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Abstract. A fractional partial differential equation (FPDE) is a partial differential equation which involves frac-

tional calculus operators. In this paper, the numerical solutions of Initial - Boundary value problems for FPDEs

have been approximated using Haar wavelet operational matrix method. The FPDEs are reduced into simple alge-

braic equations which can be solved easily by computer aided techniques. The simplicity and effectiveness of the

proposed method are illustrated by providing several examples with numerical simulations.
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1. Introduction

In recent years, FPDEs like fractional convection - diffusion equations, Space - time fraction-

al advection - dispersion equation etc. have attracted the attentions of many researchers and are
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becoming increasingly popular due to their applications in various fields of science and engi-

neering [10]. The FPDEs have shown to be adequate models for various physical phenomena in

areas such as damping laws, diffusion processes etc. Other applications include arterial science,

electromagnetism, electro - chemistry, the theory of Ultra - slow processes and finance.

Further it is worthwhile to mention that, a small number of algorithms for the numerical so-

lution of FPDEs have been suggested. The need to exploit some efficient and reliable numerical

scheme is a problem of fundamental interest. In the literature, small numbers of numerical

methods have been proposed for obtaining approximate solutions to FPDEs [1, 4, 5]. The aim

of all these studies has been to obtain effective algorithms that are suitable for the digital com-

puter. But all these methods have their own advantages, disadvantages and limitations in finding

the solution of FPDEs.

Recently, orthogonal wavelet bases are becoming more popular for numerical solutions of

partial differential equations. It is because of their excellent properties such as, ability to detect

singularities, flexibility to represent a function at different levels of resolution and compact sup-

port. In recent years, there has been a growing interest in developing Wavelet based numerical

algorithms for solutions of FPDEs.

The Haar wavelet is the simplest example of orthogonal wavelets, compactly supported on

the interval [0, 1). Historically Chen and Hsiao [2], first proposed a Haar operational matrix for

the integration of Haar function vectors and used it for solving differential equations. Recently,

there has been some considerable developments in the application of Wavelet basis to solve

differential equations of fractional order [3, 9, 11].

In this paper, our purpose is to provide a new numerical scheme based on the operational

matrices of orthogonal functions to solve the initial and boundary value problems for FPDEs.

The proposed scheme transforms the problem into a simple linear algebraic system. Some

examples solved by the proposed method are demonstrated. Some of the advantages of the

proposed operational method are; the computation is simple and computer oriented; the scope

of application is wide and results obtained are very accurate and reliable.
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2. Preliminaries and Basic concepts

2.1 Fractional derivative and integral. The caputo fractional derivative of order α > 0, is

given as [7],

Dα
t f (t) =


dm

dtm f (t) α = m ∈ N

1
Γ(m−α)

∫ t
a

f m(z)
(t−z)α−m+1 dz, 0≤ m−1 < α < m

Partial Caputo fractional derivative of y(x, t) ∈Cn([0,1]× [0,1]
)

is defined as,

∂ α

∂ tα
y(x, t) =


In−α
t

∂ n

∂ tn y(x, t), n−1 < α ≤ n

∂ n

∂ tn y(x, t), α = n ∈ N

where Iα
t is the Riemann - Liouville fractional integral given as,

Iα
t f (t) =

1
Γ(α)

∫ t

0
(t− z)α−1 f (z)dz

with I0
t f (t) = f (t).

Fractional differential and integral operators satisfy following basic properties,

(P1) Iα
t Iβ

t f (t) = Iα+β

t f (t)

(P2)
∂ α

∂ tα Iβ

t y(x, t) = Iβ−α

t y(x, t)

(P3) Iα
t

∂ α

∂ tα y(x, t) = y(x, t)−∑
n−1
i=0

t i

i!

(
∂ i

∂ t i y(x, t)
)

t=0

2.2 Haar wavelets and Function approximation. Haar mother wavelet is defined as

h(x) = /0(2x)− /0(2x−1)

where /0(x) is a scaling function defined as

/0(x) =


1, 0≤ x < 1

0, otherwise

Now define

h j,k(x) = 2 j/2h(2 jx− k), 0≤ k < 2 j, j = 0,1,2,−−−
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then for the Hilbert space L2[0,1], the Haar system { /0,h j,k : 0 ≤ j,0 ≤ k < 2 j} forms an or-

thonormal basis.

