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Abstract: In this paper, we have common fixed point theorem has generalization of result [2] and the condition
for weakly compatible self-mappings f,g,h of complete metric space (X, M, %) have a unique common fixed
pointin X.
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1. Introduction

In1965, Zadeh [12] introduced the concept of Fuzzy set as a new way to represent vagueness
in our everyday life.

We can divide them into following groups. The first group involves those results in which a
fuzzy metric space on a set X is treated as a map where X represets the totality of all fuzzy
points of a set and satisfy some axioms which are analogues to the ordinary metric axioms.

On the other hand in second group we keep those results in which the distance between
objects is fuzzy and the objects themselves may or may not be fuzzy.

We also discuss result related to R-weakly commuting type mappings.
2. Preliminaries
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Definition 2.1:A binary operation *:[0,1] x [0,1] — [0,1] — [0,1] is continuous t-norm if *
satisfy the following conditions:

Q) *IS commutative and associative

(i) 1S continuous

(iii) ax1=aforalla€[0,1]

(iv) axb<cxdwhenevera<c, b<d foralla,b,c,d € [0,1]

Definition 2.2:The 3-tuple (X, M,*) is called a fuzzy metric space if X is an arbitrary set * is
a continuous t-norm and M is a fuzzy set in X2 X [0, o0) satisfying the following conditions

Q) M (x,y,0) =0
(i) M(x,y,t)=1forallt >0lfandonlyifx =y

@iii) M (x,y,t) =M(y,x,t)
(iv) M (x,y,t)*M(y, zs) < M(x,zt + s)triangular inequality
(v) M(x,y, -):[0,1) - [0,1] is left continuous for all x,y,z € X and s,t > 0.

Definition 2.3:Let (X, M,*) be a fuzzy metric space, then

(@) asequence {x,}in X is said to
() be a Cauchy sequence if

limn_,ooM(xn+p,xn, t) = 1forallt >0andn,p €N

(i) be convergent to a point x € X if
lim, oM (x,,x,t) = 1forall t > 0
(b) Xis said to be complete if every Cauchy sequence in X converges to some point in X.

Definition 2.4:A self-mappingsf, g and h of a fuzzy metric space (X, M,*) is said to be
commuting if

M(ghx, hgx,t) =1,
And M(fgx,gfx,t) =1forall x € X.

Definition 2.5:A self-mappings(f, g, h) of a fuzzy metric space (X, M,x) is said to be weakly
commuting if

M(fgx,gfx,t) = M(fx, gx,t)andM (ghx, hgx,t) = M(gx, hx,t) forall x € X and t > 0.

Definition 2.6:A self-mappingsf, g and h of a fuzzy metric space (X, M,*) is said to be
compatible if

limn—»ooM(fgxn' gfxnr t) =1
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And lim,,_,M(ghx,, hgx,,t) = 1forallt > 0
Whenever {x,} is a sequence in X such that

limy e fx,=Llim,_o gx, =lim, . hx, = uforsomeu € X.
3. Fixed Point Theorems

Theorem 3.1: Let (X, M,*) be a complete metric space let f, g and h be weakly compatible
self maps of X satisfying

1.1M(gx, gy, kt) = M(fx, fy,t)

andM (hx, hy, kt) > M(gx, gy,t) where 0 < k < 1

12 g(X) < f(X),h(X) € g(X)

If one of h(X), g(X) or f(X) is complete then f, g and h have a unique common fixed point.
Proof: Let x, € X. Since g(X) € f(x) and h(X) € g(x) Choose x;, € X

Such that h(x,) = g(x;) and g(x,) = f(x;)

In general

Choose x,,,4 such that

Yn = fxn+1 =gXn = hxp_4

Then by 3.1 we have

t
M(fxn' fxn+11 t) = M(gxn—lf IXn, t) = M(hxn—ZI hxn—lf t) = M(gxn—ll IXn, E)

t t
= M(hxn—Z' hxn—lf E) = - M(fx(), fxll k_n)
Therefore, for any p

M (fxp, fxn+p' t) = M(gxn—1,9%n, t) = M(hxy_3, hx,_4,t)
t t
= M(fxn'fxn+1;5) = 2 M(fxn+p—1;fxn+p;5)
t t
= M(fxo’fxppw) =2 M(fxo'fxl'W)

