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Abstract. In this paper, we discuss the existence and uniqueness of fixed point and common fixed point theorems
in metric spaces by introducing a generalized weakly contractive mapping, which generalize and unify some well

known results in the literature.
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1. INTRODUCTION

The Banach contraction principle [1] plays a vital role in the fixed point theory. Alber et
al. [2] introduced the concept of weak contraction mappings in Hilbert spaces. The weak
contraction principle was further extended by Rhoads [3] in metric spaces. Then many authors
developed the generalization and extension of the weak contraction principle. Some remarkable
results in fixed point theorems were proved by Khan et al. [4] by using the way of altering
distance functions. Choudhury et al. [S], Seonghoon Cho [6] have also obtained the fixed point

*Corresponding author
E-mail address: carmelsjc@gmail.com

Received January 30, 2020
572



GENERALIZED WEAKLY CONTRACTIVE CONDITIONS IN METRIC SPACES 573

theorems in metric spaces by generalizing the weak contraction principle. In this paper, we
extend and develope the study of fixed point theorems in metric spaces by using the generalized

weakly contractive mapping.

2. PRELIMINARIES

Definition 2.1. [10] Let W be a non-empty set. A function d,, : W x W — R* (R"means non-

negative reals) called a metric on W if for all [, m, n € W the following conditions are satisfied:
(MS1) d,, (I,m) = 0if and only if [ = m;
(MS2) dy, (I,m) =dp (m,l);

(MS3) dy, (I,m) <d,, (I,n)+dy (n,m).

Then the pair (W,d,,) is called a metric space.

Definition 2.2. [11] Let (W,d,,) be a metric space and {/, } be a sequence in W and [ € W

(i) If for every ¢ € R, with 0 < ¢, there is N € N such that for all n > N, d,, (I,,1) < ¢, then
{1} is said to be convergent, {/,} converges to /, and [ is the limit point of {I,}. It is
denoted by nh_rgoln =lorl,—lasn— oo,

(ii) If for every ¢ € R, with 0 < ¢, there is N € N such that for all n > N, d,, (I, Z,H_p) <ec,
where p € N then {/, }is said to be a Cauchy sequence.
(iii) If every Cauchy sequence in W is convergent, then (W,d,,) is said to be a complete

metric space.

Definition 2.3. [6] Let (W,d,,) be a metric space.

(i) A function V : W — [0,00) is called a semicontinuous function if for all / € W and
{l,} C W with nll_r>rololn =1,wehaveV(l) < r}i_r}zloinfv (In).

(ii) The set of all continuous functions @ : [0,0) — [0,0) which satisfy @ (h) =0< h=0
is denoted by Q and the set of all semicontinuous functions ¥ : [0,00) — [0,0) which

satisfy y(h) =0 < h =0 1is denoted by I.
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Lemma 2.4. [7] If a sequence {l,} in W is not a Cauchy, then there exists ¢ > 0 and two

subsequences {1, } and {1, } of {1,} such that my is the smallest index for which my > ny >k,

(21) dm (lmkylnk) Z c
and
(2.2) din (Ing—1:1In ) <

Moreover, suppose that li_r>n dm (Lyy1y+1) = 0. Then, we have
n—oo
(i) hmd b lny) =
(”) llm m lmk—la }’lk— ) (e

(
(

(iii) hmdm (lmk, e 1)
(

(iv) hmd Lg—1, nk) =c.

Theorem 2.5. [6] Let (W,d,,) be a metric space. If U : W — W satisfies the following condition:
(2.3)
1
o (d (Uu,Uv)) < @ (max {dm (u,v) ,dp (u,Uu) dpy (v,UV), 3 [dm (u,Uv) +dy, (v,Uu)] })

—y(max{dy (u,v) ,dn (v,UV)})

forallu,y € W, where 7y : [0,00) — [0,00) is a continuous function, and @ : [0,00) — [0,0) is an
altering distance function, that is, @ is a nondecreasing and continuous function, and @ (h) =0

if and only if h = 0. Then U has a unique fixed point.

