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1. INTRODUCTION

In this paper, every function like meromorphic function, entire function are defined on com-
plex plane. We use the standard notations and definitions of the Nevanlinnas value distribution
theory of meromorphic functions such as counting function N(r, f), the characteristics function
T(r, f) etc, as explained in [7, 10, 22]. S(r, f) is any quantity satisfying S(r, f) = o(T (r, f)) for
all r outside a possible exceptional set of the finite logarithmic measure. The family of all mero-
morphic functions o which satisfy the relation T(r, f) = S(r, f) = o(T(r, f)), where r — o
outside of a possible exceptional set of the finite logarithmic measure is denoted by S(f). For

our convenience we means that S(f) contains all constant functions and S = S(f) U {eo}.
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Let f and g be two meromorphic functions defined in the complex plane and a be a value
in the extended complex plane. Now we say that f and g share that value a CM(counting
multiplicities) if the zeros of f —a and g — a coincide in location and multiplicity and say that
f and g share the value a IM if zeros of f —a and g — a coincide only in location but not in
multiplicity. The counting function of zeros of f —a where m-fold zero is counted m-times
if m < p and p times if m > p is denoted by N, (r,a; /) where p € Z*. We define difference
operators for a moromorphic function by
Acf(z) = fz+¢) = f(2),(c #0) and
Ayf(2) = flgz) = f(2), (g # 0).

Many mathematicians already worked out many research papers on entire, meromorphic
functions, their differential polynomials and sharing(see [4, 12, 16, 17, 21]). Recently math-
ematicians are interested in studying g-shift difference polynomials, difference equations
and their products in the complex plane . Already a numbers of papers have been pub-
lished which have focused the uniqueness of difference analogue of Nevanlinna theory.(see

[2,3,5,6,11, 13, 14, 17]).

2. PRELIMINARIES

Definition 2.1. Letr p(z) = Z;’:Oa,-zi be a nonzero polynomial, where a;(i = 0,1,2,...,n) are
complex constant and a, # 0. Let m\ is the numbers of single zeros of p(z) and my is the number
of multiple zeros of p(z) and I'1,I'; defined by I'y = my + my, 'y = m| + 2my respectively. We
denote y = gcd (Yo, M, .-, Yn) Where ¥ =n+1, ifa; =0, ¥, =i+ 1, ifa; # 0.

Definition 2.2. [8, 9] Let p be a nonnegative integer or infinity. For a € CU {eo} we denote by
Ep(a; f) the set of all a-point of f where an a-point of multiplicity m is counted m times if m < p
and p+ 1 times if m > p. If Ey(a; f) = E,(a;g) we say that f,g share the value a with weight

P-

In 2007, laine and Yang [11] studied zero distributions of difference polynomials of entire

functions and obtained the following results.
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Theorem A. [11] Let f be a transcendental entire function of finite order and { be a nonzero
complex constant. Then for n > 2, f"f(z+ §) assumes every nonzero value a in C infinitely

often.
The uniqueness result corresponding to Theorem A given by Qi, Yang and Liu [15].

Theorem B. [15] Let f and g be two transcendental entire functions of finite order, and { be a
nonzero complex constant, and let n > 6 be an integer. If f"(2)f(z+ &) and g"(z)g(z+ ) share

1 CM, then either fg =t or [ =trg for same constants t| and t, satisfying t{’“ = tgﬂ =1.

Theorem C. [20] Let f be a transcendental entire function of finite order and § be a fixed
nonzero complex constant. Then for n > T, P(f(2))f(z+ §) — ®(z) = 0 has infinitely many
solutions, where 0(z) € S(f)\ {0}.

Theorem D. [20] Ler f and g be two transcendental entire functions of finite order, { be a
nonzero complex constant and n > 2I'y + 1 be an integer. If p(f)f(z+ ) and p(g)g(z+ &)
share 1 CM, then one of the following results hold:

i) f=tg wheret’ =1;

ii)f and g satisfy the algebraic equation ®(f,g) =0, where ®(A1,A2) = p(A)A(z+§) —
p(A2)22(z+ ),

ii)f = es, g =¢eY, where & and y are two polynomials and & + v = d, d is a complex constant

satisfying a,%e(”“)d =1

In 2010 Zhang and korhonen[23] obtain the following result on value distribution of g-shift

difference polynomials of meromorphic functions.

