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Abstract. In this article, we present an application of optimal control theory to assess the effectiveness of control
measures on the dynamics of YF. We formulate and analyse a deterministic mathematical model with personal
protection, educational campaign and spray of insecticides as control variables using optimal control theory and
Pontryagins Maximum Principle. The optimal controls are characterized in terms of optimality system, and solved
numerically for several scenarios. The results show that multiple optimal control measures is most effective strat-
egy to bring a stable disease-free situation compared to a single control. However, spray of insecticides alone was
seen as not effective without personal protection, and optimal use of personal protection alone might be beneficial

to minimize transmission of the infection to the community.
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1. Introduction

Outbreaks of vector borne diseases like malaria, yellow fever (YF) and dengue that are trans-
mitted to humans by blood-sucker mosquito have devastated several countries around the world
[17]. Thus, modelling their dynamics and control has gained enormous attention.

Most infectious diseases could be eradicated, if adequate and timely steps (for example vac-
cination, treatment, educational and enlightenment campaign) are taken in the course of the
epidemic. However, many of these diseases eventually become endemic in our societies due to
lack of adequate policies and timely interventions to mitigate the spread of them.

YF, in particular, is a viral haemorrhagic fever caused by yellow fever virus (YFV) and is
transmitted through the bite of an infected female yellow fever mosquito [25]. Humans and
primates are the principle reservoirs for YF virus and the vector, female YF mosquito (Aedes
aegypti) is the only transmitting agent of this virus.

The study of optimal control strategies in epidemiological models have been of much interest
for informed decision-making. Over years, mathematical models of the spread of infectious
diseases have been used to provide important insights into disease behaviour and optimal control
strategies. For some diseases, medical treatments can be given to patients to cure the infection
but there may not be vaccine to immunize susceptible individuals (e.g. in the case of Malaria).
For a few other diseases, there is no cure but individuals can be vaccinated against getting
infection (e.g. Polio, YF).

Optimal control theory have been applied to number of studies in mathematical models of
vector-borne diseases like malaria [1],[22], chikungunya [18], dengue [26], rift valley fever [20],
among others. Regarding to YF few studies have been done to address transmission dynamics
like in [19],[2],[10], [27], but not addressing control strategies of the infection. In these studies
theoretical and statistical models have been used.

Recently, [12] use a mathematical model in addressing YF transmission dynamics between
primates and human being, into which model parameters and factors affecting diseases trans-
mission were discussed. Nothing has been done to address control strategies of YF.

Thus, in this study we formulate an optimal control model for YF aiming at deriving opti-

mal control strategies with minimum implementation cost. We extend the current model [12]
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by introducing time-dependent control efforts on prevention or personal protection, educational
campaign and spray of insecticides efforts as controls to curtail the spread of YF. We use Pon-
tryagins Maximum Principle in deriving the optimal control and Fleming and Rishel [7] and

Lukes [15] in proving the existence of an optimal control.

2. Materials and Methods

2.1 Model Formulation

Control terms are added to the existing deterministic mathematical model for YF transmission

dynamics by [12] as shown in Figure 1.

2.2 Model Flow Diagram and Description
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FIGURE 1. Model flow diagram for transmission dynamics of YF under control measures.

Three populations are considered in the model (humans, vector and primates) with the total
population sizes at time ¢ given by Nj(z), N, () and N,(t) respectively. The populations are fur-

ther compartmentalized into epidemiological classes whereby human population is divided into
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5 classes: susceptible, S, , vaccinated, Vj,, exposed, Ej, infectious, I, and recovered (immune),
Ry

Vector and primates population are divided into 3 classes each: susceptible, exposed, and
infectious. They do not include the immune class as they never recover from the infection, that
is their infective period ends with their death due to their relatively short life cycle compared to
human.

