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Abstract. This paper examines the HCV infectiology in a community with inflow of infected immigrants. A
nonlinear mathematical model for the problem is proposed and analysed qualitatively using the stability theory of
the differential equations. The results show that the disease free equilibrium is locally stable at threshold parameter
less than unity and unstable at threshold parameter greater than unity. The disease free produced stable equilibrium

for the threshold parameter less than unity ( Ry <1), while the backward bifurcation for endemic equilibrium is

unstable and the forward bifurcation for endemic equilibrium at Ry >1 is stable. A recovered individual loses

immunity and become immediately susceptible again. However the disease becomes more endemic due to the
presence of infected immigrants in the community. Numerical simulation of the model is implemented to investigate
the sensitivity of certain key parameters on the HCV infectiology in a community with inflow of infected
immigrants.

Keywords: HCV disease, infected immigrants, stability, sensitivity index, Lyapunov method, basic reproductive
number.

2010 AMS Subiject Classification: 92B05.

1. Introduction
Mathematical modelling of the spread of infectious diseases continues to provide important
insights into diseases behaviour and control. Over the years it has also become an important tool
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in understanding the dynamics of diseases and in decision making processes regarding
intervention programs for controlling diseases in many countries [13]. An estimated 170 million
people worldwide (3% of the world's population) are now thought to be HCV chronic carriers
[18]. [10] made an analysis on the immigration status, race and language barriers on chronic
hepatitis virus infection management and treatment outcomes. [5] conducted a study on disease
progression of acute HCV. [1] found that chronic HCV is a progressive condition that accounts
for at least one quarter of all cases of chronic liver diseases. [19] made an analysis on the effects
of a HCV educational intervention or a motivational intervention on alcohol use and sexual risk
behaviours among injection drug users. [7] discovered that chronic HCV complications are
increasing, especially among people older than 60 years. [3] investigated the dynamic behaviour
of an SEI (Susceptible- Exposed- Infective) model with acute and chronic stages. However, in all
the above studies, none of them incorporated the infectiology and inflow of infected immigrants
to the population. In this paper, it is intended to examine the HCV infectiology in a community

with inflow of infected immigrants.

2. Model Formulation

The model sub-divides the total human population at time t, denoted by N(t), into sub-
populations of susceptible individuals (S(t)), exposed individuals (infected but not infectious)
(E(t)), individuals with acute infection (initially infected) (A(t)), chronic infected individuals
(infectious individuals) (C(t)) and recovered individuals (R(t)). Total population at time t is
given by

N(t)=S(t)+E(t)+At)+C(t)+R({). 1)
The interaction between the classes will be assumed as follows: Exposed (E), acute infected

(A) and chronic infected (C) immigrants enter into the population with the rates m, 7, 73,

respectively. Susceptible individuals contacts with acute and chronic infected individuals at rates

Bi(i=1,2) respectively. Infected individuals move to the exposed group at a rate (ﬁ1A+ﬁZC)

The exposed individuals develop to acute infected group at a rate & while acute infective

develop to chronic group at a rate k; and exposed individuals move to chronic class at the rate

k. The infectious individuals recovered at a rate p, and recovered individual loses immunity
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and become immediately susceptible again at a rate o . Acute and chronic infected individuals

undergo death due to the disease at the rate a and d respectively.
It is assumed that the rate of contact of susceptibles with chronic individuals is much less than

acute infectives (3, < /3 ) because on chronic stage people become aware of their infection and

may choose to use control measures and change their behaviour and thus may contribute little in
spreading the infection.
Taking into account the above considerations, we have the following schematic flow diagram:
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Figure 1. Model Flow Chart

Thus, from the above flow chart and with the force of infection

= B1A+52C)
N where N=S+E+A+C+R is the total population size.
The model will be governed by the following system of equations:
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A
%:an +0E —(ky +p1 +a+u)A4 2

%—?ZQﬂg +koE+kyA—(pp +d+1)C

d

dt
Where

¥ =Q(1-m —np —nz) With initial conditions S(O): So, E(O): Eo A(O): Ao, C(O):Co :

R
— =P1A+pC—(0+1)R

R(0)=Rg and N(0)=Np.

