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Abstract. In the paper we study the Green function for 2n-th order differential equation with a normal operator

coefficient on the semi-axis. To this end, at first we construct the Green function of the equation with ”frozen”

coefficients. Then we use the Levi method and obtain an integral equation for the Green function of the given

equation. We prove the solvability of the integral equation. Using the integral equation we establish the main

properties of the Green function.
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1. Introduction. Problem Statement.

Let H be a separable Hilbert space. Denote by H1 = L2[H; [0,∞)] a Hilbert space of strongly

measurable functions f (x) (0≤ x < ∞) with the values from H1 for which
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∞∫
0

‖ f (x)‖2
Hdx < ∞.

The scalar product of the element f (x),g(x) ∈ H1 is determined by the equality

[ f ,g]H1 =

∞∫
0

( f (x),g(x))Hdx.

Let us consider in space H1 an operator generated by the differential expression

(1.1) l(y) = (−1)ny(2n)+Q(x)y

and the boundary conditions

(1.2) y(l1)(0) = y(l2)(0) = ...= y(ln)(0) = 0, 0≤ l1 < l2 < ... < ln ≤ 2n−1.

Here y ∈ H1 and the derivatives are understood in the strong sense.

Let D′ be a union of all functions of the form
p
∑

k=1
ϕk(x) fk, where ϕk(x) are finite, 2n-times

continuously differentiable scalar functions, and fk ∈ D(Q).

Denote by L an operator generated by differential expression (1.1) and boundary conditions

(1.2) with domain of definition D′.

We will assume that the operator coefficient Q(x) satisfies the following conditions:

1) The operator Q(x) for almost all x ∈ [0,∞) is a normal operator in H and for almost all x≥ 0

has a common domain of definition D(Q) in H.

2) For almost all x ≥ 0 Q(x) is inverse to completely continuous operator, and its eigen values

lie in a complex plane out of the sector Ω = {λ : |argλ −π|< ε0, 0 < ε0 < π is a constant

number}. Let α1(x),α2(x), ...,αn(x), ... be eigen values of the operator Q(x) and assume that

they are located in ascending order of the modulus, i.e.

|α1(x)| ≤ |α2(x)| ≤ ...≤ |αn(x)| ≤ ...

and are measurable functions. It is supposed that the series
∞

∑
j=1
|α j(x)|

1−4n
2n converges for almost

all x ∈ [0,∞), and its sum f (x) ∈ L1(0,∞). 3) For all x ∈ [0,∞) and for |x− ξ | ≤ 1 ‖[Q(ξ )−
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Q(x)]Q−a(x)‖H ≤A|x−ξ |, where 0< a< 2n+1
2n , ‖Q− 1

2n (x)Q
1
2n (x)‖H <C1, ‖Q− 1

2n (ξ )Q
1

2n (x)‖H <

C2, A, C1, C2 are constants. 4) For all x≥ 0 for |x−ξ |> 1 the following inequality is valid:∥∥∥∥Q(ξ )exp
(
−Imω1

2
|x−ξ |Q

1
2n (x)

)∥∥∥∥
H
< B

where Imω1 = min
i
{Imωi > 0,ω2n

2 =−1},B > 0− const.

The main goal of the paper is to study the Green function of the operator L.

We have the following theorem.

Theorem 1. If conditions 1) -4) are fulfilled, then for sufficiently large µ > 0 there exists the

inverse operator Rµ = (L+ µE)−1 that is an integral operator with operator kernel G(x,η ; µ)

that will be called Green function of the operator L. G(x,η ; µ) is an operator function in H

and depends on two variables x,η(0 ≤ x,η < ∞), the parameter µ and satisfies the following

conditions: a) ∂ kG(x,η ;µ)
∂ηk k = 0,1, ...,2n−2 is strongly continuous with respect to the variables

(x,η); b) there exists the strong derivative ∂ 2n−1G(x,η ;µ)
∂η2n−1 , and

∂ 2n−1G(x,x+0; µ)

∂η2n−1 − ∂ 2n−1G(x,x−0; µ)

∂η2n−1 = (−1)nE;

c)

(−1)n ∂ 2nG(x,η ; µ)

∂η2n +G(x,η ; µ)[Q(η)+E] = 0

d)

∂ l1G
∂η l1

∣∣∣∣
η=0

=
∂ l2G
∂η l2

∣∣∣∣
η=0

= ...=
∂ lnG
∂η ln

∣∣∣∣
η=0

= 0.