3. MAIN RESULTS

Definition 3.1. Let (W,d,,) be a metric space, let U : W — W, and let V : W — [0,) be a
lower semicontinuous function. Then U is called a weakly generalized contractive mapping if

it satisfies the following: for each u,v €¢ W

3.1 © (dy (Uu,Uv)+V (Uu)+V (Uv)) < 0 (s(u,v,dp,U,V)) —v(t (u,v,dp,U,V))
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where w € Q, y €I and
(3.2)

s (u,v,dy,U,V) = max

¢

A (u,v)+V () +V (v),dp (u,Uu) +V (u) +V (Uu),

dm (u,v)+V (u)+V (v
"1+dy (u,v)+V (u)+V

dm (v, UV)+V (v)+V (Uv) 2

v)’
\ % (o (0, U) +V (1) +V (UV) + o ( Utt) +V (v) +V (Uu)
(o () +V (W) +V (), )
(3.3) t (u,v,dyp,U,V) =max { dm(»UV)+V (v) +V (Uv),

A (u,v) +V (1) +V (v)
(1 +dpy (u,v) +V (1) +V (v)

7

575

Theorem 3.2. Let (W,d,,) be a complete metric space. Let U :W — W, and let V : W — [0, 0)

be a lower semicontinuous function. If U is a weakly generalized contractive mapping, then U

has a unique fixed point z in W with V (z) =0.

Proof. For any arbitrary point [y € W, define a sequence {/,} in W such that /,,;; = Ul,, for all

n=20,1,2,... Suppose for some n, [, = 1,1 = Ul,. Hence [, is a fixed point of U, the proof is

finished.

Assume that [,, # [, foralln=0,1,2,... Letu=1, 1 and v=1,.

from (3.2)

S(ln—l7ln7dva7

dm (lnflyln) +V (lnfl) +V (ln)
dm (ln—llen—l> +V (ln—l) +V (Uln—l)a

dm (I, UL) +V (I,) +V (Ul,),

V) — max dm (ln—lyln)+v(ln—1)+v(ln)
1 +dm (lnflaln) +V (ln71> +V (ln) ’

1
5 |don (bt UL +V () +V (UL)

Fdy (I, Uly—1) +V (1) +V (Ul_1)

\ Ve



576 J. CARMEL PUSHPA RAJ, V. VAIRAPERUMAL, J. MARIA JOSEPH, E. RAMGANESH

Now,
3 [t U) 4V o) 4V (U)o Uly) 4V (1) +V (W)
[ ) 4V ) 4V ) (1) 4V )V 1)
< 5 | )V ) £V 0+ i) 4V )V (1)
< 0 {1 10) 4V () V1), o) 4V )V 1)
we get,
3.4)

S(lnfbln,dm’Uav) = max {dm (lnflyln) +V(ln71) +V(ln)7 dm (l}’lvln+1) +V(ln)+v(ln+1) }

Also,

(3.5

dm (lnflaln) +V (lnfl) +V (ln)a

t (ly—1,lp,d,U,V) = max { dm (b, Uln) +V () +V (Uly),

dm (lnflaln) +V (lnfl) +V (ln)
L 1 +dm (lnfhln) +V (lnfl) +V (ln)

t(lnflaln:dma U7V) = max {dm (lnflyln) +V (lnfl) +V (ln) ’ dm (l}’h ln+1) +V (ln) +V (ln+1) }
by using (3.1), we obtain

O (d (Ip, Lns 1) +V (1) +V (lys1)) = @ (dyg (Uly—1,UL) +V (Uly—1) +V (UL,))

(3.6) @ (dn (lns L)) 4V (L) £V (Ins1)) < O (5 (1l dons U, V)) = ¥ (¢ (b1, s o, U, V).
if
max {dm (lnflyln) +V (lnfl) +V (ln) ydm (lna ln+1) +V (ln> +V (ln+1) }

=dy (lmln—i-l) +V (ln) +V (ln+1)
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for some n € N then from (3.6), we get
O (dm (I Ing1) +V (1) +V (Ing1)) < @ (din (I o) +V () +V (Int1))

= YV (dm (lns L4 1) +V (l) +V (lng1))
which gives
Ydn(lslus1) +V (1) +V (1)) =0
and so
dm(ln;ln1) +V () +V (lh1) =0
which implies
In=1+1,V () =V (l41) =0
which is contradiction.

