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Cc
Abstract. Let M¢c = be a 2 x 2 upper triangular operator matrix acting on the Hilbert space 57 @ 7 .
0 B

In this paper, for given operators A and B, we give a new characterization of Nce (. #)0w(Mc), where 6,,(A)

denote the Weyl spectrum of A.
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1. Introduction

Throughout this paper, let .7 and .# be separable Hilbert spaces, #(# , 7 ) denote the
set of all bounded linear operators from .#" into .7 and abbreviate (.7, ) to B(H). If
A€ B(H), write N(A), R(A), n(A) and d(A) for the null space, the range, the nullity and the
defect of A, respectively. A is a semi-Fredholm operator if R(A) is closed and n(A) < e or
d(A) < o, then define the semi-Fredholm index of A by ind(A) = n(A) —d(A)([3]). Suppose A
is a semi-Fredholm operator, A is called an upper semi-Fredholm operator if d(A) < e and A is

called a lower semi-Fredholm operator if n(A) < oo([3]). Moreover, A is called a Weyl operator
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if it is a Fredholm operator and its Fredholm index is zero. If A € (), denote 6(A), 0,4,(A)
and o5(A) for the spectrum, the approximation point spectrum and the surjective spectrum
of A, respectively. The Weyl spectrum o,,(A) and the Browder essential approximation point
spectrum O ,(A) of A are defined by 6,,(A) = {A € C: A— Al is not Weyl } and 6,,(A) ={A €
C: A— Al is not an upper semi-Fredholm operator with finite ascent }, respectively Write isoF
for the set of all isolated points of F C C. We denote by M¢ an operator acting on J¢ & %~ of

the form,
A C

: (1)
0 B

where C € Z(# ,.7). In the sequel, M¢ has the form as (1).

a
I

Definition 1.1. For T € #(s¢), define A\ (T) by
MN(T)={A €0o(T):ind(T — L) =k},
where k € Z U {teo}. We call Ay(T) be the k—th component of (7).

It is easy to know that Ay(T) is an open set for k # 0, but not necessary connected. For

example, let

% 0

0 V+42I
be an operator on % (1*(Z) @ 1%>(Z)). Where V is unilateral shift operator on %(I?(Z)). Then
A_1(V)=Dand A_{(V+2I) =D+2. Thus A_{(T) =DU (D +2).

Definition 1.2. For T € #(), define A)(T) by
ANT)={A €o(T):ind(T—A)=kandn(T —A)=0ord(T — 1) =0},
where k € ZU {Zo0}. We call AY(T') be the initial component of Ax(T).

Clearly, AY(T) =0 and AY(T) C A(T) for each k. For A and B in %(#), denote

(

U. =0,

Us =A_w(A)NAu(B),

U =L (A)NAK(B), ke Z\ {0},

Upo = (Lo(A)NDo(B))U(Lo(A)Np(B))U(Lo(B)Np(A)).
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A (A)NAY(B), k>0,
0, k <0.

Ul =

and Vi = Uy \ U for k € ZU {=eo}. It is easy to know that U C U for each k.

Spectra of upper triangular operator matrices have been studied in operator theory for many
years and many interesting results have been obtained, see[1-2], [4-11]. In particular, given
A€ B(H) and B € B(X'), the set Nee (v, #)0c(Mc) were discussed in some works, where
0:(Mc) can be equal to the spectrum, the Weyl spectrum, the essential spectrum of M¢. For
example, in [6], H. Du and J. Pan have proved that,

(1 oMc)=04p(A)Uos(B)U{A €C:n(B—A) #d(A—2)}. (2)
CeB(H )
D. S. Djordjevi¢ [4] has obtained that

(N 6e(Mc) = 061.(A)UGr(B)UW(A,B), (3)
CeB(AH A

where W(A,B) = {A € C: dimR(A — A)* # dimN(B — A) and one of them is infinite}. Mean-

while, D. S. Djordjevi¢ has also obtained that

(1 owMc) = 01.(A) Uor(B) UWy(A,B), (4)
CeB(H )

where Wy(A,B) ={A € C:N(A—A)@®N(B—A) is not ismorphic toX /R(A—A) DY /R(B—A)}.
In the present paper, we investigate the similar questions. Studying in detail the structure of

spectra of concerning operators, we give another characterization of (\ce (., ) Ow (Mc). For

Ac B(H)and Be B(KX),

Neea(x,2)0w(Mc) = (Nees(n ) 0e(Mc)) U (UZ (A (A) U LK(B)) \ Uy))-

Comparing the formula (4), our result is more clear in the structure of the spectrum.
2. Main results

To prove the main results, we begin with some lemmas.
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Lemma 2.1. [11] Given A € B(), B € B(X), then each U} is an open set and

(cue®B)\ [ o)=Y,
k=0

CeB(H H)

where M, U,? are defined as in Section 1.
Lemma 2.2.([8]) LetA € B(H), B€ B(K ) and C € B(H ,F). If two of the three operators
are Fredholm, then the other is also Fredholm. Moreover, ind(M¢) = ind(A) + ind(B).

