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Abstract. In this paper, we deal with the existence of PC-mild solutions of nonlocal impulsive differential inclu-
sions in Banach space when the values of the orient field is convex (P). By using methods and results of semilinear

differential inclusions, and techniques of fixed point theorems, we establish sufficient conditions that guarantee the

existence of PC-mild solutions of (P). Our results develop and extend various results proved recently.
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1. Introduction

Fractional differential equations and fractional differential inclusions have been an object
of interest since two decades due to their wide applications in various fields, such as physics,
biology, mechanics and engineering, medical field, industry and technology. Also fractional

differential equations are used as an excellent tool for the description of hereditary properties of
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various materials and processes. For instance, we refer to [18], [9], [11], [15] and the references
therein.

In particular, impulsive differential equations and impulsive differential inclusions have gained
much more attention because they serve as an appropriate model to describe processes which
can not be described by classical differential equations, such as processes which at certain mo-
ments change their state rapidly. For some of these applications, one can see, [5], [1] and the
references therein. During the last ten years, impulsive differential inclusions with different
conditions have been intensely investigated by numerous researchers, we refer readers to [4],
[13], [20], [17], [3], [8], [19], [10], [12], [22], [7], [24]. Moreover, a strong motivation for
studying the nonlocal Cauchy problems comes from physical problems. For instance, using
nonlocal Cauchy problems in determining unknown parameters in some inverse heat condition
problems, see [4], [13].

In this study, we are concerned with the existence of mild solution for the following impul-
sive nonlocal Cauchy problem of fractional order a € (0, 1) driven by a semilinear differential

inclusion in a real separable Banach space E of the form

p

‘D%x(t) € Ax(t)+ F(t,x(t)), t € J=1[0,b], t £ t;,i=1,...,m,

x(67) = x(t) + L(x(8)),i = 1,...,m, (P)

where D% is the Caputo derivative of order a, A : D(A) C E — E is the infinitesimal generator
of a Cy—semigroup {T(t),t > 0} on a Banach space E, F : J x E — 2 be a multifunction,
O=tg<t)] < - <ty <tyy1 =b,foreveryi=1,2,...mIl;: E — E impulsive functions which
characterize the jump of the solutions at impulse points, g : PC(J,E) — E, is a nonlinear func-
tion related to the nonlocal condition at the origin and x(z;"),x(¢;") are the right and left limits
of x at the point ¢; respectively and PC(J, E) will be defined later.

The concept of mild solution was firstly introduced by Mophou [19], inspired by Jaradat
et.al. [17]. Since then, the main goal for many mathematicians has been to establish sufficient
conditions regarding the existence of mild solution for differential equations or inclusions prob-

lems. In [3], R. Al-Omair and A. Ibrahim studied (P) without impulsive, when ot = 1. Also Fan
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[12] considered a nonlocal Cauchy problem in the presence of impulses, and controlled by au-
tonomous semilinear differential equation. While Wang et.al. [23] introduced a new concept of
PC-mild solutions for (P) and obtained existence and uniqueness results concerning the PC-mild
solutions for (P) when F is a Lipschitz single-valued function or continuous and maps bounded
sets into bounded sets and {7'(¢)},~¢ is compact. Cardinali et.al. [7] proved the existence of
mild solutions to the problem (P) when o = 1 and the multivalued function F satisfies the lower
Scorza-Dragoni property and {A(f)},>0 is a family of linear operator, generating a strongly
continuous evolution operators. Recently, A. G. Ibrahim and N. Almoulhim [16] discussed (p)
without impulsive.

Motivated by the above works, by using properties of multifunctions, some methods and
results semilinear differential inclusions, and fixed point theorems, we develop the results shown
in [16] as well as we extend the results in [23] to the case when (P) is taken with impulsive and
nonlocal conditions.

This paper is organized as: Section 2 recalls some basic foundations related to multifunctions
and fractional calculus to be used later. In section 3, the existence of mild solution for (P) is
proved. We adopt the definition of mild solution introduced by Wang et.al. [23]. We used the
properties of multifunctions, methods and results regarding semilinear differential inclusions,

and fixed point techniques to obtain the results.
2. Preliminaries

During this section, we state some previous known results so that we can use them later
throw out this paper. Let C(J,E) be the Banach space of all E—valued continuous functions
from J into E with the uniform norm ||x|| = sup{||x(¢)|,¢ € J}, L' (J, E) the space of E—valued
Bochner integrable functions on J with the norm || f{| 1, £) = fé’ | f(2)]dt,

P,(E) = {B C E : B is nonempty and bounded },

P.;(E) = {B C E : Bis nonempty and closed },

P.(E) = {B C E : B is nonempty and compact },
P.iov(E) = {B C E : B is nonempty, closed and convex },

P(E) = {B C E : B is nonempty, convex and compact },
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conv(B), conv(B) be the convex hull and convex closed hull in E of subset B.