We consider three control efforts, prevention or personal protection to human host, educa-
tional campaign to susceptible and infectious human hosts and spray of insecticides against
the vector. We use the control mechanisms u;(¢) in human host and vector populations, where
1 — u;(¢) is the failure probability of the control mechanism u;(¢) for i = 1; 2; 3. In the model
the control mechanism u (¢) represents prevention or personal protection to human host, u (%)
represents educational campaign to susceptible and infectious human hosts and u3(z) represents
spray of insecticides against the vector.

In the human population, prevention or personal protection includes, the use of mosquito
treated bed-nets, use of mosquito coils, indoor residual spraying and the use of mosquito repel-
lents. All these things are done in order to minimize or eliminate vector-human contacts. Thus,
the associated force of infection to human from vector and vice versa is reduced by a factor of
1—uy.

Educational campaign is done to the human populations in such a way that upon its suc-
cessful efforts, more susceptible human individuals will be motivated to vaccination before the
occurrence of the disease making the vaccination rate, €, to be increased by a factor 1 + u,.
Also, infectious human individuals will be encouraged and motivated to find treatment of the
infections and use. That is to say a large number of infectious humans will be treated and hence
the recovery rate, 7y, will also be increased by a factor 1 4 u5.

Spray of insecticides against the vector is done to larvacide and adultcide and applied to those
places where vector bleeding occurs in order to control vector population. It is assumed that
application of insecticides will reduce the reproduction (birth) rate, b,N,, of the vector [3] by a
factor 1 — u3 and also will increase the death rate of vectors in each compartment at a rate pro-

portional to u3(z). We take these rates to be w, (¢)u3(2)S, (), w,(t)us(¢)E,(t) and w,(t)u3(¢)1,(2)
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for susceptible, exposed and infectious vector respectively. That is to say mortality rate of
mosquito population, u,, is increased by a factor 1 4 u3. Thus, we construct the optimal model

equations as follows:

2.3 Model Equations
Human:
dSu(t)
pran bpNp+ (1 = p)A+ (Vi +Rp) — App(1 —uy) — (1 4+ u2)Sp — UpSp,

d‘Z’t(t) =pA+e(l+u)S, — oV, — u,Vy,
(0 dE;t(t) = Aon(1—ur) — SpEp — HpEp,

W) 50— (st @)l — (1 ),

dR;t(t) = VIh(1+uz) — @R, — UyRp,
Vector:

dSy (t)
e byNy (1 —u3) — Apy (1 —uy) — Apy — Sy (1 +u3),
@ VO (1) + Ay — BBy — (1415,
e )
Primates:
dSé,t(t) =bpNp —Aop — UpSp,
€) dE;f” = Ap — OpEp — lpEp,
dlst(t) = 8,Ep — Wpl,.
where; 4, = aﬁlv—ihlv, Apy = aﬁjz\;?[h’ Apy = a%vﬂ and A,, = aﬁjv%.
In the model the term A,;, = aPrSuly denotes the rate at which susceptible human hosts S,
v

get infected by the infected vector I, (force of infection from vector to human), 4, = aﬁjz\;gvlh
denotes the rate at which susceptible vector S, get infected from the infected human hos}f[ I

aﬁ?’SvIp

(infection force from human host to vector), A,, = denotes the rate at which the sus-

ceptible vector S, get infected from the infected primate I, (force of infection from primate to
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aPaSpyl,
vector) and the term A,, = PaSply

denotes the rate at which the susceptible primates S, get
v
infected from the infected vector I,,.
Thus, we define the total population sizes Nj(t), N,(¢) and N, (¢) for human host, vector and

primates respectively as:

Niy(t) = Sp(t) + Vi(t) + Ep(t) + 1n(t) + R (2),
“4) Ny(t) = Sy(t) + Ey(t) + 1,(2),
Np(1) = Sp(t) + Ep(t) +1p(1).