The proof of the theorem is carried out in two stages. At first we construct the Green

function G1(x,η ; µ) of the operator L1, generated by the expression

(1.3) l1(y) = (−1)ny(2n)+Q(ξ )y+µy

and the boundary conditions

(1.4) y(l1)(0) = y(l2)(0) = ...= y(ln)(0) = 0

where ξ is a fixed number.
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2. Constructing the Green function of the operator L1.

We will look for the Green function G1(x,η ,ξ ; µ) of the operator L1 in the form

(2.1) G1(x,η ,ξ ; µ) = g(x,η ;ξ ,µ)+V (x,η ,ξ ; µ)

where g(x,η ,ξ ,µ) is the Green function of the equation l1(y) = 0 on the whole axis.

As is known [4], it has the form:

(2.2) g(x,η ,ξ ; µ) =
K1−2n

ξ

2ni

n

∑
α=1

ωαeiωα Kξ |x−η |

Here ωα denotes the roots from the (−1) degree of 2n, lying in the upper halfplane, and

Kξ = [Q(ξ )+µE]
1
2n .

The function V (x,η ,ξ ; µ) is a bounded solution as x→ ∞ of the following problem:

(2.3) l1(y) = 0

(2.4) V (l j)(x,η ,ξ ; µ)
∣∣∣
x=0

=− g(l j)(x,η ,ξ ; µ)
∣∣∣
x=0

, j = 1,2, ...,n.

Then for V (x,η ,ξ ; µ) we have

(2.5) V (x,η ,ξ ; µ) =
K1−2n

ξ

2ni

n

∑
p=1

Ap(η ,ξ ; µ)eiωpKξ x

The coefficients Ak(η ,ξ ; µ) are determined from boundary conditions (2.4).

We will have:
K1−2n

ξ

2ni

n

∑
p=1

Ap(η ,ξ ; µ)ω
l j
p (iKξ )

l jeiωpKξ x

∣∣∣∣∣
x=0

=

−
K1−2n

ξ

2ni

n

∑
α=1

ω
l j+1
α (iKξ )

l jeiωpKξ |x−η |

∣∣∣∣∣
x=0

, j = 1,2, ...,n

or

−K1−2n+l j

2ni

n

∑
p=1

Ap(η ,ξ ; µ)ω
l j
p =−K1−2n+l j

2ni

n

∑
α=1

ω
1+l j
α eiωα Kξ η .

Finally

(2.6)
n

∑
p=1

Ap(η ,ξ ; µ)ω
l j
p =−

n

∑
α=1

ω
1+l j
α eiωα Kξ η , j = 1,2, ...,n
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Denote

∆0 =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ω
l1
1 ω

l1
2 ... ω

l1
n

ω
l2
1 ω

l2
2 ... ω

l2
n

.........................

.........................

ω
ln
1 ω

ln
2 ... ω ln

n

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

∆k =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ω
l1
1 ... ω

l1
k−1 −

n
∑

α=1
ω

1+l1
α eiωα Kξ η

ω
l1
k+1 ... ω

l1
n

ω
l2
1 ... ω

l2
k−1 −

n
∑

α=1
ω

1+l2
α eiωα Kξ η

ω
l2
k+1 ... ω

l2
n

.................................................................................

.................................................................................

ω
ln
1 ... ω

ln
k−1 −

n
∑

α=1
ω

1+ln
α eiωα Kξ η

ω
ln
k+1 ... ω ln

n

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
It is easy to show that ∆k =−ωkeiωkKξ η

∆0.

Then by the Cramer’s formulas we get:

Ak(η ,ξ ; µ) =
∆k

∆0
=−ωkeiωkKξ η .

