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COMPACT PRODUCTS OF TOEPLITZ AND HANKEL OPERATORS
ON WEIGHTED BERGMAN SPACE
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Abstract. In this paper, we study the products of Toeplitz operators and Hankel operators on weighted
Bergman spaces of the unit ball. We obtain the necessary and sufficient conditions for the bounded

products of Toeplitz operators on the weighted Bergman spaces of the unit ball.
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1. Introduction

Throughout let n > 2 be a fixed integer. Denote the unit ball in C"* by B,,. Let V
denote Lebesgue volume measure on B,,, normalized so that V' (B,,) = 1. For —1 < a < oo,
we denote by V,, the measure on B, defined by dV,(z) = (1 — |2|*)*dV (z). The weighted
Bergman space A2(B,,) is the space of analytic functions on B,, which are square-integrable

with respect to measure V, on B,,.
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The reproducing kernel on A2 (B,,) is given by

1

(a) —
KjW(z) = (1-— <Z7w>)(n+a+1)’

for z,w € B,. If (-,-)4 denotes the inner product in L2(B,,dV,), then (h, K4 = h(w),
for every h € A%2(B,,) and w € B,,.
Let P, be the weighted Bergman orthogonal projection from L*(B,,, dV,,) onto A2(B,,),
which is given by
(Pag)@) = (9. K0 = [ 92) 57— dVals)
(o,

n

for g € L*(B,,dV,) and w € B,. In this paper, we use || - [lo, to denote the norm in
Lr(B,,dV,). Given f in L*(B,,dV,), the Toeplitz operator T is defined on AZ(B,) by
Trh = P,(fh). We have

) = [ T

for h € A2(B,) and w € B,. For a bounded measurable function f on B,, the Hankel
operator H; is the operator A2(B,) — (A2(B,))* defined by

Hih = (I= P)(fh) = Qu(fh),  he A2(B,).

The general problem that we are interested in is the following: When the products
of Toeplitz operators and Hankel operators is compact, what is the relationship between

their symbols?
2. Preliminaries

We will need the following basic facts about the Bergman space A2(B,), see [1] for
details.

The normalized reproducing kernel is given by

(n+a+1)
2

(1~ o)

S e

w

for z,w € B,.
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Suppose f and g are in A%(B,,). Consider the operator f ® g on A2%(B,,) defined by

(f®@g)h=(h,g)af,

for h € A%2(B,,). It is easily proved that f ® g is bounded on A%(B,,) and ||f @ g|la2 =
[ lla2llgllaz-

We have the following Lemma for the inner product on Bergman spaces of the unit ball
proved in [2].

We observe that the Taylor expansion of the function (1 — 2)"™**! around 0,

(1 . n+a+1 an kZ

where C, . = (—=1)* (”Jraﬂ)(MO;C)!'"("JFO‘H*]“), k=1,2,---,C,o =1, is absolutely convergent
on the closed unit disk in C for o > —1.

The term multi-index refers to an ordered n-tuple
m = (my,- -+ ,my)

of nonnegative integer m;. The following abbreviated notations will be used:

2 ="z im| =my - my,mb=myg ! omy ).

We have the multinomial formula

N!
e ¥ M
m)!

Now we give the representation of & ® k% in [3].

Lemma 2.1. On A%2(B,,), we have

k(a)@)k?(a)—zoakz T’YT@;YJ,

Ivl= w7
for allw e B, and —1 < o < o0.

For a bounded linear operator 7' on (A2(B,))* and w € B,,, we define the operator

Y.(T)b

= i(}a,k Z —quTS
k=0 Iy|=k
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Fix two real parameters a and b and define integral operators S, ; by

— |w 2\b
Suaf () = (1= 1Py [ e v,

Using exactly the same argument as in the proof of Lemma 3.3 in [2], we have the

following Lemma.

Lemma 2.2. Let —1 < a < o0, if S is a bounded linear operator on (A%(B,))*, then

| Z T 1950 < 111,

Iv|=m
for every positive integer m and w € B,,.

