) < a1d(x,y) + a,d(x, T1x) + azd(y, T,y)
+a,d(x,T,y) + asd(y, T;x) (2.2)
for all x,y € X and q;,i = 1,2,3,4,5 are all non negative constants such that a; + a, +
az + a4 + as < 1.Then T; and T, have a common fixed point in X.
Proof: Foreveryx, € Xandn > 1, x; € Tyx, and x, € T,x; that s
Xon+1 € T1Xon ANd X345 € ToXon4q
d(X2n41, X2n) < H(T1X2n, ToXon—1)
< a1d(Xan , Xon-1) + Axd (X2, T1X2p)
+asd(xzn_1 , TaXon-1) + asd(X2n, ToXon_1)
+asd(xzn-1, T1X20)
< a1d(Xan, Xon-1) + a2d(X2n , X2n41)
+agd(Xan-1,X2n) + asd(Xzn_1, X20)
+asd(Xzn, Xan+1)

< (a; + az + as)d(xzy, X2n—1) + (az + as) d(xzn, X2n41)
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a1+a3+a5
(1-(az+as))

d(xzn11, X20) < Ld(x2p, X2n-1), Where L =
Similarly,
d(X2n+3, Xan+2) < H(T1Xon42, TaXon+1)
< a1 d(Xzn42 » X2n+1) + @2d(Xony2, TiXone2)
+asd(Xzns1 > ToXone1) + @ad(X2n42, ToXon41)
+asd(xzn11, T1Xane2)
< a1d(X2n42 » X2n+1) + a2d(Xan42, X2n43)
+asd(Xans1  Xons2) + Asd(Xani1, Xons2)
+asd(xzn12, X2n+43)
< (a; + az + as)d(xzn+1, X2n+2)

+(az + as)d(Xzn42, X2n+3)

a1+a3 +a5
(1-(az+as))

d(Xzn+3 X2n42) < Ld(X2n42, Xon41),Where L =
Thus d(xp 41, X)) < L™*d (x4, X0)-
For n > m we have

d(xn, ) < d(xn, xn-1) + d(p1, Xn-2) + =+ d(Xm11, Xm)

< [Ln_l 42 4 Lm]d(xl; xO)
m

< md(xl,xo).

Let 0 « ¢ be given, choose § > 0 such that ¢ + N5(0) S P where Ns(0) = {y € E: ||y|| <

&}. Also choose a natural number N, such that (fi) d(xq,xg) € Ns(0) for all m > N;.Then
Lm
D d(xq,xy) < cforallm > Nj.

Then we get d(x,, x,,) < c for all n > m. Therefore {x,} is a Cauchy sequence in (X,d) is a
complete cone metric space, there exists z € X such that lim,_,.x, = z. Since {x,} has a
convergent subsequence {x,,} such that lim,,_x,, = u. By the uniqueness of the limit,
z = u.Since T; and T, are continuous,
limy,oTixm = Thu
and limy, e ToXxym = Tou.

Now, if m is odd, then
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limn_,ooszZn+1 = Tzu.

c(1-L)
2

d(Tyu,u) < H(T x5y, Tou) + d(Tyx5,, 1)

Choose a natural number N, such that d(x,,41,u) <

forall n > N,.

< a1d(Xop ,u) + ayd(Xop, T1Xe,) + azd(u, Touw)
+a,d(xy, , Tou) + asd(u, Tyx,p,) + d(Xopsq,U)

< ayd(xyp ,u) + ard(Xopn, Xoneq) + azd(u, Tou)
+a,d(xy, , Tou) + asd(U, Xon41) + d(Xop 41,U)

< ayd(xyp ,u) + ax[d(xg,, w) + d(W, x2041) ]

+azd(u, Tou) + a,[d(xyp, w) + d(u, Tou)]
+asd(xaniq,u) + d(Xzn +1,U)
(1—-a3 —a)d(T,u,u) < (a; + az + a)d(xz, ,u)

+(az + as + 1)d( x2p41, 1)

(a; +a; + ay)
< d(x,,, U
(1 _ a3 _ a4) ( 2n )

(1+a,+as)
—  —d(x U
(1 _ a3 _ a4) ( 2n+1 )

d(T,u, u)

d(T. )«C+C
2U, U ) )

d(T,u,u) < c

for all n > N,. Therefore d(T,u, u) < %for alli > 1, we get%— d(T,u,u) € Pforall i > 1.

As i » oo we get %—> 0 and P is closed, —d(T,u,u) € P, but d(T,u,u) € P. Hence

d(T,u,u) = 0and so u = T,u. Thus u is the fixed point of T,. And if m is even, then we

have
limn_,ooTlen = Tlu

Now by using (2.2), we have

(aq +ay +ay)
d(Tyu,u) < (11_ a:— a:) d(Xzp41, W)
1+a,+as)
e )
(1 —az; — a4) (x2n+2 u)

d(T )«C+C
)

d(Tyu,u) < ¢
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for all n > N,.Therefore d(Tyu, u) «< %for alli > 1, Hence% — d(Tyu,u) € P for all i > 1.

As i - oo we get %—> 0 and P is closed, —d(T,u,u) € P, but d(T;u,u) € P. Hence

d(T,u,u) = 0and so u = T,u i.e. uis the fixed point of T}, too.

Hence u = Tyu = T,u, u is the common fixed pointof T;and T,.
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