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Abstract. Let X be a conditional complete Banach lattice space. We are concerned with the proximinality problem
for best simultaneous approximations to two functions in the Kothe Bochner function spaces in the l.sum sense.
This characterization can be considered as a generalization of some analogous theorems concerning the Orlicz

Bochner spaces and Lp Bochner spaces.
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1. Introduction

The problem of best simultaneous approximation for functions and operator spaces has
been studied by many authors, e.g., [1]-[5] ,[12]-[15] and references herein. These works are
mainly on the characterization and on the uniqueness of best simultaneous approximations.

Results on best simultaneous approximation in Kéthe Bochner function space concerning the /!
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sum has been studied in [7]. Recent interests are focused on the study of the best simultaneous
approximation in conditional complete lattice Banach spaces with strong unit 1, e.g., [12],[15].

In the following , we recall some notions concerning vector lattices.

Definition 1. A lattice (L,<) is said to be conditionally complete if it satisfies one of the fol-
lowing equivalent conditions:

(i)Every non-empty lower bound set admits an infimum.

(if)Every non-empty upper bound set admits a supremum.

(iii) There exists a complete lattice L = LU{T, L}, which we shall call minimal completion
of L with bottom element Tand top element L such that L is a sublattice of L, infL =1 and

supL=T.

Definition 2. Areal vector lattice (X,<,+,-) is a set X endowed with a partial order < such
that (X, <) is lattice with a binary operation” + " and a scalar product - such that (X, <,+,-)

is a vector space.

Definition 3. A vector lattice (X, <,+,-) such that (X, <) is a conditionally complete lattice is

called a conditionally complete vector lattice.

Definition 4. A conditionally complete Banach lattice space X is a real Banach space which

is also a conditionally complete vector lattice such that

el < Iyl =[xl < vl

forallx,y € X, where |x| =x" 4+x~, xT =max {x,0} ,x~ =max {—x,0}.

Throughout this paper, we always assume that X is a conditionally complete real Banach
lattice space with strong unit 1. Then by Lemma 1, p.18 in [9], one has || |x| || = ||x||, for each

x € X, and the norm in X is monontonic, that is
—y<x<y= x| <y,

for all x,y € X.
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In this paper we give a new characterization of the best simultaneous approximation to two
functions in the Kothe Bochner Banach lattice function spaces.

Let (T,Y, 1) be a finite complete measure space and let L® = LO(T) denotes the space of all
(equivalence classes) of £-measurable real-valued functions. For f, g € L°, f < g means that
f(t) < g(tr) pu—almost every where, t € T.

A Banach space (E, ||-||) is said to be a Kothe space if :

(1) For f, g€ L°, |f| < |g| and g € E implies that f € E and || f||z < llgllg -

(2) Foreach A € ¥, if u (A) is finite, then x4 € E. See [11].

The most prominent examples on the K&the Bochner function spaces are the Lebesgue-
Bochner fsunction paces L? (X), (1 < p <), and their generalization the Orlicz-Bochner

function spaces L® (X).

Remark 5. A Kothe space (E,||-||g) is a Banach lattice under <,

(f=0if f(t) >0 for u-alomost every wheret € T) .

Let E be a Kothe space on the measure space (7,Y, i), then E (X) is the space of all equiv-
alence classes of strongly measurable functions f : 7' — X, such that ||f(-)||y € E equipped

with the norm:
AT = L Clixllg -
The space (E (X),|||-||lz) is a Banach space called the Kothe Bochner function space induced

by E and X [10].
A Kothe space E  has absolutely continuous norm if, for each f € E and each sequence
(An) \ 0, we have || x4, f||z — 0.A Kothe space is said to be stictly monotone, if for x <y

and ||x||z = ||y|| implies that x = y.

Remark 6. [4]. If X is a Banach lattice, then the Kithe Bochner function space E (X) is also

a Banach lattice space.
Let Y be a closed subspace of X. We define a norm on X x X by

1Gers x2) |0 = max {{lxi ||, b2}, for x1,x2 € X.
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Where it is denoted by X ® X. Let G = {(y,y) : y € Y} with [|(y,y)]|.. = ||¥||, then X & X with

||OO

||| is a Banach lattice space with G a closed subspace of X @ X . We say that Y a simltaneous

proximinal in X, if for any pair x;,x; € X, there exists an element y, € Y, satisfying
(1) d(x1,%2,Y) =in€11f/maX{||x1 =I5 ez = yI[}
= max {|[x1 = yol, [lx2 — yol|},

then y, is called a best co—simultaneous proximinant of x1,x, in X. We say that Y is co—simultaneously
Chebyshev in X, if for any pair xi,x; € X, there exists a unique element y, € Y, satisfying in-
equality (1).

We note that Y is co—simultaneously proximinal in X if and only if Y is proximinal in X & X

Remark 7. If x; =xp € X, then d (x1,x2,Y) = in;[;Hxl —yl|, where it seems that the best
ye

co—simultaneously proximanal is stronger than ordinary proximinality. Nevetheless Mendoza
et. al. in [12], shows that this is not the case in general for some characterization of simultane-

ous approximations.