Model systems (1), (2), (3) can be written together to form a single system of differential equa-

tions (5).
ds Spl
d—th:thh+(1—P)A+w(Vh+Rh)—aB]]Vh =(1—ur) —&(1+u2) Sy — tpSp,
v
dv,
d_th =pA+e(l+u2)Sp — OV — WV,
dEh (Zﬁ]Sth
= 1— — &,E, — ULE,
d‘}t N, (1 —u1) — OhE — upEp,
gth SnEn — (tn+ o)1y — y(1 +u2) 1y,
R
dth = Y(1+u2)ly — ®R), — Ry,
ds apaSy1; apzS,I
(5) dv :bva(l—u3)—M(l—ul)—M—,quv(l—i-m),
t h Np
dE af3,8,1, aps3Syl
d[v = ﬁlz\fh h<1—ul>+ B;vpv u _6VEV_‘uVEV<1+u3)7
dl,
dt =6,E, — — Wyl (1+M3)
ds Syl
d_tp =bpNp — iyl _ »Sp
v
dE, aﬁ4Sva
= —O0pE,
it M e
d—;’ =8,E, — Wyl

3. The Optimal Control Problem

In model system (5), we seek to minimize the number of exposed and infectious human with

minimum implementation cost (that is the cost of applying control, u, up, u3). Therefore for a
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Parameters as they have been used in this study are described in Table 1:

TABLE 1. Description of parameters of the model system (5)

Symbol Description Value Reference
Bi Transmission probability of vector to human 0.8 [51, [2]
B> Transmission probability of human to vector 0.8 [21], [26]
Bs Transmission probability of primate to vector 0.5 [12]
Ba Transmission probability of vector to primate 0.9 estimate
oy Progression rate from Ej, to I, 0.95 day’1 [8], [6]
S, Progression rate from E, to 1, 0.95 day’1 2], [8]
5,, Progression rate from E), to I, 0.85 day’1 [12]
by, Daily birth rate of human 0.0003 estimate
by Daily birth rate of vector 0.002 estimate
by Daily birth rate of primates 0.00004 estimate
a Daily bitting rate 0.5 [51, [2]
Y Recovery rate 0.005 [23], [4]
a Death rate due to disease for human 0.001 [23], [4]
0] rate of relapse of vaccinated and recovered human  0.05 [8]
€ vaccination rate of susceptible human 0.5 day™! [12]
p proportion of immigrant who are vaccinated 0.02day! [8]
A arrival rate of immigrant per individual per time 70 day~! estimate
é lifespan of human 60 years [12], [20]
,ui lifespan of vector 40 days [18]
v
IJL lifespan of primates 10 years estimate
P

terminal time 77, the aim is to minimise the cost of objective functional
i 2 2 2
(6) J(uy,up,u3) :/() (A]Eh +Asly 4 Biuj + Bous +B3u3) dt

where, A and A; are positive weight constants of the exposed and infectious humans respec-
tively; and By, By, B3 are the positive weight constants for the control mechanisms u;, u»,
us respectively. However, with the idea of other researchers from the literature on epidemic
controls ([22],[13],[1],[9],[16],[11]), we choose a quadratic cost function of the controls.

We also define B u% as the cost of the control mechanism in human associated with preventive

measures like indoor residual spraying, use of mosquito treated bed nets, mosquito coils and
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mosquito repellents so as to minimize the vector human contacts; Bzu% is the cost of the control
efforts on educational campaign to susceptible and infected human individuals and Bgu% is the
cost of control mechanism in vectors associated with spraying of insecticide against vector to
adulticide and larvacide, and those places where vector breeding occurs.

Thus, we seek to obtain an optimal control (u],u5,u3) such that;
@) J(uy,u5,u3) = min J(uy,un,uzluy,up,us € T)

subject to system (5) where the control set is defined as I' = {u,up,us|u;(t) is a piece wise
continuous functions on [0,7] and that a; < u; < b; fori =1,2,3}. Here g; and b;, are constants
in [0,1].