Hence for some fixed J we may consider the inner product expansion of f ∈ L2[0,1] as,

(1) f (x) = 〈 f , /0〉 /0(x)+
J−1

∑
j=0

2 j−1

∑
k=0
〈 f ,h j,k〉h j,k(x) = KT H(x)

where K is 1×2J coefficient vector and H(x) is the Haar function vector given by,

H(x) = [ /0,h,h1,0,h1,1,h2,0,−−−,h2,3,−−−,hJ−1,0,−−−,hJ−1,2J−1]
T

For our convenience let us denote /0 = h0, h = h1 = h0,0 and hi = h j,k where the index i can be

obtained from the relation i = 2 j +k,(i = 0,1,2,−−−,m−1 : m = 2J). Hence (1) reduced into

f (x) =
m−1

∑
i=0

kihi(x) = KT H(x)

Now on using Haar wavelets, a function y(x, t) ∈ L2[0,1]× [0,1] can be approximated as,

y(x, t) =
m−1

∑
i=0

m−1

∑
j=0

ci, jhi(x)h j(t) = HT (x)CH(t)

where C is 2J×2J coefficient matrix determined by the inner product ci, j = 〈hi(x),〈y(x, t),h j(t)〉〉.

Now on using Haar wavelets, the fractional integral of a function f ∈ L2[0,1] can be given as,

Iα
x f (x) =CT Iα

x H(x) =CT [Iα
x h0(x), Iα

x h1(x),−−−, Iα
x hm−1(x)

]T
=CT

[m−1

∑
i=0

A0,ihi(x),
m−1

∑
i=0

A1,ihi(x),−−−,
m−1

∑
i=0

Am−1,ihi(x)
]T

=CT



Aα
0,0 Aα

0,1 −−− Aα
0,m−1

Aα
1,0 Aα

1,1 −−− Aα
1,m−1

− − −−− −

− − −−− −

Aα
m−1,0 Aα

m−1,1 −−− Aα
m−1,m−1





h0(x)

h1(x)

−

−

hm−1(x)


=CT AαH(x)

where Aα is the operational matrix of fractional order integration for the Haar function vector

H(x).
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3. Proposed Method

In this section, the properties of Haar wavelets and the operational matrix are used to approx-

imate the numerical solutions of Initial - Boundary value problem for FPDEs of the form,

(2)
∂ α

∂ tα
y(x, t)−a(x)

∂ β

∂xβ
y(x, t)+b(x)

∂ γ

∂xγ
y(x, t)+d(x)y(x, t) = f (x, t)

where 0 < α ≤ 2, 1 < β ≤ 2, 0 < γ ≤ 1 with initial conditions,

(i) y(x,0) = p(x),
(

∂

∂ t y(x, t)
)

t=0
= q1(x)

OR

(ii) y(x,0) = p(x), y(x,1) = q2(x)

(3)

and boundary conditions,

(4) y(0, t) = /0(t), y(1, t) = w(t)

Now using the properties of Haar wavelets, we have

(5)
∂ β

∂xβ
y(x, t) = HT (x)CH(t)

On using the property (P3), we have

(6) y(x, t) = Iβ
x HT (x)CH(t)+g(t)x+u(t)

Now on using boundary conditions, we get u(t) = /0(t) and

g(t) =−

(∫ 1

0

(1− z)β−1

Γ(β )
HT (z)dz

)
CH(t)+w(t)−φ(t)

So (6) becomes,

(7) y(x, t) = Iβ
x HT (x)CH(t)− x

(∫ 1

0

(1− z)β−1

Γ(β )
HT (z)dz

)
CH(t)+ x

(
w(t)−φ(t)

)
+φ(t)

Now the Haar wavelets ψ j,k; j = 0,1,2,−−−,J;0 ≤ k < 2 j are supported on dyadic intervals

I j,k =
[

k
2 j ,

k+1
2 j

]
of [0,1]. Hence

∫ 1

0

(1− z)β−1

Γ(β )
h j,k(z)dz =

∫
I j,k

(1− z)β−1

Γ(β )
h j,k(z)dz
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Now suppose, I0−
j,k =

[
k
2 j ,

2k+1
2 j+1

]
and I0+

j,k =
[

2k+1
2 j+1 ,

k+1
2 j

]
are the left and right halves of I j,k So we

have,

∫ 1

0

(1− z)β−1

Γ(β )
h j,k(z)dz =

∫
I0−

j,k

(1− z)β−1

Γ(β )
h j,k(z)dz−

∫
I0+

j,k

(1− z)β−1

Γ(β )
h j,k(z)dz

Now

uβ

/0 =
∫ 1

0

(1− z)β−1

Γ(β )
φ(z)dz =

1
Γ(β +1)

and

uβ

j,k =
∫ 1

0

(1− z)β−1

Γ(β )
h j,k(z)dz = 2

(
1− 2k+1

2 j+1

)β

−

(
1− k

2 j

)β

−

(
1− k+1

2 j

)β

So we have,

∫ 1

0

(1− z)β−1

Γ(β )
H(z)dz =

[
uβ

/0 ,u
β

0,0,u
β

1,0,u
β

1,1,u
β

2,0,−−−,u
β

2,3,−−−,u
β

j−1,0,−−−,u
β

j−1,2 j−1

]T

=
[
u0,u1,−−−,um−1

]T
Now suppose, ν : [0,1]→ R is a continuous function. At collocation points xi =