Therefore

i {dm (ot a) 4V (o) V() s () -V (1) (i) }
(3.7)

= (In—1,1n) +V (li1) +V ()
forallm=1,2,3...
and so,
S (In—1,ln, dm, U, V) = d (In—1,1) +V (ln—1) +V ()
and
t(L—1, 00y d, U V) = dy (Li—1, 1) +V (Li—1) +V (1)
forallm=1,2,3,...,.
then by using (3.6) we have
O (din (Ins b 1) +V (1) +V (lng1)) = @ (din (Uly 1, Uly) +V (Ulp1) +V (Uly))
< oO(s(ly—1,ln,dn, U, V) =y (s (ly—1,ln,dpn,U,V))
(3.8)
=0 (dp (Li—1,0) +V (Li—1) +V (1))

—Y(dn (b1, 10) +V (ln=1) +V (In)) -

with the help of (3.7), the sequence {d,, (L, 1,+1) +V (1I,) +V (I,+1)} is a decreasing.
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Thus {dy, (In,ln+1) +V (I,) +V (I,4+1) } converges to a non negative real [ as n — oo.
Suppose [ > 0,

When n — 0 in (3.8), by the continuity of @ and the lower semicontinuity of y it follows that

o) <o(l)-limy(dy(li—1,L)+V (l,—1)+V (Iy))

n—soo

<ao(l) -y,

since [ > 0, y(I) > 0.
Hence o(/) < o(l) —y(I) < @(l), a contradiction.
Then dy, (Iy, Ly1) +V (1) +V (lny1) — 0 as n — oo,

which implies

(3.9) im d(lp, b)) = 0 and 1lim V(1) =0
n—yoo

n—oo

We show that {/,} is a Cauchy sequence.
Suppose{/, } is not a Cauchy, then there exists a { > 0 and subsequences {/,, } and {l,, } of {l,,}
such that (2.1) and (2.2) hold.

From (3.2), we can get

( 3\

dm (lnk7 lmk) + 14 (lnk) + 14 (lmk)
A (L, Ul ) +V (Ly,) +V (Uly,)

dm (lmk7 Ulmk) +V (lmk) +V (Ulmk) )

S(lnk7lmkadm7U7V) = max dm (lnk’lmk) +V (l”k) +V (lmk)
Ut do (s ) +V () +V ()
1

> A (L, Ul ) +V (In,) +V (Ul )

+dp (bn, ULy ) +V (L) +V (Uly,)

\ Vs
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dm (lnw lmk) +V (l"k) +V (lmk)
dm (li’lk7lnk+1) +V (lnk) +V (lnk+1)

dm (lmka lmk+1) +V (lmk) +V (lmk+l) )
(3.10) § (Lygs by A, U, V) = max i (bn, b)) +V (In) +V (In,)
Utdin (b b ) +V () +V ()

1
2

dm (lnkalkarl) +V (lnk) +V (lkarl)

+dm (lmk7lnk+l) + V (lmk> +V (lnk+1)

\ Vs
Taking as k — oo and applying the Lemma 2.4 and (3.9), we obtain

(3.11) 6m s (g, g d, U, V) = .

k—>o0

And, from (3.3)

( \
dm (lnk7lmk) +V (lnk) +V (lmk) 5
t(li’lk7lmk7dm7 U,V) = max dm (lmk7 Ulmk) +V (lmk) + \% (Ulmk) s

dm (lnk’lmk) + 14 (l”k) +V (lmk)
(LA dn (g b)) +V () +V (Iy) )

/ 3\
din (s L) +V (L) +V (L)
(3.12) (e s U, V) = max 4 @ (g s 1) +V () 4V (Ii1)

dm (lnk’ lmk) + 14 (lnk) + 14 (lmk)
L+ do (Lo ) +V (L) +V (L)

/

Hence

(313) hm ! (lnkalmk7drn>U7V) = C

k—ro0

From (3.1), we are having

w(dm (lnk+lylmk+l) +V (lnk+1) +V (lmk+1) S [0 (S (lnk7lmkadm7U7V)) - '}’(l (ll’lkalmk7dl’I17U7V)) .