Lemma 2.3. For A € B()and B € B(X), if A € 6(A) U (B), then there exists a k €
Z U {oo} such that A € Uy if and only if there exists an operator C € B( K , 7€) such that

Mc — A is a Weyl operator.

Proof. Suppose that there exists a k € Z U {0} such that A € Uy. If k € Z, the result is clear. If
k = oo, thatis to say, A € A_w(A) N Aw(B), then n(A— 1) < oo, d(B—A) <ocandd(A—A1) =
n(B—A) = c. Suppose that n(A —A) =my, d(B—A) = my. Let {fj};2, and {g;};2, be

orthonormal basis of N(B— A) and R(A — A)=, respectively. Define an operator C by

Cfm1+j = 8my+j> 1< ] < oo,
Cf =0, FLVYE e

Thus n(Mc—A) =d(M¢c—A) =m) +mj. So ind(M¢c —A) =0, Mc — A is Weyl.

On the contrary, suppose that there exists an operator C € B(K,H) such that Mc — A is a
Weyl operator. Thus A — A is lower semi-Fredholm and B — A is upper semi-Fredholm. From
Lemma 2.2, if one of A — A and B — A is Fredholm, then there exists a k € Z such that A € Uy.
If ind(A — L) = —oo, then ind (B — A) = o. Therefore the result holds. The proof is finished.

Theorem 2.4. For given A € B(), B€ B(K), then

Neez(w,2)0wMc) = (Neean )0 Mc)) \ (U Ur)
= (Ncemn 2)0:(Mc)) U (UZ (A (A)ULK(B)) \U))-

Proof. For convenience, we divided the proof into two steps.
Step 1. We prove Nee g, )0w(Mc) = Neeg(n )0 (Mc) \ (U, Ur). From Lemma 1, it

is sufficient to prove that Nee (¢ ) 0w(Mc) = Neem(x )0 (Mc) \ (U7 (Uk \ 0)).



A NOTE ON WEYL SPECTRA OF UPPER-TRIANGULAR OPERATOR MATRICES 277
Since for any C € B(# , 7), we have o,,(Mc) C 6(Mc), thus
Neea(x )0w(Mc) C Neeg )0 (Mc).

For any A € U™, (U, \ UD), then there exists a k € Z U {eo} \ {0} such that A € Uy \ UQ. If
k < oo, then M¢ — A is Weyl for any C € B( A, 7). If k = o, from Lemma 2.3, there exists an
operator C € #( X, ) such that Mc — A is Weyl. So A ¢ Nceg(x,.7)0w(Mc). Thus

Nees( 0)0w(Mc) C Neepir )0 (M) \ (U7(UN\UY)).

On the other hand, if A € Nceg(r )0 (Mc) and A & Nee g, 7)0w(Mc), then Mc — 2 is
weyl and not invertible. Then ind(Mc — 1) =0, A — A is left semi-Freholm operator and B — A4
is right semi-Freholm operator. Thus there exist k1, k» € ZU {0} such that A € A_;, (A) and
A € A, (B). From Lemma 2.3, ky = k. Letk =k; = kp. So A € Uy \ U,? by Lemma 2.1. Hence

A & Nces(w )0 (Mc) \ (U7 (U \ UY)). Therefore
Neear )0 (Mc) \ (U7 (U \UP)) C Neem(r 0)0w(Mc).
So
Neeaw )0wMc) = Neemn )0 (M) \ (U™ (U \ UY)).
Step 2. We prove
Nees(x ,2)0w(Mc) = (Neemn ) 0e(Mc)) UZ (A—k(A) U Ak(B)) \ Ug).
Since for any C € AB(A, 5 ), we have 6,(Mc) C 6,,(Mc) C 6(Mc), thus
Nees(x .)0e(Mc) C Neezk,m)Ow(Mc) C Nees( )0 (Mc).
Moreover, UZ, (A1 (A) UAk(B)) \ Ur) C Nees(x,7)0w(Mc), thus
(Ncem(n )0e(Mc)) UZy (A (A) UAK(B)) \Ux) C Ncemn )0w(Mc). (5)
I A ¢ (Ncewn )0e(Mc)) U ((A—k(A) U Ak(B)) \ Uy), then
A & Ncem(n )0e(Mc) and A & UZ ((A_x(A)U Ak(B)) \ Ug).

If 2 & Neew(n w)0e(Mc) and X € Neeg(n )0 (Mc), then there exists an operator C €
B(H ,7) such that Mc — A is a Fredhlom operator, so 4 € U”, ((A_x(A) U A(B)). And
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also A ¢ U™, ((A_x(A)UAk(B))\ Ux), thus there exists an integer k such that A € Uy. So there

exists an operator Cp such that M¢, — A is Weyl. Therefore A ¢ Nce (., 7)0w(Mc). Hence

Neea(n )0w(Mc) C (Nees(n . )0e(Mc)) UZg (A (A) U LAK(B)) \ Uy). (6)

Combining the formula (5) with the formula (6), then

Nees(x 2)0w(Mc) = (Nces(x )0e(Mc)) UZ, (A (A) U LAK(B)) \ Ug).

The proof is completed.
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