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Abstract. BCH Code is most famous code in the field of coding theory because they have very effective encoding
and decoding algorithms. These codes are best considered as cyclic codes. But from the last two decades there is not
much progress over the minimum distance of BCH code. To calculate the minimum distance of BCH code is a well-
known problem in general. We studied on the dimension of narrow sense Non-binary BCH code (p, u,q?"™* + 1)
and also find out the Bose Distance of non-binary BCH code of design distanced = p?* + 1.
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I. Introduction

BCH code has an important place in the field of coding theory. These codes are better considered
as a subclass of cyclic codes. Although BCH codes came in to existence in 1959 by
Hocquenghem. But progress on minimum distance of said codes are very limited. The dimension
of BCH code is found only for the small design distance, but it is a challenging problem to
calculate dimension of narrow sense BCH code in general. There exist much type of bounds to
find the dimension of BCH code, but these bounds are applicable only for a few cases. Similarly
we have a little knowledge about the minimum distance of narrow sense BCH code. P. Charpin
[1990] discussed that calculating minimum distance of narrow sense BCH codes is indeed a hard
problem. Now from the last two decades a little work on minimum distance and dimension of
these codes is done. Ding , Xiaoni and Zhou [] found the dimension , Bose and minimum

distance of a narrow sense BCH code with design distance § = p' + h, where [ € [1,u — 2]

I
and OShsp—§+1.
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We proposed a class of narrow sense BCH code of length n=p2! — 1 with design distance § =

p?' + 1 wherel < I < u — 1. We will find the minimum distance and dimension of these codes

and proved that the proposed narrow sense BCH code have Bose dlstance[ J + 1.

2u—21_
Definition 1.1 A cyclic code of length n over GF(q) is a narrow sense BCH code of designed

distance § with gernator polynomial g(x) = lem{m; m, mes_q3,this code has a string of

& — 1 consecutive powers of « as zeros. [3]
Definition 1.2 The maximum design distance of the BCH Code is known as the Bose distance of
the BCH code.

Argumentl: Let § = p?! where % <l <u-1ands =u— 2l then dimension k of the code
Clp,u,8)isgivenby k = @(w) — (p — D2 X328(s —j —3)0Qu —s+j —4)

Where @(u) = pd(u—2) — 2p —2)02Qu—s—2) ,u>2s

() =2p’ Foro0<j <1 and@(s) = 2p° —2

Il Dimension of narrow sense Bose Chaudhuri Hocquenghem code of design
distance § = p?* + 1
Theorem 1: Suppose u> 4 then the narrow sense BCH Code C(p,u,p?*~* + 1) have the

following dimension

<<p—z>+m>”+<<p—z>—m)“
2 2

Proof: we know that if the narrow sense BCH has design distance § = p?*~* + 1 then § =
p?“~* will also be the design distance of the code. From argument 1 we conclude that the
dimension of the code is k = @(u) — (p — 1)?0(u — 6)

Where @(u) = p@(u —2) — 2p — 2)0(u — 6) 1)

With the initial conditions

®(0)=2 Ando(1) =2p

There is a well known formula that if @(u) = x*

Then xSt —pxS+p—-1=0

In our case s=2

Thisimpliesx® —px?+4p—8=0 (2)



For calculating dimension of the defined code we have to solve the recurrence relation of (1). We
will solve the equation x® — px? + 4p — 8 = 0 in the field of complex numbers that and find

the following three roots

x1 == 2
—2)+/p?+4p—12
x, = B2 ang
Yo = (p—2)—Vp?+4p-12
3 =
2

Let @(u) = d +ax* + bxy for some constant a, b and d are the elements of complex field
From the initial conditions
@0)=2 , @(1) =2pand @(2) = 2p* —2

We get

d+a+b=2 (3)
d+axy +bx, =2p 4
d + ax? + bx2 = 2p? — 2 (5)
From (3) and (4)

ax; — D) +b(x,—1)=2p—2 (6)
And from (4) and (5)

a(x? —1)+b(x% —1) =2p% -2 (7

From solving (6) and (7) we get
a= (—4p?+10p+8)—(4p?—4p-2)\/p2+4p-12
 (p-2)(p2+ap—12)+(p2-2p—6)\/pr-4p+4

p= (4p%-10p)-(4p—2)y/p*>—4p+4
(p-2)(p2+4p-12)+(p2-2p—6)/ % —4p+4

Now from equations (3) (4)and (5) we conclude that d=0

Hence @(u) = axi’ + bx¥
From (1) we get
k=0 —(@-1)°%0u-6)
=ax¥ + bx¥ — (p — 1)?@0(u—6)
ax¥ + bx¥ — (p — 1)?[ax} % + bx¥ %]
= ax}{"%(xf — (p — D?) + bx} (x5 — (p — 1D?)
_ (@—MM)” N (@—z)—m)u
2

2
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Hence we get the desired result.

111 Bose and Minimum Distance of narrow sense Bose Chaudhuri Hocquenghem

code of Design Distance 6 = p?! + 1

Theorem 2: The narrow sense Bose Chaudhuri Hocquenghem code of design distance & =

p?! + 1 has the Bose distance 6z= [ J + 1.