Taking as k — oo and applying the Lemma 2.4 , the continuity of @ and the lower semicontinuity

of 7, (3.9), (3.11) and (3.13), we obtain
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o (8) <w(f)—7y(&), which gives a contradiction, since y({) > 0.
Hence {l,} is a Cauchy sequence.
Since W is a complete metric space. We obtain lim/,, = z where zin W.

n—oo

Since, V is semicontinuous,

V(z) < liminfV (1,) < limV (I,) =0

n—soo n—reo
which implies
(3.14) Vi(z)=0.
Now,
(i (1,2) +V (L) +V (2),
dn (L, UL)+V (1) +V (UL,),

dw (z,Uz)+V (2) +V (Uz),

s (In,z,dm,U,V) = max dm (I, 2) +V (L) +V (2)
1+dy (L,2) +V (L) +V (z)’

% Ao (b UZ)+V (1) +V (U2)

+dp (z,Ul,)+V (2) +V (UL,)

\ ),
dn (In,2) +V (In) +V (2),
dm (lmln—i-l) +V (ln) +V (ln-i-l)a

dm (z,Uz) +V (2) +V (Uz),

S(ln,Z,dm;U7V):maX dm(ln,Z)+V(ln)+V(Z)
1+dy (1,2) +V (L) +V (2)’

% di (1n,Uz) +V (1) +V (Uz)

+dny (2,UL)+V (2)+V (Ins1)

\ Vs

Then

(3.15) lirrolos(ln,z,dm,U,V):dm(z,Uz)+V(Uz).

n—r
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Also, we obtain

( \
dm (ln,Z) +V (ln) +V(Z),
t (ly,z,dw,U,V) = max { dm(z,U2)+V (z)+V (Uz),

dm (ln,Z) +V(ln) —|—V(Z)
| T dn () TV (L) TV () |

Then
(3.16) 1M 2,y U, V) = din (2,U2) +V (U2).

From (3.1),

. @ (dn (In1,U2) +V (ln1) +V (Uz)) = @ (dn (Ulp,Uz) +V (Ul) +V (Uz))

< CO(S (lnvzadva,V)) - ’}/(t (ln,Z,dm,U,V)) :

Taking as n — oo and applying the continuity of @ and the lower semicontinuity of V, (3.15)

and (3.16), we obtain

O (dn (2,Uz) +V (Uz)) < 0 (d (2,Uz) +V (Uz)) — ¥ (dm (z2,Uz) +V (Uz)).

Therefore, dy, (z,Uz) +V (Uz) = 0. Hence Uz = zand V (Uz) = 0.

Suppose that 7’ is another fixed point of U.
Then

Uz =7 such thatV () =0.

By using with (3.1) we are having

which gives z =7’ .

Hence the theorem. 0
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Corollary 3.3. Let (W.d,,) be a complete metric space. If U is satisfying the condition for all

u,vew
O (d (Uu,Uv)+V (Uu)+V (Uv)) < o (s (u,v,dp,U,V)) = v (s (u,v,dp,U,V))
where @ € Q, y €T, then U has a fixed point zin WwithV (z) =0.
Proof. With the help of the Theorem 3.2, we can prove this result. 0J

Corollary 3.4. Let (W,d,,) be a complete metric space. If U is satisfying the condition for all

u,vew

O (dp (Uu,Uv)+V (Uu)+V (Uv)) <0 (dpy (u,v) +V(u)+V(©))—y(dn(u,v)+V(u)+V())
where @ € Q,y €T, then U has a fixed point zin W withV (z) =0.

Proof. Which can be proved as earlier. 0

Corollary 3.5. Let (W,d,,) be a complete metric space. If U is satisfying the condition for all

uveWw
@ (dp (U'n,UV) +V (U'n) +V (UY)) < 0 (s (u,v,dn, U V)) =7 (t (u,v,d, U, V))
where @ € Q, vy € I" and i is any positive integer, then U has a fixed point zin W with V (z) = 0.

Proof. With the help of Theorem 3.2 by taking U’ = Q in Theorem 3.2, we can prove this

result. [
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