In order to find an optimal solution, the basic framework of the problem is to state and prove
the existence of optimal control for the model system (5) and then characterize the optimal

control by deriving the optimality system.
3.1 Existence of an Optimal Control Problem

In this part, we state and prove the existence of optimal control using the existence results
from [7] and [15]. We first state the following theorem;
Theorem 3.1.
Consider the optimal control problem with model system (5) as state equations. There exists an
optimal control u* = (u},u5,u3) € I" such that

min  J(uy,up,u3) = J(uy,u;,u3)
(M] 7”23”3)€r

Proof.
We note that the existence of an optimal control pair can be proved by using results from Flem-

ing and Rishel [7] theorem 4.1 we first need to check the following properties:

1. The set of controls and corresponding state variables is non-empty.
2. The control set I" is convex and closed.
3. The right hand side of the state system is bounded by a linear function in the state and

control variables.
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4. The integrand of the objective functional is convex.
5. There exist constants cq,c2 > 0, and @ > 1 such that the integrand of the objective

functional is bounded below by ¢y (|u1 | + uz|* + |uz|?) 7 _ .

Condition 1, is verified using results from Fleming and Rishel [7] Chapter III page 60, from
them existence is assured by the state equations and control variables; which can also be seen
in our ODE’s model system (5). The control set I' is bounded by definition; hence condition 2
is also satisfied. The RHS of the state system (5) satisfies condition 3 since the state solutions
are bounded.

The integrand of our objective functional is
AE;, +AslL, + By u% —I—Bzu% —|—B3u%

It is clearly convex on control set I', which gives condition 4.

Finally, there are constants c¢1,c; > 0 and o > 1 satisfying
a
Cl (\ul ’2 + ’uz‘z + \uglz) 20

because the state variables are bounded, which shows the existence of an optimal control solu-
tion.
Hence, we conclude that there exists an optimal control (u],u}, ) that minimizes the objective

functional J(u],uy,u3) which follows from the existence results by [9].
3.2 Characterization of Optimal Control

With the existence of optimal control pair established, we now present the optimality system
and derive the necessary conditions using the Pontryagin Maximum Principle [24]. The aim of
this principle is to minimize the objective function. To accomplish this, we begin by defining a
Lagrangian of our optimal control problem which is the Hamiltonian augmented with penalty
multipliers for the control constraints. Thus, we define the Hamiltonian (H) for the control

problem (5)-(6) as:

(8) H = L (Ep,Iy,u1,uz,u3) + Y Ak fx
K
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where K is the set of state variables, that is Sy, Vj,...,I,; Ak, (K =1,2,...,11) is the adjoint
functions of the K" state variable, and fx is the right hand side of the differential equation of

the K'" state variable. This can be written as:

dlh

H =AE,+A, +Blu1—|—Bzu2 —}—B3u3—|—11 —l—)Lz —{-13 )u4

dRh E dI

&) + 7Ls 16 7L7 39— Mo— )»11

Let I' be set of controls, and IT be the set of adjoint variables, we define in more compact form

the Lagrangian (augmented Hamiltonian) for our optimal problem as:
3

(10) Z(K, LI =H =Y wij(ui(t) - Zwl, ))forj=1,2.
i=1

where w;;(¢) > 0 are the penalty multipliers satisfying the following conditions

wi1(#)(u1(t) —ay) =wia(t)(by —ui (1)) =0 at optimal control  uj,

wo1 (1) (up(t) —az) = waa(t)(by —ua(t)) =0 at optimal control w5,

w31 (1) (us(t) —az) = wsp(t)(b3 —u3(t)) =0 at optimal control  u3.
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The Lagrangian can be extended as;

ZL(K,T,T1) = AEj, + Aol + Byu} + Bou3 + B3u3

aPy Syl

v

+ A1 [bpNp 4 (1= p)A+ @0(V, +Ry,) — (1 —ur) —e(1 +u2)Sp, — pSh)

+A2[pA+e(1+u2)Sp — 0Vi, — 1y Vi)

aﬁl Sply
Ny

+ A3 (1 —ur) — 8,E — upEp)

