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Abstract: In this paper, we extend the definition of coupled fixed point to mappings on cone S,-metric space and
prove some coupled fixed point theorems. Our results extend the coupled fixed point results of F. Sabetghadam et al.
[Some coupled fixed point theorems in cone metric spaces, Fixed point theory and applications, Volume 2009,
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1. INTRODUCTION

The Banach contraction principle is the most celebrated fixed point theorem. This result
has been generalised in various directions. As a generalisation of metric space, Huang and Zhang
[5] introduced the concept of cone metric space by replacing the set of real numbers by a general
Banach space E which is partially ordered with respect to a cone P < E.

On the other hand, Sedghi et al. [14] generalised metric space to S-metric space and
Bakhtin generalised it to b-metric space. Nizar and Nabil [11] introduced the concept of Sp-

metric space. Dhamodharan and Krishnakumar [2] also further extended S-metric space to cone
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S-metric space. K. Anthony Singh and M.R. Singh [6] generalized the concept of cone S-metric
space to cone Sp-metric space and prove some fixed point theorems. In the meantime, Bhaskar
and Lakshmikantham [17] introduced the concept of coupled fixed point of a mapping
F: X x X — X. Lakshmikantham and Ciric [18] investigated some more coupled fixed point
theorems in partially ordered sets. Then, F. Sabetghadam et al. [3] considered the corresponding
definition of coupled fixed point for mappings on cone metric spaces and proved some coupled
fixed point theorems.

The aim of this paper is to further extend the definition of coupled fixed point to
mappings on cone Sp-metric space and prove some coupled fixed point theorems. Our results
extend the coupled fixed point results of F. Sabetghadam et al. [3] to cone Sp-metric space. We

also give an example to illustrate the validity of our result.

2. PRELIMINARIES
Following definitions, properties will be needed in the sequel.
Definition 2.1. [5] Let E be a Banach space. A subset P of E is called a cone if and only if :

1. Pisclosed, nonempty and P = {0},

2. ax+byeP forall x,y eP and nonnegative real numbers a,b,

3. Pn(-P)={0}.

Given a cone P — E, we define a partial ordering < in E with respect to P by x<y if and
only if y—xeP.We will write x<y to indicate that X<y but x=y, while x<y will stand
for y—xeintP,where int P denotes the interior of P. The cone P is called normal if there is a
number K >0 such that 0<x<y implies |x|<K]|ly| for all x,yeE . The least positive

number satisfying the above is called the normal constant of P.
The cone P is called regular if every increasing sequence which is bounded from above is

convergent. That is, if {x } is a sequence such that x, <x, <..<x <..<y for some yeE,
then there is x  E such that |x, —x| —0 as n—oo. Equivalently, the cone P is regular if and

only if every decreasing sequence which is bounded from below is convergent. It is well known
that a regular cone is a normal cone.

Definition 2.2. [5] Let X be a non-empty set. Suppose the mapping d: X x X — E satisfies
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1. d(x,y)=0 ,and d(x,y)=0 ifand only if x=y,V¥X,ye X,
2. d(x,y)=d(y,x),¥x,ye X,
3. d(x,y)<d(x,z)+d(z,y),Vx,y,ze X.

Then (X,d) is called a cone metric space or simply CMS.

Example 2.3. [5] Let E=R?*P={(x,y):x,y=0},X=R and d:XxX —>E such that
d(x, y):(|x—y|,a|x—y|) , where o >0 is a constant. Then (X,d) is a cone metric space.

Definition 2.4. [13] Let X # ¢ be any set and S: X x X x X —[0,0) be a function satisfying
the following conditions for all u,v,z,ae X :
1. S(u,v,z)=>0,
2. S(u,v,z)=0ifandonlyifu=v=z,
3. S(u,v,z)<S(u,u,a)+S(v,v,a)+S(z,z,a) .
Then the function S is called an S-metric on X and the pair (X,S) is called an S-metric space
simply SMS.
Example 2.5. [12] Let X be a non-empty set and d be ordinary metric on X. Then
S(x,y,2)=d(x,z)+d(y,z) isan S-metric on X.
Definition 2.6. [11] Let X be a nonempty set and b>1 be a given real number. A function
S, : X x X xX —[0,0) is said to be Sp-metric on X if and only if for all x,y,z,ae X the
following conditions are satisfied:
(Svl) S,(x,y,z)=0 ifandonlyif x=y=2,
(Sb2) S,(x,y,2) <b[S,(x,x,a)+S,(y,y,a)+S,(z,2,a)].
The pair (X,S,) is called an Sp-metric space.
It is quite obvious that Sp-metric spaces are the generalizations of S-metric spaces since every S-
metric is an Sp-metric with b=1.