For a bounded linear operator T' on (A%(B,))* and w € B, we define the operator
Yu(T) by

ank > V—TWTS

IvI=k

Both Toeplitz and Hankel operators are closely related to Dual Toeplitz operators. The

dual Toeplitz operator with symbol f is defined by
Syu= (I = Fo)(fu),

for u € (A2(B,))*. It is clear that S; : (A2(B,))* — (42(B,))"* is a bounded linear
operator. In what follows @), denote [ — P,.

Since the Hankel operator with a holomorphic symbol is the zero operator, by above
equations we immediately obtain the following elementary properties of dual Toeplitz
operators.

Lemma 2.3. If p is a bounded holomorphic function on B, and is a bounded measurable

function on B,,, then following identities hold:
SpSy = Spp,  Spe = SypSa, (2.4)

SpHy = HyT,, H:S,=T,H}, (2.5)

3. Bounded Products of Toeplitz and Hankel operators



COMPACT PRODUCTS OF TOEPLITZ AND HANKEL OPERATORS 1213

The Lemmas below is Lemma 4.4 and Lemma 4.5 in [3].

Lemma 3.1. Let —1 < a < oo and g € L*(B,,,dV,), then

. 1
‘(ng)(w)} < (1 _ |w|2)("+0‘+1)/2 Hg © Py — Pa(g © (:OW)HaQHu”Oé,Z?

for allu € (A%2)* and w € B,,.
Lemma 3.2. Let -1 < a < oo and € > 0. For g € L*(B,,dV,), u € (A%)*+ and

multi-index v with |y| =m > (n+ a+ 1)/2 we have

* ] 1/5
(o) (w)] < C g0 — Palg 0 ) lase <So,a(|u|6)(w)>

(1 —wf?)
for allw € B, where 6 = (2+¢)/(1 +¢).
Lemma 3.3. Let —1 < a < 0o and f € L*(B,,dV,,), then

T < wlla a,2;
’( fv)(w)‘ = (1_ |w|2)(n+a+1)/2||fo<'0 || 72||U|| )2

for allve H*(B,) and w € B,,.

Lemma 3.4. Let —1 < a < oo and ¢ > 0. For f € L*(B,,dV,), v € H*(B,) and

multi-indez v with |y| =m > (n 4+ o+ 1)/2 we have

1/5
(T30) D (W) < C 11 0 Gullazie (so,a<rv|5><w>)

-
(1 = [w[?)
for allw € B, where 6 = (2+¢)/(1 +¢).

4. Compact Haplitz Products

Using the same technique as in the proof in [2], we have the following Lemma.
Lemma 4.1. Let —1 < a < oo and T be a compact operator on (A%(B,))*, then
1V (T)|| = 0 as |w| — 1.

Proof. If H; and H, are Hilbert spaces and T : H; — H, is a compact operator, since
operators of finite rank are dense in the set of compact operators, given € > 0, there exist

fi, -+, fn€ Hyand g1, -+, g, € H; such that

HT - Zfi X gi
i=1

Thus the lemma follows once we show the Lemma for operators of rank one.

<eE.
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If f € L*(B,,dv,), as |w| — 17, then for every z € B, and multi-index v we have
wY — ) (2) — 0, so by the Lebesgue Dominated Convergence Theorem,
I7f = 2o = [ 1) = 1) () Pduaz) =0
Bp
as |w| — 17. It follows that |7 f — ¢} f|lae — 0 as w € B, tends to & € 0B,,.
Suppose f € (A2%), then P(£7f) = £7f, so that

187 = Ty fllaz = 1167 = Polfllaz = 0,

1€7F = Sep fllaz = 1T = P)E S = ¢l )llaz =0

as w € B, tends to £ € OB, If f € (A2), g € (A2)%, then

1E7(f ® 9)€" = Ty (f ® 9) Sl
= €N @ (€9 — (Taf) @ (Sa9)l
< NEF =T H) @ €l + 1T f) @ (g = Sp9)ll
< N =T fllazlgllaz + [1fllazll€’g = Sp2gllas:
We get
1€7(f @ 9)6" = Tz (f © 9)Sg ]l = 0

as w € B, tends to £ € 0B,,.