Considering a division of [0, 5], i.e a finite set {9, ,tm,tm+1} C [0,b] such that 0 =1y < #; <
o <ty < tyy1 = b, we put Jo = [0,11], J; =]ti,t;i01] and x(1;7) = 1im+x(s), 1<i<m.

s—1;
We also introduce the set of functions

PC(J,E) ={x:J = E:x, € C(J;,E) and x(t7) and x(t.) exist }.
It is easy to check that PC(J,E) is a Banach space endowed with the norm

X[l pc(sy = maxt||lx()]| - 1 € T}
For any subset B C PC(J,E) and for any i =0, 1,...,m, let
By ={x": Ji — E:x*(t) =x(t),t € J; and x*(t;) = x(t;}"),x € B}.

Of course By, = {x; : x € B}.
Definition 2.1. [21] A semigroup 7' (¢),0 <t < oo, of bounded linear operators on a Banach

space X is said to be

(1) uniformly continuous if lim,_,y+ ||7(¢) — || = 0, where I is the identity operator;

(2) strongly continuous if lim,_,y+ 7 (¢)x = x, for every x € X.

A strongly continuous semigroup of bounded linear operators on X will be called a semigroup of
class Cy or simply a Cy—semigroup. It is known that if 7(¢),0 < < oo is a Cy—semigroup, then
there exist constant @ > 0 and M > 1 such that ||7(7)|| < Me®", for 0 <t < 0. A Cy—semigroup
T(t),0 <t < oo is called compact if for every r > 0,7(¢) is compact. It is known that ([21],
Theorem 3.2) every compact Cp—semigroup is uniformly continuous.

Definition 2.2. [21] Let T(¢),0 < < oo, be a semigroup of bounded linear operators an a

Banach space X. The linear operator A defined by

DA)={xeX: lim

t—07*

exists}

T(t)—x
4

is called the infinitesimal generator of the semigroup 7'(¢), D(A) is the domain of A.
Definition 2.3. ([2], [14]) Let X and Y be two topological spaces. A multifunction F : X — P(Y)
is said to be

(i) upper semicontinuous (u.s.c) if F~1(V) = {x € X : F(x) C V} is an open subset of X for
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everyopenV CY;
(i) closed if its graph I'r = {(x,y) € X XY :y € F(x)} is closed subset of the topological space
X xXY;
(iii) completely continuous if F(B) is relatively compact for every bounded subset B of X.
Note that if the multifunction F is completely continuous with non empty compact values, then
F is u.s.c. if and only if F is closed.
Lemma 2.1. [14] Let X,Y be (not necessarily separable) Banach spaces, and let F : J x X —
P(Y) be such that
(i) for every x € X the multifunction F(-,x) has a strongly measurable selection;
(ii) for a.e. t € J the multifunction F(z,-) is upper semicontinuous.
Then for every strongly measurable function z : J — X there exists a strongly measurable func-
tion f: J — Y such that f(¢) € F(t,z(t)) a.e.
Remark 2.1. [14] For single-valued or compact valued multifunction acting on a separable Ba-
nach space the notions measurability and strongly measurable coincide. So, if X,Y be separable
Banach spaces, we can replace strongly measurable with measurable in the previous lemma.
Definition 2.4. A sequence {f;, : n € N} C L!(J,E) is said to be semi-compact if:

(i) It is integrably bounded i.e. there is ¢ € L! (J,R™) such that

£ < q(t) ace.t € J.

(ii) The set { f,, : n € N} is relatively compactin E a.e.t € J.

Lemma 2.2. [14] Every semi-compact sequence in L' (J, E) is weakly compact in L!(J,E).
Lemma 2.3. [23] For 7 € (0,1] and 0 < e < ¢, we have |¢* —c*| < (c —e)".