Example 2.7. [15] Let (X,S) be an S-metric space, and S.(x,y,z)=1{S(x,y,z)}", where p

>1 is a real number. Then, S, is an Sp-metric on X with b = 24P,
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Example 2.8. [6] Let X =R and let the function S:XxXxX —R be defined as

S(x,y,z)=|x—z|+|y—2| . Then S is an S-metric on X. Therefore, the function

So (% Y,2)={S(x.Y, z)}2 ={|x—z]+|y- z|}2 is an Sp-metric on X with b=2%*" =4,
Definition 2.9. [2] Suppose that E is a real Banach space, P is a cone in E with intP = ¢ and <
is partial ordering with respect to P. Let X be a non-empty set, and let the function
S: X x X x X — E satisfy the following conditions:

1. S(u,v,z)>0,

2. S(u,v,z)=0ifandonlyifu=v=z,

3. S(u,v,z)<S(u,u,a)+S(v,v,a)+S(z,z,a), vu,v,z,aesX .
Then the function S is called a cone S-metric on X and the pair (X,S) is called a cone S-metric
space or simply CSMS.
Example 2.10. [2] Let E=R? P={(x,y):Xx,y >0}, X =R and d be the ordinary metric on X.
Then, the function S: X x X x X — E defined by

S(x,y,z) =(d(x,z)+d(y, z),a(d(x,z) +d(y,2))), «>0

IS a cone S-metric on X.
Lemma 2.11. [2] Let (X,S) be a cone S-metric space. Then we have S(u,u,Vv)=S(v,v,u).
Definition 2.12. [6] Suppose that E is a real Banach space, P is a cone in E with intP # ¢ and <

is partial ordering in E with respect to P. Let X be a non-empty set, and let the function
S: X x X xX — E satisfy the following conditions:
1. S(u,v,z)>0,

2. S(u,v,z)=0ifandonlyif u=v=z,

w

S(u,v,z) <b[S(u,u,a)+S(v,v,a)+S(z,z,a)], Vu,v,z,ae X, where b>1 is a constant.
Then, the function S is called a cone S,-metric on X and the pair (X, S) is called a cone Sp-
metric space or simply CSpMS.

We note that cone Sp-metric spaces are generalizations of cone S-metric spaces since every cone

S-metric is a cone Sp-metric with b=1.
Example 2.13. [6] Let E=R?, the Euclidean plane, and P:{(x, y)e E:x,yzo} , a normal

coneinE. Let X =R and S: X x X x X — E be such that
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S(xY,2)=(aS.(xy,2),85.(xY,2)) ,

where «, >0 are constants and S, is an S,-metric on X. Then S is a cone Sp-metric on X. In

particular, we have, the function S, (X, y,z)={|x—z|+|y—z|}2, X,y,z € X is an Sp-metric on X

with b=4. Therefore, the function
1
S(x, y,z):({|x—z|+|y—z|}2 ,Z{|x—z|+|y—z|}2} X,y,ze X

IS a cone Sp-metric on X with b=4.
Definition 2.14. [6] Let (X, S) be a cone Sy,-metric space.

1. Asequence {u,} in X is said to converge to u if for each c € E, 0 <c there exists n, € N

such that for all n>ny, S(u,,u,,u) <c. We denote this by limu,=u or u, >u as

n—o

n—oo.

2. A sequence {u,} in X is called a Cauchy sequence if for each c e E, 0<c there exists
n, € N such that for all n,m>n,, S(u,,u,,u,) <c.

3. The cone Sp-metric space (X, S) is called complete if every Cauchy sequence is
convergent.

Lemma 2.15. [6] Let (X, S) be a cone Sp-metric space, P be a normal cone with normal constant
K. Then a sequence {u,} in X converges to u if and only if S(u,,u,,u)—>0 as n— oo

Lemma 2.16. [6] Let (X, S) be a cone Sp-metric space, P be a normal cone with normal constant

K. Let {u,} be a sequence in X. If {u,} converges to w, and {u,} converges to w,, then
w, =W, . That is the limit of a convergent sequence is unique.