Theorem E. [23] Let f be a transcendental meromorphic(resp. entire) function of zero order
and q be a nonzero complex constant. Then for n > 6(resp. n > 2) f(z)"f(qz) assume every

nonzero value c € C infinitely often.

Theorem F. [23] Let f and g be two transcendental meromorphic functions of zero order.
Suppose that q is a nonzero complex constant and n > 6 is an integer. If f(2)"(f(z) — 1) f(qz)

and g(2)"(g(z) — 1)g(gz) share 1 CM, then f = g.
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In 2015 Xu, Liu and Cao [19] obtained the following result for a g-shift of a meromorphic

function.

Theorem G. [19] Let f be a zero order transcendental meromorphic(resp. entire) function,
q € C\O0, § € C. Then for any positive integer n > ' +4(resp.for entiren > 1), p(f(2))f(gz+
$) = ¢(z) has infinitely many solutions, where ¢(z) € S(f)\ {0}.

Theorem H. [19] Let f and g be two transcendental entire functions of zero order and let
g€ C\{0}, $ € C. If p(f(2))f(qz+ &) and p(g(z))g(qz+ &) share 1 CM and n > 2T"> + 1 be
an integer, then one of the following results hold:

i)f =tg for a constant t such that t¥ = 1;

ii)f and g satisfy the algebraic equation ®(f,g) = 0, where ®(A1,A2) = p(A)Ai(gz+ &) —
p(M2)Aa(qz+§);

iii) fg = d, where d is a complex constant satisfying a2d"*' = 1.
Considering weighted sharing in 2001 Lahiri [8, 9] prove the following result,

Theorem 1. [8, 9] Let f and g be two transcendental entire functions of zero order and let
q € C\{0}, £ € C. IfE\(1;p(f(2))f(qz+ ) = Ei(1; p(g(2))8(qz+ ) and I, m,n are integers
satisfy one of the following conditions:

)>3;n>21%+1;

i)l =2,n>I1+2I0b+2—a;

i)l =1, n>2I'1 + 21 +3 - 2a;

)l =0;,n>3I"1+2I2+4-3c.

Then the conclusions of theorem H holds, where oo = min{®(0, ),0(0,g)}

Recently Sahoo and Biswas [18] prove the following theorem,

Theorem J. [18] Let f and g be two transcendental entire functions of zero order and let
g€ C\{0} ¢ € C. IFE(L:(p(£(2)f(gz+ )W) = E(1: (p(g())g(qz+£)) M) and L,m,n
are integers satisfy one of the following conditions:

DI>2;,n>21+2kmy +1;

ii)l = 1; n > (') +4T5 + Skmy + 3);
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iii)l = 0; n > 30" + 21 + 5kmy + 4.

Then one of the following results holds:

i)f =tg fora constant t such that t¥ = 1;

ii)f and g satisfy the algebraic equation ®(f,g) = 0, where ®(A1,2;) = p(A)Ai1(gz+ ) —
p(A2)A2(gz+C);

iii) fg =d, where d is a complex constant satisfying a%d’”rl =1

3. MAIN RESULTS

Theorem 3.1. Let f and g be two transcendental entire functions of zero order and let g € C\ 0,
¢ eC. IfFE(z(p(f)f(gz+ )W) = El(z(p(g)g(qz+ £))W) and |,m,n are integers satisfy
one of the following conditions:

D)l >2;n>21+2kmy+1;

ii)l = 1; n > (T +4T5 + Skmy + 3);

iii)l = 0; n > 3I'1 + 21" + 5kmy +- 4.

Then one of the following results holds:

i)f =tg for a constant t such that t¥ = 1;

ii)f and g satisfy the algebraic equation ®(f,g) = 0, where ®(A1,2;) = p(A)A1(gz+ ) —

p(A2)A2(gz+C);

ii)f(z) = ule%zz+vz and g(z) = %e_(%zz+vz) where Ui, L,u,v are complex constant and not
2.2

equal to zero. IfA = (—1)a2u"*!, then u?> = A(niq2)2 and v* = m.

4. LEMMAS

In this section we present some necessary lemmas.