Theorem 8. [1]. If X is a uniformly convex Banach space and Y is a closed subspace of X.

ThenY is simultaneously Chebyshev in X .
For a function F = (fi , f») € (E (X)), we define the norm of F by

F e = limax {111 (llx s 172 (i Hig -

In this paper, for a given closed subspace Y of X and F = (f; , /») € (E (X))?, we show that

the existence of ordered pair ¥y = (go,80) € (E (Y))? such that the following infimum attained

IF =l = inf [IF ~(z.2)]l.
= lmax {1£1 () =80 ()l + 152 () = g0 ()l

means that the function gy is called a best co—simultaneous approximation of F = (f1 , f2).
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Then dist (f1, f>,E (Y)) is defined by

dist (fi, 2, £ (¥)) = inf [lmax{|lfi () = ()llx - 12() =g Ol -

In this paper, we study the best co—simulataneous approximation on the Banach lattice space

E(X).

2. Distance Formula
For f1, f2 € E (X), the set Bg(y) (f1,.f2,E (Y)) is defined by

{gc E(Y) max{[lfi () —g()llx - [l2() =& O)lx} = dist (f1, /2, E(Y))}-

Itis clear that if Bg(y) (fi, f2,E (Y)) # @, then E (Y is co—simultaneous proximinal in E (X).
Lemma9. Let fi,f» € E(X),and g: T — Y be a strongly measurable function with g(t) €
By (f1(t),f2(t),Y), for almost allt € T.Then g € E(Y )N By (f1,f2,E(Y)).

Proof. Since g(t) € By (f1(t),f2(t),Y), for almost all t € T, we have
gDl < /i () —g@lx + 151 @)lx

< max{|[fi (1) =g (@)llx ,[/2(0) =g O)lIx} + /1 O)lIx

< max {|[f1 (0)l[x » [l/2 () llx } + [/ (1) llx

<2y + 201
for almost all # € T.Therefore,

gl < 2 1A+ AT,
which shows that g € E (Y).
max {||f1 (t) =g (1)llx , [1f2(t) —g (1) llx} < max{[|fi (t) =R (D)l ,[lf2(t) = h(D)llx},

forallh€ E(Y).
[max {[|£1 () =g ()llx + 152 () =g lxHlg < Imax{|[ /1 () =2 O)llx 120) =2 O)llxH g -

Therefore, g € Bgy) (f1,/2,E (Y)). -
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We can now state and proof the main Theorem

Theorem 10. Let E (X) be a Kithe Bochner function space with absolutely continuous norm.

If fi1,f2» € E(X), then the distance function distg (f1, f2,E (Y)) belongs to E and

1d (fr (), /2 (), V)l = dist (fi, f2,E (Y)).

Proof. Let fi, fo € E (X), then there exist two sequence of simple functions in E (X), (f,.i), i =
1,2, such that:

| fui (t) = fi(¢)|]| =0, i=1,2,as n — oo, for almost all 7 in 7.
The continuity of the distance function d (x1,x2,Y), implies that:

d (fu1 (1), fa2 (), Y)=d(fi (1), fo(1),Y)] =0, ,asn— oo,

Set
Hn (t) = d(fn,l (t>’ fn,2 (t)’Y)’

then each H, is a measurable function. Therefore, d (f1(-), f2(+),Y) is measurable and

d(fi(t), f2(t),Y) <max{||fi (t) = zl[x ,[l/f2() = zllx},

forallze€Y, foreachtr€T.

a consequence, we can write

d(fi(t), f2(t),Y) <max{|[fi () =g (O)llx ,[l/2() —g(@)llx},

forall g € E(Y), then

14 (f1 (), /2(), V)l < [fmax {[|fi () =g Ollx 5 [12() =g Olixt g -

This implies that d (fi (-), f2(:),Y) € E and

2 14 (fi (), f2(), V)l < dist (fi, f2,E(Y)).
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Fix € > 0. Since E (X) is a Kothe Bochner function space with absolutely continuous norm,
then the simple functions are dense in E(X), [10], therefore, there exist simple functions f;* in

E (X) such that
* € .
Ii= 0 <%, fori=1.2.
Assume that

m .
= Zx}c Xa,(),i=1,2.
=1

m
where the A;’s are pairwise disjoint measurable sets of 7 with |J Ay =T, xa,’s are characteris-
k=1
tic functions of Ay’s and x, € X, k=1,2,...,m,i=1,2. Here u (T) is finite, so let o = ||| xr|||.