Lemma 2.17. [6] Let (X, S) be a cone Sp-metric space, P be a normal cone with normal constant
K. Then a sequence {u,} in X is a Cauchy sequence if and only if S(u,,u,u,)—0 as
n,m-—>oco.

Lemma 2.18. [6] Let (X, S) be a cone Sp-metric space, P be a normal cone with normal constant
K. Let {u,} beasequence in X. If {u,} convergesto w, then {u,} is a Cauchy sequence. That is
every convergent sequence is Cauchy.

Lemma 2.19. Let (X,S) be a cone Sp-metric space. Then we have
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(1) S(u,u,v) <bS(v,v,u),
(2) S(u,u,Vv) < 2bS(u,u,a)+bS(v,v,a) < 2bS(u,u,a) +b’S(a,a,v).

3. MAIN RESULTS
We now state and prove our main results.

First we give the corresponding definition of coupled fixed point in cone Sp-metric space.

Definition 3.1. Let (X,S) be a cone Sp,-metric space. An element (x, y)e X x X is said to be a
coupled fixed point of F: X xX — X if F(x,y)=x and F(y,x)=y.

Theorem 3.2. Let (X, S) be a complete cone Sp-metric space and P be a normal cone with

normal constant K. Suppose the mapping F: X x X — X satisfies the following contractive

condition :

S(F(xY),F(xy), F(uv))<kS(x, x, u)+I1S(y, y, v), (3.1)
for all x,y,u,ve X, where k,| are nonnegative constants with k +1 e [Obiz] Then, F has a

unique coupled fixed point.

Proof : Let us choose X,, Y, € X and set

% =F (% ¥0): Y1 =F (Yo%) % =F (% %), Yo = F (Y% ) - -+ X = F (X0, Yo ) Yo = F (Y X,).
Then using (3.1), we obtain

S(Xn’ Xn’ Xn+l):S(F(Xn—1'yn—l)’ F(Xn—l’yn—l)’ F(Xn’yn))

<kS( n-1? nl’ n)+|s(yn l'yn 17yn) (32)

Also, we have
S(Ynr Yo Vo) =S(F (Your %00 F (Yot %) F (V%))
<ks(yn 11yn 1’yn)+ls( n-1? nl’Xn) (33)

If we let S, =S (X, X, X,1)+S (Vo Yo Yot ) then we have

n nr Mt
S _S(Xn’xn’xn+l)+s(yn'yn’y”+l)

<(K+1)(S (X1 %01 )+S (Vs Yoz Yo )

=(k+1)S, . (3.4)
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Thus if we take o =k +1 <1, then for each n e N, we have

0<S,<aS,,<a’S, ,<...<a"S,. (3.5)

n-1—
If S,=0, then (xo, yo) is a coupled fixed point of F. Let us therefore suppose that S, > 0.
Then for m>n, we have

S (%, x)sb[ZS(x Xys X1 )+ S (X Xy X ) |

n?'“n 1 'm n? n? “n+l m? *'m? Tn+l

< 2bS (X, Xy, Xy ) +02S (X0 X X )

n+1? “*n+1? 'm

< 2bS (X, Xy, Xy )+ 20°S (X

n? n? “n+l

< 2bS (X, Xy, Xy )+ 20°S (X

n? n+l
o DX (%,

st{S(x Xos Xou1 ) +D7S (X0, X

n? n? Mn+l

X1 Xz ) F0°S (Xyi00 Xoins X )

n+2?! n+2! *m

X1 Xz )+ 2D°S (X150 X2 Xosa)

n+2? *n+2? *n+3

n+1?

n+1?