+ A4 [OhEp — (up, + o)l — y(1 +up)1]
+ A5[yY(1 +u2) Iy, — OR, — wyRy,]

+ A6 [byNy (1 — u3)

afn S, 1, af3S,1
- ﬁlzvih‘h(] —uy) — % — Sy (1 +u3)]

p

af» S, 1 afzS,1
ag By PSS B )
Ny, Np

+l8[5va - I'Lvlv(l +”3)]

+A9[bpN), —

aﬁ4Sva
N, - “I’SP]

v

+ Aol —8pEp — lpEp)]

aBiSpl
Ny
+ A1 [8,Ep — 111,
—wii (1) (1 (1) —ar) =wia (1) (by —uy (1)) — w21 (1) (u2 (1) — a2)
—waa (1) (b2 —ua (1)) — w31 (1) (u3(r) — az) — w3 (1) (b3 — u3 (1))
where A1,A2,...A411 = Ax (for K = s, vy, ...,ip) are the adjoint variables or co-state variables.
We seek for the minimal value of Lagrangian.
Theorem 3.2.

Given u}, (i=1,2,3) be the set of optimal control, and K* be the corresponding set of solutions

of the state system that minimizes J over I" then there exists adjoint variables Ax such that

dA oL
(11) d_tK = —5% (adjoint condition) and
(12) Ak(tr) =0 (transversality/final time condition) furthermore
oL o .
(13) 5= 0 at (uy,up,us =0) (optimality condition)
u

Proof.

We differentiate partially the Lagrangian (Hamiltonian augmented with penalty multiplier) with
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respect to states variables to obtain the adjoint system. Thus, we have;

i = [ ) (1) + | — (1) — 2 B (1),
dd—)tz=f%=/lz(w+ﬂh)*llwv
‘%3:_%:_A1+A3(5h+uh)—/145h,
%:7% A+ (Mg — ;L)“ﬁzjvu7141)72,5}/(1+u2)+/l4[uh+a+y(l+uz)]
%:—;Ifhzls(#h+w)—llwv
(14) dditﬁ_ 5 = (o) aﬁzhlh(l ul)ﬂﬁ;” + Aoty (14 u3),
%7:_;; = M8+ 1) — Mg,
%87 gILv (41— /'L)al;\}fh(l—ul)+lsﬂv(1+”%) + (Ao — Al)a[ﬁSp
o - jSL (o~ 210) B 4 o,
% ;bf = M08y + p) + 116,
%: di, = (46— /17)GB3V+7L11“P

Now, to obtain the optimal control solution u;, (i = 1,2,3), of our Lagrangian we differentiate

partially the Lagrangian L, with respect to u1,us,u3 and set it to zero as follows:

JL afSpl, SN
—— =2B M=) — —A -
%”1 11+ (A1 —23) N, + (46 — A7) N, Wutwi
L
(15) a_btz =2Bouy + (A — A1) €Sy + (As — Aq) VI, — war +waa
oL
P 2B3u3 — Ag[byNy + WSy — A Ey — Ag iyl — w3t + w32
. dL . . . .
Setting EP 0 for i = 1,2,3 and solving for the optimal control u;, we obtain
uj
1 a1 Syl afr Sy
uj(t) = ﬁ (43 —M)M + (X —%)%ﬂLWM —wi2
1 v h
(16) uy (1) = 2 (A1 = A2)€S) + (A4 — As) ¥l + w21 —w]
uz(t) = 2B, [A6(bvNy + ySy) + A7l Ey + Ag Ly + w31 — w32