Definition 2.5. According to the Riemann-Liouville approach, the fractional integral of order

« € (0,1) of a function f € L' (J,E) is defined by

t —g oa—1
1 (1) = /0 % F(s)ds, 1 >0,

provided the right side is defined on J, where I" is the Euler gamma function defined by
()= [y t* e dr.
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Definition 2.6. The Caputo derivative of order & € (0, 1) of continuously differentiable function

f:J — E is defined by

D) = gy =) o)ds =10

I'l—o
Note that the integral appear in the two previous definitions are taken in Bochner’sense and

D¥I*f(t) = f(¢) for all r € J. For more informations about the fractional calculus we refer to

([11], [18]).
Definition 2.7. A function x € PC(J,E) is an impulsive mild solution for (p) if

Ki(1)g(x) + Jo(t =) ' Ka(t —5)f (s)ds,1 € Jo,

Ki(1)g(x) + LiZi Ki(r = ti)yi+ Jo (t =) ' Ka(r = 5) f(s)ds, € J,

x(t) =

where y; = I;(x(¢t,")),i =1,2,...,m, f is an integrable selection for F (-, x(-)),

Ki(t) = 0°° E4(0)T (t70)d6, K (1) — a/:ega(e)T(tae)de,
£u(0) = Lot (0%) > 0.05(0) = L Y (-1 1o T ED oy,
n=1 '

where 6 € (0,0) and & is a probability density function defined on (0,0), that is
J§" €a(6)d6 = 1.
Remark 2.2. Since K| (+),K(-) are associated with the number o, there are no analogue of the
semigroup property, i.e. Kj(t+s) # K (t)K|(s), K2(t +5) # K2(¢)Ka(s).
In the following we recall the properties of K (-),Ka(-).
Lemma 2.4. [25]

(i) For any fixed t > 0,K(¢),K>(t) are linear bounded operators.

5 o I'(1+7)
F 1 Y =
(i) For y € [0, 1], f," 07¢4(6)d6 T+ o)
M
(iii) If || T (r)|| < M,t > 0, then for any x € E, ||K; (¢)x|| < M||x|| and || K> (?)x]| < =—— |||

I(a)
(iv) For any fixed r > 0,K; (), K»(t) are strongly continuous.

(V) If T(z),t > 0 is compact, then K; (¢),K>(t) are compact.
Theorem 2.1. [6] Let B be a nonempty subset of a Banach space E, which is bounded, closed
and convex. Suppose G : B — 2F is u.s.c. with closed and convex value such that G(B) C B and

G(B) is compact. Then G has a fixed point.
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3. Main results

Now, after the preliminaries are laid, we encounter our main problem (P). The following
theorem proves the existence of mild solution for (P).
Theorem 3.1. Let F : J X E — P, (E) be a multifunction. Assume the following conditions:
(C)) A is the infinitesimal generator of a Cy—semigroup T'(¢) : ¢ > 0 and T'(¢),¢ > 0 is compact.
(Cy) For every x € E,t — F(t,x) is measurable, for almost ¢ € J,x — F(t,x) is upper semicon-
tinuous.

1
(C3) There exist a function @ € L7 (J,R™),0 < ¢ < «a such that for any x € E
IF(t,x)| < o(t)|x], a.e.t €J.
(Cy4) g: PC(J,E) — E is continuous, compact and there exist two positive numbers a,d such

that

lg)|| < allx[| +d, vx € PC(J, E).

(Cs) For every i = 1,2,...,m, I; is continuous, compact and there exists a positive constant /;

such that

1) < Rillx]], x € E.

Then the problem (P) has a mild solution provided that there is » > 0 such that
M(d+r(a+h+7y)<r (3.1)

where M > 0 such that sup,, || T(¢)|| <M, and

. l:mh bh%—q
= ' Y= F(a)(w—f—l)l_qH(PHL%(J,R*)?

i=1

a—1
where ® = ——.
l—g¢
Proof. From C,, Lemma 2.1 and Remark 2.1 the set

S}p(,7x(.)) ={feLY(J,E): f(r) €F(t,x(r)), a.e.}
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is nonempty, for any x € PC(J, E). Thus, we can consider the operator R : PC(J,E) — 2FC€:E)
which defined by y € R(x) if and only if

(

Ki(1)g(x) + [t — )% Ko (t — 5) f(5)ds,t € Jo,

Y1) = Ki(1)g(x) + Th=! Ky (1 — ) I (x(1;)) (3:2)

+ ot —5)* 'Ky (t — ) f(s)ds,t € Jyyi=1,...,m.
\

Where f € Sll7(~,x(~))' It can be easily to see that any fixed point for R is a mild solution for
the problem (P). So, our goal is to prove that R satisfies the conditions of Theorem 2.1 in the
preliminaries. The proof will be given in six steps.