Xp1s X )

m-1? *'m

n+1? Xn+2 ) + b4S (Xn+2 ' Xn+2’ Xn+3)

e DX (XX X )}
Similarly, we have
S (Vs Yo Y ) S 2D4S (Vs Vi Yot ) +0°S (Vots Yoows Voo ) +0°S (Vs Yirs Yoo

+...... + bZ(m—n—l)S (ym_la ym_]_! ym )}
Therefore, we have

S(xn,xn,xm)+S(yn,yn,ym)SZb{Sn +b%S,

< 2ba
1-b*a

2ba"K |

1-b’x

S,

=[S (X X0 X )+ S (Yo Yo Yoo )| S| 0 as n,m —c.

n?’“*n? 'm

= S(X,: Xy Xy ) =0 and S(Y,,¥,,Y,)—0 as n,m—oo.
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Therefore, {xn} and {yn} are Cauchy sequences in X. Using the completeness hypothesis, there
exist x*,y* e X such that limx, =x"and limy, =y". We show that (x*, y*) is a coupled fixed

point of F.
Using condition 3(2.12.) and (3.1), we have

S(F(x,y"), F(xy),x ) <208 (F (XY ), F (X, ¥"), Xt ) +bS (XX, %,
=208 (F (X', y"), F (XY ), F (%, ¥0))+bS (XX, %)
<2bkS (X', X", %, )+2bIS(y",y", ¥, ) +bS (X', X", X, ;)
Js{e(c. ) (e o K [l
>0 as N>

:“S(F(x*,y*), F(X*,y*),x*)Hzo

+20l[s(y"y",y,)

+bHS (x*, X, xm)

]

:>S(F(x*, y').F(x, y*),x*)=o
=F(x,y)=x"
Similarly, we have F(y*,x")=y". Thus (x",y") is a coupled fixed point of F.
Now if (X', y’) is another coupled fixed point of F, then we have
S(x, XX ) =S(F (x,y'),F (x,y),F (x',y")) <kS (x,x,x")+IS (y'y'y")
and  S(y,y,y")=S(F(y,X),F(y,x),F(y.,x))<ks(y.y,y")+1S (x,x,x").
Therefore we have
S(x.x,x")+S(y.Y, y*)s(k+|)(s(x',x', x)+S(y.Y, y*)). (3.6)
Since k+1<1, (3.6) implies that S(x',x',x")+S(y',y’,y")=0. This means that S(x',x,x")=0
and S(y',y',y")=0. Hence we have (x',y")=(x",y"). Therefore, the coupled fixed point of F

IS unique.
Theorem 3.3. Let (X, S) be a complete cone Sp-metric space and P be a normal cone with
normal constant K. Suppose the mapping F: X x X — X satisfies the following contractive

condition :
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S(F(xY),F(xy), F(uVv))<kS(F(xy),F(xY), x)+IS(F(uv), F(uv),u), (3.7)
for all Xx,y,u,ve X, where k,I are nonnegative constants with k +1 e {0, Zibsj Then, F has a

unique coupled fixed point.
Proof : Let us choose x,,Yy, € X and set

% =F (% ¥0): Yi =F (Yo% ) % =F (% %), Yo = F (Y% )1 - -+ X = F (X0, Yo ) Yo = F (Y X,).
Using the condition (3.7) and 3(2.12.) , we get

S(anxn’xn+l):S(F(Xn—l7yn—l)’F(Xn—l’yn—l)’F(Xn’yn))
<KS(F (Xya0 Yas )y F (Xoa Yoa ) Xaa ) FIS (F (X0 Y ) F (%00 ¥ ) %)
<SKS (X0 X0 Xog ) 1S (Xogs Xpg0 X))

n!“n1 Tn-1 n+l? *n

<kbS (X, X110 X, ) +1DS (X, X, X0

n?n? n+l

kb

= S (X1 Xys Xpu1 ) sms (Xo1s Xy 00 Xy

= S (X X Xou1 ) < BS (X1, X1, X, ) Where ﬁ=%<1. (3.8)

Similarly, we have
S (Yo Yo Yoer) < BS (Yoas Yoas Yo )- (3.9)

Therefore for m >n, we get

2b3" 2ba3"
S(xn,xn,xm)sﬁs(xo,xo,xi) and S(yn,yn,ym)gﬁs(yo,yo,yl).