To determine explicit expression for an optimal control without wyy,wiz, w1,
w2, W31, W32 We use a standard optimality technique involving the bounds of control. The

following are three cases to be considered in each part.
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. *
Solving for uj(¢)

e On the set {t|a; < uj < by}, we have
wll(u’f—al) :le(bl —MT) =0 = Wil = W12 =0

Hence the optimal control is

1 aﬁlShI

0i(0) = - | (=2 P+ (2 zﬁ)“ﬁzs vlh

v h

e On the set {t|u] = b; }, we have
Wll(l/fi< —al) :le(bl —MT) =0 = w1 =0

Hence the optimal control is

1 Suly Svl
b= ui(t) = 5 {(/13 Ay PiSly 45, /16)“132 - le}
1 v
since wya(t) > 0, therefore
2; [(13 4 )a.BIShI (O M)aﬁzS Ih} > by
1 v Np,

e On the set {t|u] = a;}, we have
wit(uj —ay) =wia(by—uj) =0 = w;p =0

Thus, the optimal control is

1
2B, 1

aPSyl,

v

aﬁzs Iy W11:|

[(/13 A) + (A7 —2s)

ap =uj(t) =
Again since wy(¢) > 0, it shows that

> % [(13 ll)aﬁlshl + (g %)aﬁzs Ih]

v h

We now represent uj () in compact form as

a/i’lSth aBZSth
A —A
Nv +( 7 6) Nh

an  wil) = mln{bl,max{al,zllg [(13 ) ]}}
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. *
Solving for u5(t)

e On the set {t|ax < uj < by}, we have
WZI(UE — az) = sz(bz — u%) =0 = Wyl = Wy = 0

Hence the optimal control is

1

uy(t) = 2B, (A —A2)€eSh+ (Aa — As) v

e On the set {t|u5 = by}, we have
w21 (u§ —az) = W22(b2 — uE) =0 = wy; =0

Hence the optimal control is

1

b2 = MS(Z‘) = 2—32

(A1 — A2) €S + (Ag — As) ¥l — waa]

Since wy; (1) > 0, therefore

1
3B, (A1 — A2)eSh+ (Ag — A5) VL] > by
2

e On the set {t|u5 = a,}, we have
W21(u§ —az) = W22(b2 — ué) =0 = wyp =0

Thus, the optimal control is

1
a) = uﬁ(t) = 2—32 [()Ll —),2)85;, + (14 —7(«5)]/1;, —|—W21]

Again since wy; (t) > 0, therefore

1
a > 2B, [(ll — lz)SSh + (14 — 7L5)’)/Ih]
2

In compact form, we represent u;(t) as:

1
(18) ué(t) = min{bz, max{az, Z_Bz [(/11 — 12)85;1 + (14 — 7L5))/Ih]}}
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. *
Solving for u5(1)

e On the set {t|az < uj < b3}, we have
w31 (u§ —a3) = W32(b3 — ué) =0 = W31 = W3y = 0
Hence the optimal control is

uz(t) = 2B - [A6(buNy + WSy) + A7 i Ey + Ag iy I

e On the set {t|u} = b3}, we have
W31(u§ —a3) = W32(b3 — u§) =0 = w31 =0
Hence the optimal control is

by = ”;(I) [Aﬁ(b Ny + WS ) +7L7quv + A8.uvlv - W32]

2B;

Since w3y (t) > 0, it shows that

2B3 [2'6(b Ny —|—,le )+)“7“va+248.’1\/1\/] > b3
e On the set {t|u} = a3}, we have
W31(l[3k —a3) = W32(b3 —u?) =0 = w3=0

thus, the optimal control is

1
——[As(byNy + W,Sy) + A7ty Ey + Ag iy 1y, + w31

a3 =uz(t) = 2B,

Again since w3 () > 0, we have

1
0322_33[1'6(bN v+ WS )+A7.uv v+18.uv ]

Also we represent «5(¢) in compact form as:
(19) usz (t) = mln{b3> max{ag, 2_B3 [)LG (bva + .quv) + A’7‘quv + A8.uvlv]}}

Thus, the optimality system comprise of the state system with adjoint system, the transversality

(final time) and initial conditions as well as optimality conditions.
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4. Numerical Results and Discussions

In this section, we present numerically the results of an optimal control strategies for the YF
model. In order to obtain the optimal control, we solve the optimality system, consisting of
model equations, adjoint equations and control mechanism variables by using iterative scheme
of fourth order Runge-Kutta technique.