B.(1=12) are the effective contact rate of individuals with acute and chronic hepatitis C
respectively,

7 (i=12.3) are the rates at which exposed , acute and Chronic infected immigrants enter

into the population respectively,

Q is the recruitment rate,

6 is the rate of progression to acute infected class from exposed class,
ki(i=12) are the rates at which acute and exposed infective develop chronic

respectively,

p,; (i =1,2) are the rates at which acute and chronic individuals recovered respectively,

o isthe rate at which infectious humans after recovery become immediately susceptible
again.

a is the death rate of acute infected group due to the disease,

d is the death rate of chronic infected group due to the disease,

4 is the natural death rate.

3. Model Analysis

For the HCV transmission model (2) to be epidemiological meaningful, it is important to prove
that all solutions with non- negative initial data will remain non-negative for all time. The system
in equation (2) will be qualitatively analyzed so as to find the conditions for existence and

stability of a disease free equilibrium points.
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3.1. Invariant Region

Since the model system of equation (2) is HCV model dealing with human population, it is
assumed that all state variables and parameters of the model are positive at >0 . The model
will be analysed in suitable feasible region where all state variables are positive.

Theorem 1: The solutions of the system (2) are feasible for all £ > 0 if they enter the invariant
region Q.

Proof :

Let Q:(S,E,A,C,R)e R, be solution of the system (2) with non-negative initial conditions.

From equation (2), in the absence of the disease d =0,a=0, system (2) becomes,
N<Q-uN
= N +uN<Q
The integrating factor is (IF) = e“‘dr:e/‘t_
Then
eHIN 4 uNeHt <Qet!
d
= a(Ne”tJSQe/‘t

Integrating on both sides gives
Nett < RQent ¢
y2;
where ¢ is a constant of integration. Therefore
N <O yceut,
yz,
Using the initial conditions that when t =0,N(0)=Ng , then

N0—9£C
7

N SQJ{NO —gJe'W ©)
K Iz ,
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Q

As t —o0 in (3), the population size, N — =, which implies that 0 <N 39. Thus, the feasible
% U

solutions set if (1) enter and remain in the region

{Q:(s, E, A, C, R)eR>,|S$>0, E>0, A>0,C>0,R>0, N sg}
u

Q

In this case, whenever N >;, then N < 0which means the population decreases asymptotically

Q

to the carrying capacity and whenever N <= every solution with initial condition in Q remains
yz,

in that region for t >0, so the model is well posed in Q. Thus, the region is positively invariant
(i.e. solutions remain positive for all times,t). Therefore, the basic model is well posed
epidemiologically and mathematically. Hence, it is sufficient to study the dynamics of the basic
model inQ.

3.2. Positivity of solutions

Lemmal: Let the initial data be {S(0), E(0), A0), C(0), R(0)>0}eR>,

Then, the solution set {S(t), E(t), At), C(t), R(t)} of the system (2) is positive for all t>0
Proof :

Using the first equation of the model system (2),

%: (-7 —my—13)-vS+0R — uS
Z—f+(u+,u)S =Q(1—7z'1—7r2 —m3)+0R

t
The Integration factor is B(t)=ej0(0(s)+“)ds, multiplying both sides by the

integration factor and integrating leads to

3 (s8(0)-B()[Q-m -7, ) +oR]

—}(U(S)+M)d$ t
= B(t)=e © [(Q-m—m,—75)+0R)B(s)ds+C >0 4)
0



400 AINEA, MASSAWE, MAKINDE AND NAMKINGA

Equations for E(t),A(t),C(t) and R(t) can be similarly be obtained. Thus
S(t),E(t),A(t),C(t) and R(t)are positive Vt>0
3.3. The Disease Free Equilibrium Point (DFE)
In absence of the disease, this implies that (z; =z,=75 =0,E =0, A=0, C=0, R=0). Therefore
the above system reduces to

Q—uS=0
Solving, we get

Q
Sy =
O u

Hence,

AO:(SOvEOv'AOlCOlRO):{g’OlQO’O] (5)
7

This represents the state in which there is no infection and is known as the disease-free
equilibrium point.
3.4. Local Stability of Disease Free Equilibrium (DFE)

The basic reproduction number, Rq is calculated by using the next generation operator approach

[17]. Itis given by

B10 N B kg +KiKo +Kopy +Koa+Koup)
(‘9+k2 +#E)(k1 +p1 +a+ﬂA) (9+k2 +HE)(k1 +P1+a+#AXP2 +d +ﬂc)