Step 1. We show that the values of R are convex subset in PC(J,E).

Letx € PC(J,E),y1,y2 € R(x),A € (0,1) and let # € Jy. From the definition of R we have

A0+ (= A0 = Ki0g) + [ (=9 Kalt =)L)+ (1 = A)fa(s)lds

where fi, f2 € SIIT(t,x(t)) . It is easy to see that S}v(t’x(t)) is convex since F has convex values.
SoAfi+(1—-A)f» € S};(m(t)). Therefore, Ay;(t) + (1 —A)y2(t) € R(x). By the same way we
can show that Ay (¢) + (1 — A)ya2(¢) € R(x) for t € J;,i = 1,2,...,m. Which means that R(x) is
convex for each x € PC(J,E).

Step 2. We prove that R(x) is closed for every x € PC(J,E). To prove that the values of R are
closed, let x € PC(J,E) and (z,),>1 be a sequence in R(x) such that z, — z in PC(J,E). Then,
we need to prove that z € R(x). According to the definition of R there is a sequence (f,),>1, in
S}V(m(t)) such that forany r € J;,i =0,1,..,m

(

Ky (t)g(x)+ Jo(t = )% Ka(t — 5) fu(s)ds, t € Jo,

zn(t) = K1 (1)g(x) + X520 Ky (1 — 1) B (x(2)) (3.3)

+ Jo(t —5)* 1Ky (t —5) fu(s)ds,t € iy i=1,...,m.
\
From C3, forany n > 1,
1@ < o@)llx]| ae.rel.

This show that the set {f,, : n > 1} is integrably bounded. Also, because {f,(t) :n > 1} C

F(t,x(1)), fora.e.t € J, the set { f,,(¢) : n > 1} is relatively compact in E for a.e.t € J. Therefore,
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the set {f, : n > 1} is semicompact and then, by Lemma 2.2 it is weakly compact in L' (J, E).
We can assume that f, converges weakly to a function f € L' (J, E). From Mazur’s lemma, there
is a sequence (g,),n > 1 such that {g,,(¢) : n > 1} C Conv{f,(t) :n > 1};t € J and g, converges
strongly to f. Since, the values of F are convex, g, € S}( £ x()) and hence, by the compactness

of F(t,x(t)),f € S}V(t’x(t)). Moreover, for every t,s € J and for every n > 1,

(=) Kot =) fuls)|| <[t =5 [*7! (s)llx| € L'(J,RT).

I(a)

Therefore, based on the Lebesgue dominated convergence theorem, taking n — oo on both sides
of (3.3) we get forevery i =0,1,..,m

p

K1 (1)g(x) + fo(t — )% Ka(t —s) f(s)ds, € Jo,
2(1) =  Ki(1)g(x) + X520 Ko (t — 1) I (x (1))

+ fot =) Ko (t —5) f(s)ds,t € Ty i=1,...,m
\

Which means that z € R(x).
Step 3. For each positive number r > 0, let B, = {x € PC(J,E) : ||x|| < r}.

We claim that R(B,) C B,. To prove that, let x € B,,y € R(x) and let t € Jy we have
Iyl < [1Ki(2)g +/ (t =) Ka(t = 5)f(5)ds]

< [[Ki(1)g()[l+ II/O (1=5)*" Ka(t =) f(s)ds]),

by Lemma 2.4, C3, C4 and (3.1) we get

@)l < M(ar+d) +

qu/ (1 — )% (s)ds
M a-1 _
< Mlar+d)+ o H(PIIL”W)[/O (1 —5)Ehas)ia

<M(ar+d)+Mr

x—q

Io)(@+1)- ‘IH(PHM (JRY)
M(ar+d+ry)<r

Similarly, by using Lemma 2.4, C3,C4,Cs and (3.1) we have forevery t € J;,i = 1,2,...,m,

YOI <M(d+r(at+h+7)) <r
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Therefore, we conclude that R(B,) C B,.
step 4. R sends bounded sets into equicontinuous sets of PC(E,J). Put B = R(B,). We claim

that B is equicontinuous, let x € B, and y € R(B,). According to (3.2) we have

;

Ki(t)g(x)+ [o(t — )% 1Ky (t — 5) f(s)ds,t € Jo,

Y1) = § Ki(£)g(x) + L2 Ky (t — 1) L (x(2,)

+ fot =) Ky (t — 5) f(s)ds,t € Jyi=1,...,m,
\

where f € S}p(. )" To show that By, is equicontinuous it suffices to verify that By is equicon-

tinuous for every i =0, 1,...,m, where
B = {x" € C(J,E) :x"(t) = x(t),t € J; =ti ti1],x"(1;) = x(t),x € B}.