Let F' and G be two non-constant meromorphic functions defined in C. We denote by H the

. " / % /
function as follows : H = (&7 — 25) — (& — &%)

Lemma 4.1. [22] Let f be a nonconstant meromorphic function, and P(f) = Y.*a; fi, where

ap,ay,ay,...,a, are complex constants and a, # 0.Then T (r,p(f)) = nT (r, f) + S(r, f).
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Lemma 4.2. [24] Let f be a nonconstant meromorphic function, and p,k € Z.".Then

1 1
(“.1) Np(r 2g) S TS ) =T () + Npyalr 2) +5(1.1),
1 — 1
(42) Np<r7fT]€))SkN(r7f>+Np+k(r7?)+‘s<r7f)a

Lemma 4.3. [9] Let f and g be two non-constant meromorphic functions. If Ex(1; f) = E»(1;g),
then one of the following relation holds:

)T (r) < Na(r, %) +Na(r, é) +No(r, f) +Na(r,g) +S(r);

i)f=g;

i) fg=1;

where T (r) = max{T (r,f),T(r,g)} and S(r) = o{T(r)}.

Lemma 4.4. [1] Let F and G be two non-constant meromorphic functions such that E\(1;F) =
E|(1;G) and H # 0, then
T(nF) <No(r, ) +Na(r, &) +No(r, F) +Na(r,G) + 5N (r, ) + 5N (r, F) + S(1, F) + 5(1, G);

and we can deduce same result for T (r,G).

Lemma 4.5. [1] Let F and G be two non-constant meromorphic functions which are share 1
IM and H # 0, then, T (r,F) < Ny(r, %) + Ny (r, é) + N2 (1, F) + N (r,G) +2N(r, %) +N(r, é) +
2N(r,F)+N(r,G)+S(r,F) +S(r,G).

Lemma 4.6. [19] Let f be a transcendental meromorphic function of order zero and q,§ two

nonzero complex constants. Then

T(rflgz+6)) =T(r f(2) +5(rf);

Lemma 4.7. [19] Let f be a transcendental meromorphic function of order zero and q(# 0),§

two nonzero complex constants. Then

(n=DT(r,f)+S(rf) <T(rp(f)flaz+8)) < (n+ )T (r,f) +S(r.f).
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In addition, if f is a transcendental entire function of zero order, then

T(r,p(f)f(qz+¢)) =T (rp(f)f(2) +S8(r.f) = (n+ DT (.f) + (1. f).

Lemma 4.8. Ler f and g be two entire functions, q,{ complex constants and q # 0 ; n,k are
(PN gzt )W~ _ (ple)glgz+0))®
Z ’ Z

two positive integers and let F = . If there exists two nonzero
constants ¢y and ¢y such that

N(r,c1;F) = N(r, (l;) and N(r,c2;G) = N(r, %), then n < 2T'y + kmy + 1.

(k) (k)
Proof. Let F; = P(f)f(qz+ §)and G| = P(g)g(qz+ {) and F = FIT and G = C%
By the second main theorem of Nevanlinna, we have
_ 1 — — 1 — 1
4.3) T(r,F)§N(r,F)+N(r,cl;F)—I—S(r,F)§N(r,F)—I—N(r,E)+S(r,F),
using (4.1),(4.2),(4.3), lemma 4.1, lemma 4.6 and lemma 4.7, we get
(n+ 1T (r,f)
1 1
S T(I",F)—N(I’,—)+Nk+1(l’,—)+S(l’,f)
F a2l
< W)+ Nt (7)1 )
r,— r,— T,
>~ ,G k+1 ,F] 5
1 1
S Nk—l—l(rv_)+Nk+1(r7_)+5<r7g)+s(raf)
F Gy
< Nert (5 =) + N () - Neg (7,2
>~ 1\ — (= k+1\ ——< kI 7~
() T p(g) T flgz+ )
1
+ Neyi(h—F——F5)+S8(ng)+S(nf
(44) S (ml+m2+km2+1)(T(r,f)+T(r,g))+S(r,f)+S(r,g),
Similarly,

@.5)  (n+1)T(rg) < (mi+my+kmy+1)(T(r, ) +T(r,8))+S(r,f) +S(r,8),

In view of (4.4), (4.5), we have,
(I’l—2m1 _2m2 _ka2 - 1)(T(I’,f)+T(l’,g)) < S(l’,f) +S(r7g)
which gives n < 21"y 4 2kmy + 1. This proves the lemma. U
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Lemma 4.9. Let f and g be two transcendental entire functions of zero order and let g € C\ 0,
CeC Ifp(f)f(gz+ &) = p(g)g(gz+ &). Then one of the following results holds:
i)f =tg for a constant t such that t¥ = 1;
ii)f and g satisfy the algebraic equation ®(f,g) = 0, where ®(A1,2;) = p(A)Ai1(gz+ ) —
p(A2)A2(gz+ Q).