Local stability of disease free equilibrium A, can be determined by the variational matrix M of the

model system (2) corresponding to Ay. The Jacobian matrix is computed by differentiating each

equation in the system (2) with respect to the state variables S, E, A, C and R. The system is re-

defined as;
H=Q(-r, ~my—73)-VvS+0oR —uS
G=Qm +vS—(0+k, +wE
K=Qm, +0E —(k + p; +a+ A4
Y =Qnz +koE+kiA—(po +d +1)C
P=pA+p,C—(c+ R
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It follows that

OH(E,) OH(E,) OH(E,) OH(E,) OH(E,)
0S oE OA oC OR
0G(€,) 9G(€,) 0G(E,) 0GE,) 0G(E,)
0S oE OA oC OR
M, =| K(Es) OK(E€) OKEy) OK(E,) 0K(E) -
0S oE OA oC OR
V€, OVE,) OVE,) OYE,) OYE,)
0S oE OA oC OR
oP€,) oPE,) OP(E,) OP(€E,) OP®E,)
0S oE OA oC OR

Hence the variational matrix of the model system (2) at steady states is given by

—u 0 1 B2 0
0 —(O+ko+u) ph P2 0
My=| O 0 ~(ka+prtatu) 0 0 (8)
0 Ko Ky ~(p2td+p) 0
0 0 (p1+a) p2 —(o+n)

The local stability analysis of the matrix (8) of the system (2) can be done by the trace/determinant

method. Where by matrix (MO) is locally asymptotically stable if and only if the trace of matrix

(MO) is strictly negative and its determinant is strictly positive. Whose trace and determinant are

given by

Trace(MO):—y-(¢9+k2 +,u)—(k1+p1+a+,u)—(p2 +d+,u)—(5+ﬂ)< 0 (9)
and

det(M,) =rrrr, —98Lr, — Ok S, — KL A1, (10)

where R =0+k,+u, KL=k+p;+a+p, p=py+d+u, p=c+p.
Hence det(M,)> 0 if 0Byr3ry +6kyBory +korPory < MMy
That is equivalent to
(OPBarars +OkePory +koroBory ) <1
ULpIEL!
(6Barars +OkePars +KaraBory )
ULpIEL!

since

=Ro
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Thus, M, is locally asymptotically stable if and only if Ry <1. These results are summarized

with the following theorem.
Theorem 2: The disease free equilibrium of the model system (2) is locally asymptotically stable
if Ry <1 and unstable If Ry >1.

3.5.  Existence of Endemic Equilibrium Point A*

The endemic equilibrium of the model system (2) is given by A*(S*,E*,A*,C*,R*j

It is obtained by setting the right hand side of each equation of the model system (2) equal to
zero which exists for Ry <1. S*,E*,A*,C*, andR* satisfy the following relations:

g*__ T8 +(rg + 1Ry A

(ry +12Ro )A* +1T13

+_(Kp+pr+a+ A" -Qmy

- 0 (11)

C* =(Ryly —12)A™ +13

R*=r4 +Rgl5 - I )A*-H"?

where,
_O+ko+ufka+pr+aty) B 6Qmg-kpQm C_n
- ’ - ’ 33—~ 4 — ’
S0 i (pp +d+up o+ u
I I I
g=t21 =f22 -3 rs =N(Q-Qn; —Qn, —Qng +6r),
o+ u o+ U o+ u

g =0N-ON, Mo=0mN, f1=F1-for2, Ma=pon, T3=pol3+uN
ra=0+ka +pulky +pr+a+uN, 15=Qro(0+ka + 1), r1g=Qra(0+ko +p)r13N
17 ="r14N3
and A*is the solution of the quadratic polynomial
f(A*j =G[A*j2 ¥ H(A*}r K =0 (12)
where
G = (4l 1+ N1 2M14R0 )+ 6] B (fo + Roryo)+ (RoB11 — Boka o + Rorio)|

H =r11r15N + 11211 5NR — 117 + QM1 +119R0 )+ [Balg + Fg(Rosal — Bolz)+ 213 (I +Rolo)P
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K =Bar3rgd +Qmry N3+ 16
Thus, the following results from the quadratic equation (12).
Theorem 3:
(@) If H >0, then the model (2) has forward bifurcation at Ry =1.

(b) If H <0, then the model (2) undergoes backward bifurcation at Ry =1.

Since the model parameters are non-negative, it is clear that G>0. However it is important to
note that H is positive only if Ry >1 and

F11615N + 12 sNRg + 213 (g + R o)+ QuOM(f 1 + 11 2R0 0+ [l + g (Romol )P > Fg forol + 1y 7
and K is positive only if B,rarg0+QmyNr3+r6>0.