2i+1
2J+1 , i =

0,1,−−−,m−1 define a matrix Bβ ,υ as given in [8],

Bβ ,υ =



ν(x0)u0 ν(x1)u0 −−− ν(xm−1)u0

ν(x0)u1 ν(x1)u1 −−− ν(xm−1)u1

− − −−− −

− − −−− −

− − −−− −

ν(x0)um−1 ν(x1)um−1 −−− ν(xm−1)um−1


Hence by (7),

(8) y(x, t) = HT (x)AT
β

CH(t)−BT
β ,νCH(t)+ x

(
w(t)−φ(t)

)
+φ(t)

where υ(x) = x and Aβ is the Haar wavelet operational matrix of fractional integration of order

β > 0. Now on applying Caputo operator ∂ γ

∂xγ on (6) and using the property of Caputo derivative
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and property (P2), we have

∂ γ

∂xγ
y(x, t) = Iβ−γ

x HT (x)CH(t)−

(∫ 1

0

x1−γ(1− z)β−1

Γ(β )Γ(2− γ)
HT (z)dz

)
CH(t)

+
x1−γ

(
w(t)−φ(t)

)
Γ(2− γ)

(9)

Now on substituting (5), (7) and (9) in (2), we have

∂ α

∂ tα
y(x, t) = a(x)HT (x)CH(t)−b(x)HT (x)AT

β−γ
CH(t)−

(
w(t)−φ(t)

)
b(x)x1−γ

Γ(2− γ)

−d(x)φ(t)+
[∫ 1

0

b(x)x1−γ(1− z)β−1

Γ(β )Γ(2− γ)
HT (z)dz

]
CH(t)− xd(x)

(
w(t)−φ(t)

)
−d(x)HT (x)AT

β
CH(t)+

[∫ 1

0

xd(x)(1− z)β−1

Γ(β )
HT (z)dz

]
CH(t)

Now on using the following notations,

τ(x) =
b(x)x1−γ

Γ(2− γ)
, θ(x) = xd(x), r(x, t) = x

(
w(t)−φ(t)

)
+φ(t)+q1(x)t + p(x)

e(x, t) =

(
w(t)−φ(t)

)
b(x)

Γ(2− γ)
x1−γ + xd(x)

(
w(t)−φ(t)

)
+d(x)φ(t)

s(x, t) =−x
(
w(t)−φ(t)

)
−φ(t)+

(
q2(x)− p(x)

)
t + p(x)

We have,

∂ α

∂ tα
y(x, t) = a(x)HT (x)CH(t)−b(x)HT (x)AT

β−γ
CH(t)

+
[∫ 1

0

τ(x)(1− z)β−1

Γ(β )
HT (z)dz

]
CH(t)−d(x)HT (x)AT

β
CH(t)

+
[∫ 1

0

θ(x)(1− z)β−1

Γ(β )
HT (z)dz

]
CH(t)− e(x, t)

= a(x)HT (x)CH(t)−b(x)HT (x)AT
β−γ

CH(t)+BT
β ,τCH(t)

−d(x)HT (x)AT
β

CH(t)+BT
β ,θCH(t)+ e(x, t)(10)
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Operating on both sides of (10) by Iα
t and using (P3) along with two dimensional Haar wavelet

series for (x, t) = HT (x)EH(t), we have

y(x, t) =
[
a(x)HT (x)−b(x)HT (x)AT

β−γ
+BT

β ,τ −d(x)HT (x)AT
β
+BT

β ,θ

]
CIα

t H(t)

+σ(x)t + ε(x)+HT (x)EIα
t H(t)(11)

Now since Iα
t H(t) = AαH(t) and using initial conditions (i) of (3), we have, ε(x) = p(x) and

σ(x) = q1(x). Using this in (11), we get

y(x, t) =
[
a(x)HT (x)−b(x)HT (x)AT

β−γ
+BT

β ,τ −d(x)HT (x)AT
β
+BT

β ,θ

]
CAαH(t)

+q1(x)t + p(x)+HT (x)EAαH(t)(12)

Now in (12) on using the boundary conditions (ii) of (3), we get ε(x) = p(x) and

σ(x) = q2(x)− p(x)−
[{

a(x)HT (x)−b(x)HT (x)AT
β−γ

+BT
β ,τ −d(x)HT (x)AT

β

+BT
β ,θ

}
C+HT (x)E

][∫ 1

0

(1− z)α−1

Γ(α)
H(z)dz

]
(13)