We study the following cases:

case 1. If i = 0. Let ¢, + A be two points in Jy = Jy, then

I (t+A) =y (1) = |yt + 1) —y(@)|] < [|Ki (£ +A)g(x) — K1 (1)g(x)
t+A ;
+H/o+ (“F;L—S)a_le(t+7L—s)f(s)ds—/() (t—5)* 1Ky (1 —5) f(s)ds|

< R| +Ry+R3+Ry,

where
Ri = K11+ A)g() ~ K1 (03|
1+A
Ro=| [ (42— Kalt+ A —)f(5)ds]|
Ra= | 142 =) = (1=9)" 1Kala-+ 2~ 9)f ()ds]|

Ry =||(t—s5)" "' [Ka(t + A —5) — Ka(t = 5)] f(s)ds].

We only need to check R; — 0 as A — 0 for every i = 1,2,3,4. Since K| (¢),t > 0, is uniformly

continuous on J. So, R} — 0 as A — 0 independently of x € B,.. For Ry, by the Holder inequality
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we have

t+A
lim Ry = lim H/ (t+ 4 — )% Kot + A —s) f(s)ds]|

A—0 A—0
| A y . p
< i t — -
< gy im [ A= o) s
Mr A‘((Dﬂ»l) 1
< i 4 =0

independently of x € B,.
oa—1
For R3 we have @ = T2 € (—1,0), then for s <t <t+ A, we have (t —5)® > (r+ A1 —s)%.
—q
By applying Lemma 2.3 and taking into account 1 —g € (0,1) we get

t

. ro.. - @ 1—
Jim Ry < s Hm ] (=5)7 =+ 4 =9)7)ds] ]y e
Mr
< i o+1 o+1 @+1\11—¢ _
< Fog imlg 7 77 AT = DT 0Ny ey =0,

independently of x € B,.

For R4, by using the Lebesgue dominated convergence theorem and the condition C;, we obtain

hmR4<;1L1L%||/ VKo (1 + A —5) — Kot — 5)] £ (5)ds]|

t
< lim sup [Ka(t+ 2 —5) = Kalt =9)]| [ (¢~ (5)ds.
A—=05e0,1] 0

Since K(t),t > 0, is uniformly continuous, so, we conclude that R4 — 0 as A — 0, indepen-
dently of x € B,.
Case 2. If i € {1,2,...,m}, let £, + A be two points in J;. Recalling (3.2) we have

Iy (e +24) =y @)l = Iy +4) = ()]

k=i
< [[Ki(t+2)g(x) = Ki(1)g(x)] +k; 1K1 (1 + A = 1)l (x(5 ) = K (1 = ) B (x (1) |

142 ;
[ A= Kl A=) 7 0)ds— [ =) Kale =) 7 s)as]|

Arguing as in the first case we get

li A)— =0.
Jim [[y(r +2) = (0)]
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Case3.Ifr=1,i=1,2,...mlet A >0besuchthats;+A € J;and 6 > Osuchthatt; <t;,+A <

ti+1, then we have
Iyt +A) =y (@)l = lim |ly(z+2) —y(8)]|
o,
Based on (3.2) we get

[y(ti +A) = y(8) ] < [[Ki(t +24)g(x) — Ki(8)g(x)]|

k=i
+ Y 1K (1 + A — 1) (x( ) — K1 (8 — 1) L (x() |
k=1
t; 5
+ H/o M(ti+7t —$)* 'Ky (1 + A —s)f(s)ds—/o (8 —95)* 'K (8 —5)f(s)ds]|.

Arguing as in the first case we can see that
lim [|y(7;4+4) —y(8)] =0.
A—0
St
Now we can say that, B\Ti is equicontinuous for every i =0, 1,2,...,m. Thus, B is equicontinuous
onJ.
Step 5. We prove that for any 7 € [0,b] the set A(r) = {y(r) : y € R(x),x € B,} is relatively

compact in E. Let us defined
R, :PC(J,E) — PC(J,E),R, : PC(J,E) — HPC(J.E)