3.6. Local Stability of the Endemic Equilibrium Point A*

The local asymptotic stability of endemic equilibrium point will be analysed by using the Centre
Manifold Theory according to [4]. The existence and stability of endemic equilibrium is

determined through the investigation of the possibility of existence of the backward or forward
bifurcation. This is demonstrated graphically in Fig. 2 (the figure shows a backward bifurcation).

0.07 -

Stable Endemic
0.06 -

0.05 -

0.04 -

0.03 -

Infectious Humans

0.02 - Unstable Endemic

0.01~

Stable Disease free Unstable Disease Free

0 ;
0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
Basic Reproductive Number, R,

Figure 2: The Backward Bifurcation.

The DFE produced stable equilibrium for the Ry <1, while the backward bifurcation for Endemic

Equilibrium (EE) is unstable and the forward bifurcation for EE at R, >1 is stable. The implication

of the occurrence of backward bifurcation in the model (2) is that for the disease to be eradicated, it

is no longer enough that the basic reproductive number R, is less than one. In fact, to achieve

eradication, additional efforts and costs are required to bring R, bellow a critical value Ry <1.
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3.7. Global Stability of the Endemic Equilibrium Point A*

The global stability of the endemic equilibrium A* is analysed using the following constructed

Lyapunov function by [3]

Theorem 4: If R, >1, the endemic equilibrium A* of the model (2) is globally asymptotically

stable.

Proof: To establish the global stability of the endemic equilibrium A* , we construct the

following Lyapunov function:

%k %
V[s*,E*,A*,C*,R*jz[s _s*_s*log>- +[E— E* —E*IogE—J
S E

* * A" * * c* * * R
+| A-A"-A'log— |+|C-C -C'log— |+|R-R" —=R"log—
A C R
By direct calculating the derivative of V along the solution of (2) we have;
dv _(s-s*|ds [E-E"|dE [A-A"|dA (C-C"|dC [R-R"|dR
dt S dt E dt A dt C dt R dt
which gives

d_V:
dt

P-Q (13)

where,

(s-s*)z .
P= K(ﬁlA_FﬁzC)j—,u}ﬁLaR—k—s 5R*+[—(ﬁ1A+ﬁ2C)JS
S N S N

* * %k %k *k
{(ﬁlA *NﬁZC )Js* +6?E+A79E* +k2E+k1A+% k,E* +% ki A®+p1A+p,C

*

+R—*(p +a)A*+R— C*+Q(-m —mp —73)+mQ+12Q +73Q
R V1 R P, 1~ T2 —Tg)+ 1] 2 3

. (E E*jz
- k
Q=-3R* —%5R— — [0+k, +M-(%]8* —%Q(l—nl—nz —n3)
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2
. . A—A* * % .
BLA* + f2C*) ( ) « A A E
— S— Ki+py+a+u|-0E" ———6OFE -— -—
{ S j A [ky +py +a+ ] o -m2Q-—mQ
c-c* ’
c* ( - J . C* c*
-—3Q—| ———|py +d +u|-koE-ki A" -— Kk, E——k; A
c 3Q C o2 1]~k E -kq c feE-Tch
2
(R—R*j . . R* R*
1~ S+ ul-p At —p . CF- A"y C
W+ ul=pr AT =p, CF A=,

Thus if P<Q then %SO; Noting that O('j_\t/=o if and only if S=S™; E=E* ; A=A";
C=C*;R=R*

Therefore, the largest compact invariant set in {(S*,E*,A* ,C*,R*)eQ: Z_\t/zo} is the singleton

{A*} where A* is the endemic equilibrium of the system (2). By LaSalle's invariant principle, it

implies that A* is globally asymptotically stable in @ if P<Q.

4. Numerical Sensitivity Analysis

In determining how best to reduce human mortality and morbidity due to HCV, we calculate the
sensitivity indices of the basic reproduction number, R, to the parameters in the model using
approach of [6]. Sensitivity analysis determines parameters that have a high impact on R, and
should be targeted by intervention strategies. Sensitivity indices allow us to measure the relative
change in a state variable when a parameter changes [6]. The normalized forward sensitivity
index of a variable to a parameter is a ratio of the relative change in the variable to the relative
change in the parameter. When a variable is a differentiable function of the parameter, the

sensitivity index may be alternatively defined using partial derivatives.
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Table 1: Numerical values of sensitivity indices of R,