By using the initial conditions Sy (0) = 3500, V,,(0) = 2500, E;(0) = 1500, I,,(0) = 1500, R;(0) =
1000, S,(0) = 2500, E,(0) = 1500, 1,(0) = 1500, S,(0) = 2500, E,(0) = 1500, 1,(0) = 1500;
we begin to solve the state system (model equations) using forward time Runge-Kutta method.

The adjoint equations are solved by a backward in time fourth order Runge-Kutta scheme
using the current iterations solutions of the state equation and terminal conditions Ax(tf) = 0
where 77 = 365 days. By referring to [14], the process is repeated and iterations stopped if the
values of the unknowns at the previous iterations are very very close to the ones at the present
iterations.

We start by initial guess values of the weights in the objective function asA; = A, = 1000; B; =
0.0001, B, = 1000 and B3 = 0.01. Again, we consider the controls to be bounded in the in-
terval of [0,1]. In simulation we use values of parameters described in Table 1 and various
combinations of the three controls at a time to investigate and compare their numerical results.
To illustrate the effect of different optimal control strategies on the spread of YF in a population,
we have considered the spread of YF in an endemic population and the entire time period T =

365 days.

4.1 Using Personal Protection Only

Personal protection u; is used to optimize the objective function J while we set educational
campaign, up, and spray of insecticides against vector, u3, to zero. As it is seen in Fig. 2 (A and
B), due to personal protection the number of exposed and infectious humans hosts decreases to
zero at time ¢t = 139 days, while population of exposed and infectious human hosts increases
for uncontrolled case.

The control profile shows that from t = 0 to t = 139 days there was no change observed with

respect to control strategy may be individuals were thinking on how they can start implementing
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FIGURE 2. Simulations of YF model showing the effect of personal protection on the spread of YF.

the strategy, but after using preventive measures like indoor residual spraying, use of mosquito
treated bed nets, mosquito coils and mosquito repellents; the exposed and infectious individuals
reduces rapidly to zero.

This means that an effective use of personal protection can be beneficial to disease eradication

even without the use of educational campaign and insecticides.

4.2 Using Educational Campaign Only

With this strategy, we optimize the objective function J using educational campaign, uy, only
while personal protection, u1, and spray of insecticides, u3, is set to zero. Fig. 3 (A and B)
shows that there is a slight difference in the number of exposed and infectious human host
with and without control although the exposed and infecteds are not reduced directly to zero.
Thus, this strategy alone is not as good as the previous one, since we will have the exposed and

infecteds in a years time.

4.3 Using Spray of Insecticides Only

The use of spray of insecticides against the vector, u3, is used to optimize the objective

function J while we set personal protection, u;, and educational campaign, u;, to zero, we
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FIGURE 3. Simulations of YF model showing the effect of educational campaign on the spread of YF.

observe in Fig. 4 that there is no difference in the number of exposed and infectious individuals
with and without control. This numerical results indicate that this strategy leaves more infecteds
than it is in the first two strategies, hence, suggesting that optimal use of spray of insecticides
alone is not effective for disease reduction as some of vectors will remain unaffected and cause

the infection to both hosts.

4.4 Using Personal Protection and Educational Campaign

In this strategy, we use two controls personal protection, u, and educational campaign, u,,
to optimize the objective function J; while we set spray of insecticides, u3, to zero. We observe
in Fig. 5 (A and B) that due to combination of these two control strategies, there is a significant
difference in the number of exposed and infecteds with and without control. However, the
control u; is zero from ¢ = 0 to ¢ = 149 days, while the control u; is at its upper bound from
t =0 tot = 190 days before it drops to zero until its final time. The numerical results indicates
that combination of these two strategies is good compared to using single strategy since the
infecteds reduces to zero from time 7 = 149 to final time.