such that

0,7 € [0,11]
Ri(x)(t) =

KUK (=) (x(t) ot € Ji = 1,2,..,m

and y € Ry(x) iff

(1) = {K1 (¢) +/ VKo (1 — 5) fy(s)ds,t € T — {11,12, eoos )}

where f, € S}r(, o) Clearly, R = Ry +R;. The set Ai(t) = {Ri(x)(¢) : x € B,} is relatively
compact in E because the functions I,k = 1,2,..,m are compact. Now, we have to prove that
the set Ax(t) = {y(t) : y € Ry(x),x € B, } is relatively compactin E. Let 0 < € < 1 and [ € (0,¢)

foreachr € J — {1,t2,...,tn }, we define

ne) = [ 8u0)76“0)s00d0 +a [ 1= [T 0L(0)T((1—5)%0) 1 (s)a0as.
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We can write y; ¢(¢) in the form
nelt) =T(%) [ CalO)T (%0 ~1%)5(x)d0
+T(1%) / (1=5""'(@ / 0La(O)T (1=5)0 ~1%€)d0) f;(s)ds

0
The set {y;¢(t) : ¥y € R2(x),x € B,} is relatively compact in E because 7'(¢),r > 0 and g are

compact. Also, by C3, C4 and Holder’s inequality we get

b6 =3l < 1| [ Cat®)T(%0)g(x)a0]
ol [ [T 0—9%  G(O)T((—5)%6) 5 (5)d0ds
[0 ) 5)70) (s)a0as

104 o
<Mar+d/§a a0 -+ aMrlo|| | JR+>W/8 0C0(6)d6

DT [fec (010
J]Rﬂ(&)'—i—l)lq/o COC( )

Clearly, by Lemma 2.4, the right hand side of the previous inequality tend to zero as €,/ — 0.

+aMre]

Therefore, we can say that there exists a relatively compact set which can be arbitrary close to
the set Ap(¢),t € (0,b]. Hence, this set is relatively compact in E. So, A(z),t € J is relatively
compact.

From step 4 and step 5 we conclude that B is relatively compact.

Step 6. R is closed i.e. its graph is closed. Let x, € B,,x, — xin PC(J,E) and y, € R(x,)Vn > 1
with y, — y in B. We will prove that y € R(x). By the definition of R, for any n > 1 there exists
€ S}?(,’xn(_)) such that

(

Ky (1)g(xn) + Jo(t = 5)% ' Ka(t = 5) fu(s)ds, 1 € Jo,

Yn(t) = S Ky (1)g(xn) + X0 Ky (1 — 1) I (xa(2)) (3-4)

+ J5(t —5)* 1Ky (t — 5) fuls)ds,t € Jii=1,...,m
\

We will prove that the sequence (f,,),n > 1 is semicompact. The assumption C3 implies

(O] < o)|[xa]| < re(t), ae.t €J.
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This shows that the family {f,, : n > 1} is integrably bonded. Moreover F(z,-) is u.s.c with

compact values, then for every €, we can find a natural number k(&) such that for every n > k
fn(t) € F(t,x,(t)) C F(t,x(t)) +€B(0,1), a.et €J.

Where B(0,1) = {x € E : ||x|| < 1}. Then, the set { f,, : n > 1} is relatively compact in E a.e.t €
J. Then, by Definition 2.4 {f, : n > 1} is semicompact, hence, by Lemma 2.2 it is weakly
compact in L' (J,E). So, by Mazur’s theorem we can say there is a sequence (0, ),>| such that
{04:(t) : n > 1} C conmv{f,(t) : n > 1} such that a, converges strongly to f. Since the values
of F are convex and compact, the set Sg(. ., (.)) is convex and compact. Therefore, f € Sg(. ().
By taking the limit in (3.4) with taking into account that g and /; for every i = 1,2,--- ,m are

continuous, we obtain.

.

Ki(0)g(x) + [L(t — )% Kot — 5) £ (5)ds, t € Jo,

(1) = lim y, (1) = § Ky (1)g(x) + Th=! Ki (t — i) I (x (1))

n—oo

+ [t =) Ky (t — 5) f(s)ds,t € Jyi=1,...,m.
\

Which means that y € R(x). This proves that R has closed graph on B. Therefore, R verifies the
hypotheses of Theorem 2.1, so R has a fixed point x which is a mild solution of problem (P).

This completes the proof.

CONCLUSION

This research paper dealt with the existence of PC-mild solutions of nonlocal impulsive dif-
ferential inclusions in Banach space when the values of the orient field is convex (P). We used
methods and results of semilinear differential inclusions, and techniques of fixed point theorems
in order to establish sufficient conditions that guarantee the existence of PC-mild solutions of

(P). The result in this paper developed and extended some previous results.
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