Parameter Symbol | Sensitivity Index
a -0.2515
By 0.6658
P, -0.5202
i 0.3341
P, -0.1006
d -0.1040
ky 0.0521

0 -0.0304
Ky 0.0281

U -0.07341

Definition 1: The normalised forward sensitivity index of a variable ° p > that depends

differentiable on a parameter ‘ ¢ ’ is defined as:

Xp_op. 9 14

Having an explicit formula for Ryin equation (14), we derive an analytical expression for the

Ro_Ro. 9

sensitivity of Ry as Xq a R to each of parameters involved in Ry. For example the
0

sensitivity indices of Rywith respectto B, and 6 are given by

Ry Ry A Ry Ry ©
X0 =20« Pl -0 3543534857 X0 ="0x "~ = .0.0264093485. Oth
B =g ¥Ry 03543534857 and 00 =G0 ¥R, = -0.0264003485. Other
indices
xPo xR0 xR xR xRo xRo xRo xR xRo xR0 g xR0
By’ Tup pp " Tpy T ' Tue Tag ' Tk ko

were obtained following the same method and tabulated as follows:

From Table (1), it shows that when the parameters 5,, p;,k, and k; are increased keeping
other parameters constant they increase the value of Ry implying that they increase the

endemicity of the disease as they have positive indices. While the parameters a, Py Py d, o
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and u decrease the value of Ry when they are increased while keeping the other parameters

constant, implying that they decrease the endemicity of the disease as they have negative indices.
The specific interpretation of each parameter shows that, the most sensitive parameter is the

effective contact rate of individuals with chronic disease f,, followed by recovered rate of
chronic individuals due to treatment p, , effective contact rate of individuals with acute f;,
followed by recovery rate naturally from acute a, death rate of chronic infectedd , recovered
rate of acute individuals due to treatment p L natural mortality rate x, rate at which exposed
develop chronic k,, the rate at which acute infective are detected by a screening method from
exposed group &, the rate at which screened develop to chronic k;, which is the least sensitive

parameter.

5. Numerical Simulations

In order to verify the theoretical predictions of the model, the numerical simulations of the model
(2) are carried out using the following set of estimated parameter values: p,=0.8, 5,=0.3,

6 =0.5, k; =0.5, k,=0.34, p;=0.3, p,=0.1, p3=0.05, =0.13-0.5, a=0.034, d =0.5.

Figures. 3-4 show the proportion of exposed population, HCV infective populations (acute and
chronic infectives) and recovered group, plotted against the proportion of susceptible population.

This shows the dynamic behaviour of the endemic equilibrium of the model (2) using the above

parameter values.
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The phase portrait in Figures. 3 and 4 show that for any initial starting point or initial value, the
solution curves tend to the endemic equilibrium pointA*. Hence, we infer that the system (2) is

globally stable about the endemic equilibrium point A* for the set of parameters above.
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Figures 5 and 6 show the variation of exposed and infected population for different values of

infected immigrants

240 : : : : T T T T T

——71]=0,72=0,13=0
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Fig.5: Variation of exposed population for different values of infected immigrants
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Fig. 6: Variation of infected population for different values of infected immigrants
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Figures 5 and 6 show the variation of exposed individuals, acute and chronic infected
populations respectively. It is observed that as the infected immigrant increases in the
community, the exposed population increases with time (see Fig. 5). The exposed individuals
shifted to acute class at the rate & which results to the increase of the number of acute infective.

Then, the exposed and acute infected individuals shifted to chronic population at the ratek, and
k1, respectively, leading to the increase of the number of chronic infected population (see Fig.

6).

6. Discussions and Conclusions

In this paper, a mathematical model of HCV showing the HCV infectiology in a community with
inflow of infected immigrants has been established and analysed. Both qualitative and numerical
analysis of the model was performed. The model incorporates the assumption that infected
immigrants enter in the community. It was shown that there exists a feasible region where the
model is well posed in which a unique disease free equilibrium point exists. The disease free and
endemic equilibrium points were obtained and their stabilities investigated. Sensitivity analysis
and numerical study of the model has been performed to see the effect of certain key parameters
on the spread of the disease. It was observed that the disease become more endemic due to the
presence of infected immigrants in the community. As the infected immigrants increase, the
exposed, acute and chronic infective individuals also increase in the population. The national
health cares to HCV should therefore seek to ensure that all people at risk or that have been at
risk in the past, have access to and are supported in the use of HCV education, health care and

prevention services, regardless of their social and economic status.
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