= S(X,, X, X, ) =0 and S(Y,, Y, Y,)—>0 as n,m—>oo.

kb®
2 J—
Here we note that © £ = —1b <l

Therefore {x,} and {yn} are Cauchy sequences in X. Using the completeness hypothesis, there

exist X', y* € X such that limx, =x"and limy, = y". We show that (X, y") is a coupled fixed

point of F.
Using condition 3(2.12.) and (3.7), we have

S(F(x*,y*), F(x*,y*),x*)stS(F(x*,y*), F(x*,y*),xn+l)+b8(x*,x*,xn+1)
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:2bs(F(x*,y*),F(x*,y*), F(Xn,yn))+b5(x*,x*,xn+1)

stkS(F(x*,y*), F(x*,y*),x*)+2bIS(F(xn,yn), F (X Ya) X, ) +DS (X', X", X, )

:>S(F(x*,y*),F(x*,y*),x*)S—l_zglbkS(F(xn,yn),F(xn,yn),xn)Jrl_t;bk (X" X" %)
oY e ey ey 20l b? *
:>S(F(x Yy ),F(x Yy ),x )Sms(xn+l,xn+l,xn)+1_2bkS(XM,XM,X )

SE |

:>HS(F(X*,y*),F(x*,y*),x)H_ LZZLKH Xaear X1 X )

—>0asn—ow
:>HS(F(X*,y*),F(x*,y*),x*)Hzo
:S(F(x*,y*),F(x*,y*),x*):O
= F(x",y")=x
Similarly, we can get F(y’,x")=y". Thus (x",y") is a coupled fixed point of F.
Now if (x',y") is another coupled fixed point of F, then we have
S(x’,x’,x*)=S(F(x’, y'),F(x',y'),F(x*,y*))
<kS(F(X,y),F(x,y),x)+IS(F(x',y"),F(x,y").x")=0.
Therefore, S(x',x',x")=0 and so x'=x". Similarly, we can get y'=y'. Hence we have

(x,y’)=(x",y") which shows that the coupled fixed point of F is unique.

Theorem 3.4. Let (X, S) be a complete cone Sp-metric space and P be a normal cone with
normal constant K. Suppose the mapping F: X x X — X satisfies the following contractive

condition :

S(F(xY),F(xy), F(uVv))<kS(F(xy),F(xYy),u)+IS(F(uv), F(uv),x), (3.10)
for all x,y,u,ve X, where k,I are nonnegative constants with k +1 e {0, 4ib3j Then, F has a

unique coupled fixed point.
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Proof : Let us choose X,,Y, € X and set

% =F (% ¥): Y1 =F (Yo%) % =F (% %), Yo = F (Y0 %) -+ X = F (X0 Yo )s Yo =F (Y X,).
Using the condition (3.10) and 3(2.12.) , we get

S (Xys X Xy ) = S(F (Xots ¥ ) F (Xoas Yoa )s F (X, yn))
<KS(F (Xozs Yot ) F (X Yo )% ) HIS (F (%00 Vi o F (Ko Vi )Xo )

<KS (X0 %00 X ) 1S (X0 X %ot

n?’“n?°n

<IS (Xn+1’ Xos1s Xn—l)

n+1? “*n n-1'"*n

<1(20S (X1 %10 %, ) +DS (X, 1 X1 %, )

sI(ZbZS(x Xos Xpq ) +DS (X, X x))

n? *n? n+l n-1'"*n

= S (X X1 Xy ) < lb

nt nt Mptl —ms(xn—lfxn—l’xn)

Ib

= S (X4 X1 X ) SIS (X, 4, X, 4, X, ) , Where 5=—1—2Ib2<

n'*n? Tn+l

1. (3.11)

Similarly, we can get
S(yn'yn’yn+1)S58(yn—1'yn—1’yn)' (312)

Therefore for m > n, we get

n n

S (X, Xy X ) < 2 S(Xg, Xy, %, ) and S(yn,yn,ym)gm

nt st Nm —m S(yO'y01y1)'

= S(X,,X,,X,) >0 and S(Y,.,Y,,¥,)—>0 as n,m—oo.

n!n?*'m

[0

=——7<1
1-2Ib?