Foreachk=1,2,...,m,lety, € Y satisfy

max {1l 8 ~well ) < d(ehod 1)+ S

Mean while, by setting

=Y vk xa (1)
=1

for eacht € T, we can obtain the following inequality:

max {[|fi (t) =g (0)llx , /2 (1) =g D)lIx}

26 max { ek =yl [l =il }

I
agE

k=1

3 d xl,xz, £
S};%Ak(f)[ (o5 %7 Y)*‘OJ

(fl() + Z%Ak

Therefore,

Imax {7 () =g Ollx » [1f2 () =g Ollx I < Nd (A7 ¢ /2 () Ve +

< Hd(ff(-),ff('),Y)HEJra|HxT|H
- ”d(fl*()vf; (')vY)HE—‘f_g-
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This gives the following inequality

dist (f1, f2,E (Y)) <dist (fi, /2, E (V) + [[lfr = fill + [l 22 = 2]
< [fmax {[| /7 () =g O)llx - 112 () =g O)lIx g +&
< |dist (fi (-),.f2 (), Y )l +2€
< |dist (f1 () 2 () Dl g A = Al + 2= £+ 2

< ”dlSl (fl () 7f2 () 7Y)HE+38

So, we have
distg (f1,f2,E(Y)) <|d(fi (), f2(-),Y)l|g +2¢.
It holds that
3) distg (f1,./2,E (Y)) < ||dist (fi (), f2(-), ¥)g-
Using inequalities (2) and (3) we get the required results. ([

As a direct consequence of the previous is the following result:

Corollary 11. Let E (X) be the Kothe lattice Bochner function space with absolutely contin-
uous and strictly monotone norm. For fi, f2,€ E (X), g € Bgy) (f1,/2,E (Y)), it is necessary
and sufficient that g (t) € By (f1(t), f2(t),Y), for almostallt € T.

Next, we give the co—simultaneous proximinality of simple functions in E(X):

Theorem 12. IfY is co—simultaneously proximinal in X, then for every simple functions f1, f>

in E(X)’ we have BE(Y) (f17f27E (Y>) % 0.
Proof. Let fi, f 2be two simple functions in E (X). Then fi, f can be written as

filty =Y uf xa, (1), i= 1,2,
k=1

m
where A;’s are pairwise disjoint measurable sets of 7 with |J Ay = T. Also, we assume that
k=1
i (Ax) >0 foreach k=1,2,....,m. By the assumption we know that for each k = 1,2, ..., m, there
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exists a best co—simultaneous approximation wy in Y of the pair of elements (u,]c ,ui ) eXaeX

such that
dist (x,i,x,% ,Y) = maX{Hu,i —wkHX , Hu%—wkHX}.
Set

)= Y we sa, ().
k=1

then for any & > 0 and 4 € E (Y), we obtain that

[max {[fi (-) =~ C)llx 5 [120) =AC)lx Hg

> ngk<-> fmax { [ —we [ . [ — i} }]

E

= [[max {[lfi (-) =g O)llx > 1/2() = O)lIx -

Taking infimum over all 2 € E (Y), we get

dist (f1,/2,E(Y)) = [max{[l/1 () =g ()llx > 12() =8 ()llx} llg -

This implies that the simple functions fi, f> admits a best co—simultaneous approximation in

E(X). 0

Theorem 13. Let E (X) be the Kithe lattice Bochner function space with absolutely contin-
uous and strictly monotone norm. If E (Y) is eo—simultaneous proximinal in E (X), then Y is

co—simultaneous proximinal in X.

Proof. Letxy, xp € X. Set fj(t) =x; (i=1,2) foralmostallz € T. Since

A= Ollxlle = Ml 2 Ollxlle

= Ilxillx [llzrlll, (= 1,2),

which is finite, then f; € E (X), (i = 1,2).

assumption there exists g € E (Y) such that

Imax {[[fi (-) =g )llx » [172() =g O)llx} g < max {1 () =AC)llx 120 =0k e
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forallh€ E(Y).
E (X) is a Kothe Bochner function space with a strictly monotone norm, then for almost r € T,

we have

max {[|f1 (1) =& (1)llx  lf2 (1) —g (@)lIx}
< max {[| /1 (£) =h(@)]lx »[l/2(6) =h()]lx}-

Fixto € T andy =g (tp),theny € Y and

max {[x1 —yllx s b2 =yllx} < max{lxr =2 @)lx s b2 —h@)lx}

forallh€ E(Y).

Y is embedded isometrically into E (Y), then

max {|lx1 —ylly »[lx2 =yllx} < max{[be —zlly [ = zlx}

forallzeY. O

Theorem 14. If X and E are uniformly convex lattice real Banach spaces and Y is a closed

subspace of X. Then E (Y) is simultaneously Chebyshev in E (X).

Proof. If X and E are uniformly convex lattice real Banach spaces , then [6], implies that E (X)

is uniformly convex. Therefore, Theorem 8 gives the required result.

Conclusion 15. In this paper we discuss the best simultaneous approximations to two functions
in the Kothe Bochner function spaces in the losum sense. We give some results concerning
the relation between the best simultaneous proximinality of Y the closed subspace of X and the
best simultaneous proximinality of E(Y) in E (X). This characterization can be considered
as a generalization of some analogous theorems concerning the Orlicz Bochner spaces and Lp

Bochner spaces.
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