On substituting the values of σ(x) and ε(x) in (11), we have

y(x, t) = [q2(x)− p(x)]t−
[{

a(x)HT (x)−b(x)HT (x)AT
β−γ

+BT
β ,τ −d(x)HT (x)AT

β

+BT
β ,θ

}
C+HT (x)E

](
AαH(t)−Bα,ν

)
+ p(x)(14)
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Now define following diagonal matrices,

L =



a(x1) 0 −−− 0

0 a(x2) −−− 0

− − −−− −

− − −−− −

0 0 −−− a(xm)


,M =



b(x1) 0 −−− 0

0 b(x2) −−− 0

− − −−− −

− − −−− −

0 0 −−− b(xm)


,

N =



d(x1) 0 −−− 0

0 d(x2) −−− 0

− − −−− −

− − −−− −

0 0 −−− d(xm)


where xi = x

(
2i−1
2m

)
, i = 1,2,−−−,m. Now from (8) and (12), we have

(15) EAα +R =
(
AT

α −HBT
β ,ν

)
C−H

(
LHT −MHT AT

β−γ
−NHT AT

β
+BT

β ,τ +BT
β ,θ

)
CAα

Solving this eq. (15) we can obtain C. Now on using (8) or (12), the approximate solutions of

y(x, t) can be obtained at the collocation points.

4. Numerical examples

In this section, we apply the proposed Haar wavelet operational matrix method to approxi-

mate the numerical solutions of some FPDEs.

Example 1. Consider the initial - boundary value problem of FPDE of order α,(0 < α ≤ 1) [6]

∂ αu
∂ tα

+ x
∂u
∂x

+
∂ 2u
∂x2 = 2tα +2x2 +2, 0 < t < 1, 0 < x < 1

where initial - boundary conditions are given as, u(x,0) = x2, u(x,1) = x2 + 2 Γ(α+1)
Γ(2α+1) and

u(0, t) = 2 Γ(α+1)
Γ(2α+1)t

2α , u(1, t) = 1+2 Γ(α+1)
Γ(2α+1)t

2α

Taking J = 4, J = 5, J = 6 and using proposed method, we obtain the numerical results of

u(x, t) for α = 0.5 which are shown in figures 1 - 3. When α = 0.5 the exact solution of the
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above problem is u(x, t) = x2 + 2 Γ(α+1)
Γ(2α+1)t

2α . Figure 4 shows the exact solution for α = 0.5.

From figure 1 - 4, we can see that with J increasing, the numerical solution more and more

close to the exact solution. Table 1, shows the absolute errors for α = 0.5, t = 0.5 and different

values of J for example 1.

Figure 1. Numerical solution for J = 4 Figure 2. Numerical solution for J = 5

Figure 3. Numerical solution for J = 6 Figure 4. Exact solution for α = 0.5

Table 1. Absolute error for α = 0.5, t = 0.5 and different values of J for example 1.
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Example 2. Consider the space - time fractional convection - diffusion equation,

∂ αu
∂ tα

=−b(x)
∂u
∂x

+a(x)
∂ β u
∂xβ

+q(x, t), 0≤ x≤ 1, 0 < t ≤ 1

where a(x) = Γ(2.8) x
2 , b(x) = x0.8, q(x, t) = 2x2(1−x)t1.2

Γ(2.2) +0.2x1.8(1+ t2) and initial - boundary

conditions are u(x,0) = x2(1− x), u(x,1) = 2x2(1− x), u(0, t) = 0, u(1, t) = 0 Now we apply

proposed method to obtain numerical solutions of the given problem. The absolute error for

α = 0.8, β = 1.5, t = 0.2 and J = 4, J = 5, J = 6 are shown in Table 2. When α = 0.8, β = 1.5

the exact solution of the above problem is u(x, t) = x2(1−x)(1+ t2). From Table 2, we see that

we can achieve a good approximation with the exact solution by using the proposed method and

with J increasing, the absolute error became more and more small. From Figure 5 we can find

the numerical solutions which are in good agreement with exact solutions.
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Figure 5. Comparison of numerical and exact solution for t = 0.2 and J = 6.

Table 2. Exact solution at t = 0.2 and absolute error for different values of J for example 2.

5. Conclusion
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This paper presents a numerical scheme based on Haar wavelets and operational matrices of

fractional order integration for solving numerically FPDEs with variable coefficients supple-

mented with initial and boundary conditions. The numerical examples show that the proposed

method is very effective, accurate and easy to apply because it is computer oriented.
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