Hence we can get for any nonnegative integer k

H @f@g)?—n(f@g ‘%o
Hk
as w € B, tends to & € 0B,,. Since
||ZCakZ T (f @ 9)Sg |
[vI= 5
= IIZCMZ7 2 (f®9)Se - (fegl)|
[v|=k

IN

kau}z £7f®g€—Tw(f®9) 2|

[vl= k
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and by Lemma 2.4 and the series >, |C x| is convergent, we have

I13-Ces 3= Katr 2 0155 +0

|v|=Fk

as w € B, tends to & € B,,.
This completes the proof.
Theorem 4.2. Let f € H®(B,,dv,) and g € L™(B,,dv,). Then TyH; is compact if

and only if

lim Hf © 90w||a,2||g O Puw — P(g © QOw)“aQ =0.
w—0By,

Proof. First we prove the ‘if part’. Suppose Ty H; is compact. By Lemma 4.1, ||, (Ty H;)|| —
0 as w — 0B,,. By Lemma 2.3, 2.8, we have

VolTyHy) = Tk @ (Hgk$)ll
NTrkE a2 | Hok S 2

1] © ulla2llg o o = FPalg o @u)llas;

so the ‘if part’ is proved.
Now we turn to the ‘only part’. By formula 4.11 in [2] , we have,for u € (A%(B,))*v €

H>(B,) and m > %"“,
< (TyHj)u,v >=< Hyu,Ty*v >= 1+ 11 + 111,
where I, 1] and I11 are, respectively,

I—Zb [ = R T v ),

05+1 2m * N\ (y (T* N ()
II:Pa+2m+1 ||Z/ {(H0)O) (2) (T70) 0 (2) bV (2),
=Y a4y [ = B TG v ).

=L |yl=m
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For 0 < s <1, sB,, = {sz: z € B, } is compact subset of B,, and B, s = B, \sB,, it is

easy to see that there exist compact operators T, T and T!! on (A%(B,))* such that
<Thu,v>=1—1,,< THu,v >=II — II,,< THu,v >=III - III,,
where

L= /B (L s () T Vi),

= e Z/ — [P () ()T () V),

11, = 2 ajz / = )2 {(Hyw) ™ (2) (Tf0) ) (2) }dVa (2).

The operator Ty = T/ + T+ T is compact, and < (TyH; —T,)u,v >= I,+1I,+11I,
we will estimate each of the terms I, 11, and I11,.

Let
M, = sup ||f o @uwllaz]|go vw — Palg o vuw)las-
we n,s

It follows from Lemma 3.2 and Lemma 3.4 that there exists a constant C such that
US| < MsCm,aHuHa,ZHUHaQ‘

Since P, is bounded on L?*2?¢(B,,, dV,), there exists a constant C' such that

| 2+E

19 © 0w = Pal(g o puw)llazre < Cllgo vuw — Palgo vuw)|

An analogous estimate for |(T} v)] also holds. Thus there exists a constant C' such that

(11| < CMs”E/ [So,a[ul”) (w)[7[So.a(|v]") (w)]rdVa(w).

n

Since the operator Sy, is bounded on LY(B,,dV,) for ¢ = % > 1 by Theorem 2.10 in [5],

there exists a constant C such that

/ [So.0([uf)(w)|"dVa(w) < Cllullg 2

n

By the Cauchy-Schwarz inequality, there exists a constant C' such that

1
(1| < OM [Julla2]|v]la,2-
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An analogous estimate for 11, follows easily.
Then it follows from the above inequality that Ts — Ty H; in operator norm as s — 17,
and since each of the T} is compact, we show that the operator is compact.

This completes the proof.
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