2
Here we note that g

Therefore {xn} and {yn} are Cauchy sequences in X. Using the completeness hypothesis, there

exist x*,y* e X such that limx, =x"and limy, =y". We show that (x*, y*) is a coupled fixed

point of F.
Using condition 3 (2.12.) and (3.10), we have

S(F(x*,y*), F(x*,y*),x*)stS(F(x*,y*), F(x*,y*),xn+l)+b8(x*,x*,xn+l)
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=208 (F (X', y"), F (XY ), F (%, ¥0))+bS (XX, %)
<20kS(F (%', ), F (X, Y"). %, )+ 2018 (F (X, ¥, ), F (X0, ¥ )X )40 (XX, %,.0)
<20kS (F (X', ), F (X ¥7)s %, )+ 2018 (Xpogy Xy X ) 408 (X, X0, X°)
<4p’kS (F (X', y"),F (XY ), X )+ 207K (%, %, X' ) (201 +b7)S (Xyu0, %0, X")

2 2
:>S(F(X*,y*), F(X*,y*)1X*)S%S(Xn1Xn X*)+%S(Xn+l’xn+l’x*)

2 2
= [5(F e ) E ey ) | 2 m ) 22 s (0,00 )|

>0 as N—>o0
:HS(F(X*,y*),F(x*,y*),x*)H:O
:S(F(x*,y*),F(x*,y*),x*):o
=F(x,y")=x".
Similarly, we can get F(y",x")=y". Thus (x",y") is a coupled fixed point of F.
Now if (x',y") is another coupled fixed point of F, then we have
(X, x,x ) =S(F(x,y), F(x,y),F(x',y"))
<KS(F(X,y'),F(X,y).x)+IS(F(x',y"), F(x,y"),x)
=kS (X', X, x")+1S(x",x",X)
<(k+Ib)S(x',x,x"). (3.13)
Since k+Ib<1, (3.13) implies S(x,x',x")=0 and so X' =x". Similarly, we can get y'=y".
Hence we have (X, y’)=(x",y"), which shows that the coupled fixed point of F is unique.

When k =1 in Theorems 3.2., 3.3. and 3.4., we get the following corollaries.
Corollary 3.5. Let (X, S) be a complete cone Sp-metric space and P be a normal cone with
normal constant K. Suppose the mapping F: X x X — X satisfies the following contractive

condition :
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S(F(xY),F(xy), F(uv))<k(S(x x, u)+S(y, ¥, v)), (3.14)
forall x,y,u,ve X, where k e {Ozisz is a constant. Then, F has a unique coupled fixed point.

Corollary 3.6. Let (X, S) be a complete cone Sp-metric space and P be a normal cone with

normal constant K. Suppose the mapping F: X x X — X satisfies the following contractive

condition :

S(F(xy).F(xy), F(u,v))gk(S(F(x, y),F(xy), x)+S(F(uv), F(uv), u)) (3.15)
for all x,y,u,ve X, where k e |:04ib3j is a constant. Then, F has a unique coupled fixed point.

Corollary 3.7. Let (X, S) be a complete cone Sp-metric space and P be a normal cone with

normal constant K. Suppose the mapping F: X x X — X satisfies the following contractive

condition :

S(F(x, y),F(xY), F(u,v))gk(S(F(x, y),F(xY), u)+S(F(u,v), F(u,v), x)) (3.16)
for all x,y,u,ve X, where k e [O%) is a constant. Then, F has a unique coupled fixed point.

Here we give an example to illustrate Corollary 3.5.
Example 3.8. Let E = R?, the Euclidean plane, and P = {(x y) eE:x,y> 0} , a normal cone in
E.Let X =R and S: X xX x X — E be such that
S(x,y,z)=(|x—z|+]y—z].|x=2|+]y—17|). x,y.ze X. Then Sis a cone Sp-metric on X with

b=1 and (X, S) is a complete cone S,-metric space. Let us consider the mapping

F:XxX — X defined by F(x,y):igy.

Then we have S(F(x,y),F(x, y),F(u,v))=S[X+y,X+y,u+vj

3 3 3
B x+y_u+v+x+y_u+v| x+y_u+v+x+y_u+v|
| 3 3| 3 30| 3 3| 3 3 |

2
:§(|x+ y—u-v|,|x+y-u-v|)
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2

<5 (et peul) +(ty =l ly =)

And S(x,x,u)+S(y,y,V)=(|x=u|+[x—ul,|x=ul+x—ul)+(|y =V|+|y =v|.]y =] +|y -V])
=2((|x=ul.]x=ul)+(Jy=vl.[y=v]))
Therefore we have S(F(X,y),F(x,Y),F(u,v))<k(S(x,xu)+S(y,y,v)), for k:%e{o,%j.

Thus the condition of Corollary 3.5. is satisfied and F has a unique coupled fixed point (0,0).
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