With this strategy, the control profiles suggests that control on personal protection, u, should

be at its upper bound from ¢ = 149 till the end of the intervention, while educational campaign,
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up, drops gradually from the upper bound to zero after t = 190 days. Hence, suggesting that

optimal use of personal protection together with educational campaign is effective for reduction

of disease transmission.
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4.5 Using Personal Protection and Spray of Insecticides

Combination of Personal protection, u;, and spray of insecticides, u3, is used to optimize the
objective function J, while we set educational campaign, u; to zero. We observe in Fig. 6 (A
and B) that no change has been effected from ¢t = 0 to r = 85 days, meaning that the number of
exposed and infected human were increasing to both cases with and without control. However,
from ¢t = 88 to t = 312 days the control u3 is implemented with high cost which results to the
decrease of the exposed and infecteds to zero, while the control u; is at its upper bound from
t = 88 until the final time before it drops rapidly to zero. The numerical results indicates that
combination of u; and u3 is most effective compared to combination of u; and u;.

This means that an effective and optimal use of personal protection and spray of insecticides
against the vector may be beneficial even without the use of educational campaign, since the

exposed and infecteds drops rapidly to zero earlier from ¢ = 88 days till the final time.
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FIGURE 6. The effect of personal protection and spray of insecticides on the spread of YF.

4.6 Using Educational Campaign and Spray of Insecticides

With this strategy, the control educational campaign, u» to exposed and infectious human, and
spray of insecticides on vector, u3, are together used to optimise the objective function J; while

personal protection, up, is set to zero. Fig. 7 (A and B) shows that the control u3 is at its upper
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bound throughout the time before it rapidly fall down to zero at final time, while, the control
up is zero throughout the time. The numerical results indicates that using this strategy the
infecteds and exposed individuals are not reduced directly to zero although there is a significant
difference on using the control and without using the control. This result suggests that effective
and optimal use of educational campaign and spray of insecticides could not be beneficial to

disease transmission reduction without personal protection.
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FIGURE 7. The effect of educational campaign and spray of insecticides on the spread of YF.

4.7 Personal Protection, Educational Campaign and Spray of Insecticides

Combination of all controls personal protection, u;, educational campaign u, and spray of
insecticides, u3, is used to optimize the objective function J. We observe in Fig. 8 (A and B)
that the control u; is at its upper bound from ¢ = 82 days to final time before it fall rapidly to
zero, the control u; is at its upper bound form # = 0 to r = 124 days before dropping gradually
until the final time while the control u3 is at its upper bound from ¢z = 80 to t = 298 before
dropping gradually to zero until the final time. Numerical results indicates that combination
of all strategies uy, up and u3 is most beneficial and effective compared to combination of two

controls since the infected and exposed reduced to zero very early at r = 80 until the final time.
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Also there is a strong significant difference on the number of infected and exposed with and

without control.
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FIGURE 8. The effect of all controls on the spread of YF.

5. Conclusion

In this paper, we aimed at determining the control measures for eradicating the infection
from the population. We derived and analyzed the necessary conditions for the optimal control
model of YF disease in the presence of prevention or personal protection to human host which
includes the use of mosquito treated bed-nets, use of mosquito coils, indoor residual spraying,
use of mosquito repellents etc, educational campaign to susceptible and infectious human hosts
and spray of insecticides against the vector.

We have identified optimal control strategies for several scenarios. The results show that
using multiple optimal control measures is most effective strategy to bring a stable disease-free
situation compared to a single control. However, spray of insecticides alone was seen as not
effective without personal protection, and optimal use of personal protection alone might be
beneficial to minimize transmission of the infection to the community.

Moreover, combination of three control measures was seen to be the most effective com-

pared to combination of two control measures and single control. Thus control programs that
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follow three control strategies (personal protection, educational campaign and spray of insecti-
cides) can effectively reduce the number of latent and infectious individuals and hence disease

reduction.
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