Substituting the expression Ak(η ,ξ ; µ) in equality (2.5), we get

(2.7) V (x,η ,ξ ; µ) =−
K1−2n

ξ

2ni

n

∑
p=1

ωpeiωpKξ (x+η)

Then the Green function of the problems (1.3)-(1.4) will have the form:

(2.8) G1(x,η ,ξ ; µ) =
K2n

ξ

2ni

n

∑
α=1

ωαeiωα Kξ |x−η |−
K2n

ξ

2ni

n

∑
p=1

ωpeiωpKξ (x−η)

We can write the obtained formula in the form:

(2.9) G1(x,η ,ξ ; µ) =



K1−2n
ξ

2ni

n
∑

k=1
ωkeiωkKξ (x−η){E− e2iωkKξ η},x≥ η

K1−2n
ξ

2ni

n
∑

k=1
ωkeiωkKξ (η−x){E− e2iωkKξ x},x≤ η

As Q(ξ ) is an unbounded normal operator, and Re(2iωkKξ η) < 0,

Re(2iωkKξ x)< 0, therefore ‖e2iωkKξ η‖→ 0, ‖e2iωkKξ x‖→ 0, as µ → ∞.
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Thus, from (2.9) it follows

G1(x,η ,ξ ; µ) =
K1−2n

ξ

2ni

n

∑
k=1

ωkeiωkKξ |x−η |{E− r(x,η ,ξ ; µ)},

and as µ → ∞ we have ‖r(x,η ,ξ ; µ)‖= o(1) uniformly with respect to (x,η).

Now let us construct and study some properties of the Green function of the operator L gen-

erated by the differential expression (1.1) and boundary conditions (1.2). The Green function

G(x,η ; µ) of the problem (1.1), (1.2) is the solution of the following integral equation:

(2.10) G(x,η ; µ) = G1(x,η ; µ)−
∞∫

0

G1(x,ξ ; µ)[Q(ξ )−Q(x)]G(ξ ,η ; µ)dξ

It is proved that under sufficiently large µ , equation (2.10) is solvable and its solution is the

Green function of the operator L.

Equation (2.10) is studied in Banach spaces X1, X2, X (p)
3 , X (s)

2 , X (s)
4 and X5(p ≥ 1,s ≷ 0),

whose elements are the operator functions A(x,η) in H, 0 ≤ x,η < ∞. Definition and proof of

their completeness was given by B.M. Levitan in [6].

Let us estimate the norm of the operator function G1(x,η ; µ). In the complex plane λ lying

out of the sector Ω, the inequality |λ + µ| ≥ µ sinε0 is valid. By condition 1) Q(x) for each

x ∈ [0,∞) is a normal operator in H, therefore we can write spectral expansion for G1(x,η ; µ)

as a function of normal operator Q(x):

‖G1(x,η ; µ)‖H ≤

≤ 1+o(1)
2n

∞∫
0

|λ +µ|
1−2n

2n

∣∣∣∣∣ n

∑
k=1

max |ωk|eiωk(λ+µ)
1

2n |x−η |dE(λ )

∣∣∣∣∣≤

(2.11) ≤ c ·µ
1−2n

2n · r
1−2n

2n
0 · e−ρ0Imω1·µ

1
2n δ

1
2n |x−η |

0

where δ0 = sinε0, r0 = cos arg(λ+µ)+2πm
2n , m = 0,1,2, ...,2n−1. Here we take that branch of the

2n-th root (λ +µ) on which Re(λ +µ)
1

2n > 0, Imω1 =min{Imωk > 0,ω2n
k =−1,k= 1,2, ...,n}.

From (2.11) we get

‖G1(x,η ; µ)‖2
H ≤ c2

µ
1−2n

n ·δ
1−2n

n
0 · e−2Imω1r0µ

1
2n δ

1
2n

0 |x−η |.
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Hence
∞∫

0

‖G1(x,η ; µ)‖2
Hdη ≤ c2

µ
1−2n

n δ
1−2n

n
0

∞∫
0

e−2Imω1r0µ
1

2n δ

1
2n

0 |x−η |dη ≤

(2.12) ≤
c2µ

1−2n
n ·δ

1−2n
n

0

2Imω1r0 ·µ
1
2n ·δ

1
2n

0

=
c2

2Imω1r0
· 1

µ
4n−1

2n ·δ
4n−1

2n
0

From this estimation it follows that G1(x,η ; µ) ∈ X (1)
3 .