Asn — oo, {fxn} = {yn} = {gxn} = {hxn}
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is a Cauchy sequence and so by completeness of X.
n} = {fxn} = {gxn} = {hxy}is convergent.
call the limit zThen
lim, o fXn = limy_o gxp = limy o {hxy} =2
As f(X) is complete.
So there exist a pointr in X such that fr = gr = hr = z now from 1.1
M, o (hr, hx,, kt) = M(gr, gxy, t)
M(hr,z, kt) = M(gr,z,t)
M(hr,z, kt) = M(z,z,t)
M(hr, z, kt) > 1
M(hr,z, kt) =1
> hr=z=gr
Similarly
M, 00 (97, gXn, et) 2 M(fT, f X5, t)
M(gr,z, kt) = M(fr,z,t)
M(gr,z, kt) = M(z,2z,t)
M(gr,z, kt) > 1
M(gr,z,kt) =1
> gr=z=fr
Therefore
hr=gr=fr=z
As f, g and h are weakly compatible therefore
fgr =gfr = ghr = hgr
i.e.fz =gz = hz

now we show that z is fixed point of f,g and h from (3.1)
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M, (hz, hx,, kt) = M(gz, gx,, t)
M(hz,z, kt) = M(gz,z,t)
M(hz,z, kt) = M(hz,z,t)
> hz=z=gz
Similarly
Moo (92, gXn, kt) 2 M(f2, fX, t)
M(gz, z, kt) > M(fz,z,t)
M(gz,z, kt) = M(gz,z,t)
>gz=z=fz
Therefore fz=gz=hz =2z
Hence z is a common fixed pointof f,g and h
For uniqueness
Let z, be another fixed point of f, g and h then by (1.1)
M(hz, hzy, kt) = M(gz, gz, t)
M(z,zy, kt) = M(z, zy, t)
=z =2z
SimilarlyM (gz, gz, kt) = M(fz, f zy, t)
M(z,zy, kt) = M(z, zy, t)
A

Therefore z is unique common fixed point of f, g and h
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Theorem 3.2: Let (X, M,*) be a fuzzy metric space let f, g and h be weakly compatible self

maps of X satisfying conditions {1.1} and {1.2}.

If one of h(X), g(X) or f(X) is complete then f, g and h have a unique common fixed point.

Proof: From the proof of above theorem we conclude that {gx,} = {y,} is a Cauchy
sequence in X. Now, suppose that g(X) is complete sub space of X then the subsequence of
{y,,} must get a limit in g(X). call it be a and g(b) = a. As {y,} is a Cauchy sequence
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containing a convergent subsequence therefore the sequence {y,} also converges implying
thereby the convergence of subsequence of the convergent sequence. Now from {1.1}

M, (hb, hx,, kt) = M(gb, gx,,t)
M(hb,a, kt) = M(gb,a,t)
M(hb,a, kt) = M(a,a,t)

M(hb,a, kt) > 1

M(hb,a, kt) =1

Therefore
hb=a = gb

Similarly

Moo (gb, 9%, kt) 2 M(fD, fxp, t)
M(gb,a, kt) = M(fb,a,t)
M(gb,a,kt) = M(a,a,t)

M(gb,a, kt) > 1

M(gb,a, kt) =1

=>gb=a=fb

Therefore
hb=gb =fb=a

Which shows that (f, g, h) has a point of coincidence.

Since f, g and h are weakly compatible

fgb = gfb = ghb = hgb

i.e.ha = ga = fa

now, we show that a is a fixed point of f, g and h from (1.1)
M, (ha, hx,, kt) = M(ga, gx,, t)

M(ha,a, kt) = M(ga,a,t)

M(ha,a, kt) = M(ha,a,t)
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Therefore ha = a = ga

Similarly

M0 (90, gxn, kt) 2 M(fa, fxy, t)
M(ga,a, kt) = M(fa,a,t)
M(ga,a,kt) = M(ga,a,t)
>ga=a=fa

Therefore ha = ga = fa=a

Hence a is a fixed point of f,g and h
For uniqueness

Let z; be another fixed point of f, g and h then (1.1)
M(hz, hz,, kt) = M(gz, gz, t)
M(z,z,kt) = M(z,z4,t)

>z=127

Therefore z is unique common fixed point of f, g and h.
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