2u-D_1
Proof: we study the proof in to two cases

Casel: < E , we define
Os = U6 1C

Since we have given that [ < %

Then &, = [

p )

p21+[ T 1J+1
=p? +1
Now we have to prove that § ¢ &, to get the desired result forany j for0<j<u-—1
Define B; = 6p/ mod n
When 21 + j < 2u
We have B; = §p’
B; = (p* + Dp’
— p2[+j + p]
>p*+1
=0
Similarly when 21 4+ j > 2u
Wegetj =2(u—0)=>
This implies 20 +j < u +~

Bj — p(21+j)mod 2u + pj

>pz+1
>0



Hence we conclude that B; & &, for all j € [0,m — 1] then it follows that 6, = 6 = &

Case 2: | > gaswe know I > 2(u — 1)

Thus there exist two unique integers b, ¢ such that
l=2a(u—0)+b Witha>1and0<b <2(u-10)

6D=[2(ul) 1]+1

_ 2l p (p2-ba—q
=pTtp (pz(u—l>—1) + l 2(u-)— 1J +1

pz(u—l)a_l .
p21+pb(m)+1 if1<b<2u-1)
21 p2-ba_q , _
pe + (m) +1 lf b=0

We divided case 2 into two sub cases

Sub case 1: when b=0
As l>%wehavea22andl=2a(u—l)

Therefore &, = p2e®@-0 4 p2@-Dla-1) 4 ... p2a-0 4 1

We will prove in this sub case that 65 = 6p

For this we will prove that every integer j with condition § < j < 6z — 1 contains in 6p,

5§=p¥+1

— p2(2u—21)a +1and

5p*®D mod n

= (p* + Dp?>®*Y modn

— 1 + pZ(u—l)

<é

This follows that 6 € 6, and 6., = &p

Now we wish to prove that 0 2u-Darp?(u-D@-1+1_ O

Suppose i = p2®@=Da 4 for1 < i, < p@u-20(a-1)
Then ip?®=Y mod n

(P20 + iy )p*®@~D mod n

1+i, p?®D

<6

The desired result then follows (3)

3)
(4)



1174 RAJESH KUMAR NARULA, O.P. VINOCHA AND AJAY KUMAR

If a=2 the proof is completed for sub case 1 now if a > 3

We will prove that O'pz(u_l)a+p2(u_l)(a_1)+p2(u—l)(a—2)+1 = 0g

Suppose i = p?®~ba 4 p2@-D@-1) 4 for1 < i, < pRu-2D(a-2)

Then ip?2®=D mod n

(p2u-Da 4 p2u-D@-D 4 Yp2@=1 mod n

1+ p2@-Da 4 j p2@-D

< p2=Da 4 2-D(@-1) 4 1

The desired result then follows (4)

If a=2 the proof is completed now if a > 4

The process will be same proceed until we will prove that the set (6,6 +1,5 +2 ......
Contains in og

The proof is obvious the p —cyclotomic coset modulo n containing & is given as
Csp ={p’6p: 0<j<2(u—1—1}

Clearly &, could be the coset leader of Cs,,

Hence &, = &5 and we are done.

Subcase2:when1<b <2(u-1)

As l>%wehavea22andl=2a(u—l)+b

Therefore &, = pZa(u—l)+b + pz(u—l)(a—1)+b + __,pza(u—l)+b +pP+1

We will prove in this sub case that 65 = &)

For this we will prove that every integer j with condition § < j < 6z — 1 contains in 6,
5§=p¥+1

— p2(2u—21)a+2b +1 and

5p2@D mod n

= (p? + D)p*®*~Y mod n

=1+ pz(u—l)

<d

This follows that § € 6, and 8p41 = 6p (5)
Now we wish to prove that 0 pu-Datbep2u-D@-D+b++1_Og (6)

Suppose i = p2@=Dat+b 4 for 1 < i, < pRu-2D(a-1+b



Then ip?®=Y mod n

(pz(u—l)a+b + iy )pz(u—l) mod n

1+iy p2®-D

<4

The desired result then follows (5)

If a=2 the proof is completed for sub case 2 now if a > 3

We will prove that O-PZ(u—l)a+b+p2(u—l)(a—1)+b+p2(u_l)(a_2)+b++1 = 0s

Suppose i = p2(-ba+b 4 p2-D@@-D+b 4 ; for 1 < j, < p@u-2D(a-2)+b
Then ip2®=D mod n

(pz(u—l)a+b + p2=D@-D+b 4 io)pz(u—l) mod n

1+ p2@-Da+b 4 n2-D

< p2=Datb 4 p2-D(a-1+b 4 q

The desired result then follows (6)

If a=2 the proof is completed now if a > 4

The process will be same proceed until we will prove that the set (6,6 +1,5 +2...... Op_1)
Contains in gg

The proof is obvious the p —cyclotomic coset modulo n containing &, is given as
Csp ={p’6p: 0<j<2u—D+b—1}

Clearly &, could be the coset leader of Cs,

Hence &, = &5 and we are done.

IV Conclusions

The main purpose of the work is to calculate dimension and Bose distance of Non binary BCH
code with design distanced = p?' + 1. A new proposed class of Non binary BCH code give
arises to some other research problems. We will work in our next paper on the Bose distance of

the dual of the proposed BCH code.
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