Subject to condition 2) for the Hilbert-Schmidt norm of the operator function G1(x,η ; µ) we

have:

‖G1(x,η ; µ)‖2
2 ≤

c2

4n2

∞

∑
i=1

∣∣∣∣∣ n

∑
k=1

[αk(x)+µ]
1−2n

2n ωkeiωk[αk(x)+µ]
1

2n |x−η |

∣∣∣∣∣
2

≤

≤ c2

4n2

∞

∑
i=1

|αi(x)+µ|
1−2n

n

∣∣∣∣∣ n

∑
k=1

ωkeiωk[αk(x)+µ]
1

2n |x−η |

∣∣∣∣∣
2
≤

≤ c2

4n2

∞

∑
i=1

{
|αi(x)+µ|

1−2n
n

∣∣∣∣e−2Imω1[αi(x)+µ]
1
2n |x−ξ |

∣∣∣∣2
}
≤

≤ c2

4n2

∞

∑
i=1
|αi(x)+µ|

1−2n
n e−2Imω1|αi(x)+µ|

1
2n |x−η |.

Therefore
∞∫

0

‖G1(x,η ; µ)‖2
2dη ≤

≤ c2

4n

∞

∑
i=1
|αi(x)+µ|

1−2n
n

∞∫
0

e−2Imω1|αi(x)+µ|
1
2n |x−η |dη ≤

≤ c2

8nImω1 · r0

∞

∑
i=1
|αi(x)+µ|

1−4n
2n =

c2

8nImω1 · r0
·F(x).

Hence

(2.13)
∞∫

0


∞∫

0

‖G1(x,η ; µ)‖2
2dη

dx≤ c2

8n · Imω1 · r0

∞∫
0

F(x)dx < ∞.

Using conditions 3) 4) we can show that the operator function G1(x,ξ ; µ)[Q(x)−Q(x)] is a

bounded operator in H with respect to (x,ξ ),0 < x,ξ < ∞ for µ > 0. Therefore, it makes sense

to consider the operator T generated by the kernel G1(x,ξ ; µ)[Q(ξ )−Q(x)]:

(2.14) TA(x,η) =

∞∫
0

G1(x,ξ ; µ)[Q(ξ )−Q(x)]A(ξ ,η)dξ .
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It is proved that the operator T is a compressive operator in Banach spaces introduced by

B.M. Levitan in the paper [6].

Hence it follows that integral equation (2.10) has a unique solution that may be obtained by

the iteration method if only the function G1(x,η ; µ) belongs to the corresponding space.

From estimation (2.12) it follows that G1(x,η ; µ) ∈ X (2)
3 . Then for large µ > 0 one van

affirm that G0(x,η ; µ) also belongs to the space X (1)
3 . If we assume that conditions 1)-4) are

fulfilled, then from estimation (2.13) it is seen that G1(x,η ; µ) ∈ X2, and therefore G(x,η ; µ)

for sufficiently large µ > 0 also belongs to the space X2.

Having imposed additional conditions on the function Q(x) (see [4]) we show the opera-

tor function G1(x,η ; µ) belongs to the space X
(± 1

2 )
4 and therefore G(x,η ; µ) belongs to these

spaces.

Using integral equation (2.10) we establish strong continuity of the derivatives ∂ kG
∂ηk , n =

0,1,2, ...,2n−2.

We also prove that the operator function G(x,η ; µ) satisfies the equation

(−1)n ∂ 2nG(x,η ; µ)

∂η2n +G(x,η ; µ)[Q(η)+E] = 0

and the boundary conditions

∂ l1G
∂η l1

∣∣∣∣
η=0

=
∂ l2G
∂η l2

∣∣∣∣
η=0

= ...=
∂ lnG
∂η ln

∣∣∣∣
η=0

= 0.

Note that the Green function of the Sturm-Liouville equation with normal operator coefficients

was studied in the works [2], [5], for higher order equations the Green function was studied in

[1], [3], [10].
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