Proof. This lemma can be proved easily in the line of the proof of the Theorem 11 [19]. UJ

5. PROOF OF THE THEOREM 3.1

Proof Let Fy = p(f)f(gz+¢), Gy = p(g)g(gz+¢) then, E(z:F ") = E/(z:G). Again
£ G

let ¥ = —— and G = —-. Then F and G are transcendental meromorphic functions satisfy

E;(1;F) = E;(1;G). Now with help of lemma 4.7 and using (4.1) we have

Nz(r,F) < Nz(r,$)+5(r,f)
< 10 Fl@)) CT(RF) + Neaa(r %) +S(r. f)
< T(HF) = (4 DT () + N 1) + ST,
Hence
(5.1) (n+1)T(r,f) <T(r,F) —Nz(r,%) + Neta(n, 1«%) +S8(r,.f),

we can show from (4.2)

1
NZ(ram)—’_S(raf)

1
(5.2) < Nk+2(’3fl) +8(r.f),

Now following three cases will be discuss separately.

Case I
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Let [ > 2. If possible we assume that (i) of lemma 4.3 holds. We can deduce from (5.1) with
help of (5.2)

(DT (f) < Mol )+ Mol F) +-Na(r G) + Nigalr 7.

—1)+S(7‘,f)+S(I”,g)

1 1
< Niya(n, 171) + Ny (1, G_l) +8(r,f)+S(rg)

(5.3) < (m+2my+kmy+1)(T(r, f)+T(r,8)) +S(r, f) +S(r.8),
Same we can show for T(r,g) i.e
(5.4 (n+1)T(rg) < (mi+2my+kmy+1)(T(r,f) +T(r,8)) +S(r, f) +S(r,g),
We can obtain from (5.3) and (5.4)

(n—2my —4my —2kmy — 1)(T (. f) + T (r8)) < S(r.f) +S(r,8),

which contradict the fact n > 21, +2kmy + 1. Then by lemma 4.3 we claim that either FG = 1
or F=G. Let FG = 1. Then,

(5.5) (P()flaz+8) O (p(g)g(gz+ )W =22,

If possible, let p(z) = 0 has m roots a1, ap, @3, ..., O, With multiplicity ny,n3,n3,...,n,. Then

we have ny +ny+ns3 +... +n,, = n. Now

lan(f — o))" (f — 0)"™...(f — Om)™ f gz + )] P x

(5.6) [an(g— al)nl (g _ OCz)nz...(g _ am)"mf(qz+ C)](k) _ Z27

Since f and g are entire functions from (5.6), we see that oy = op = ... = o, = 0. Also we can
say that o, 00, ..., oy, are picard’s exceptional values. By picard’s theorem of entire function,
we have at least three picard’s exceptional values of f and if m > 2 and o; # 0(i = 1,2,...,m),
then we obtain a contradiction.Next we assume that p(z) = 0 has only one root. Then p(f) =
an(f —a)" and p(g) = an(g —a)", where a is any complex constant. Now from (5.5) we can

write

S lan(f —a)" f(qz+ )| Plan(g — a)"g(gz+ §)| W) = 2,
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By picard’s theorem and as f and g are transcendental entire functions, then we can say that
f—a=0and g—a=0 do not have zeros. Then, we obtain that f(z) = ¢*? + g and g(z) =
P +a, a(z), B(z) being nonconstant polynomials. From (5.7), we also see that f(gz+ &) # 0
and g(gz+ &) # 0 and therefore a = 0. Thus f(z) = ¢*?) g(z) = ¢f@, p(z) = a,7" and

(5.8) (e O+ (a4 010 g, MBE+Blat0)6) — 2

If £k = 0,then from (5.8) we have

aien(a(ZHﬁ(Z))+O‘(qz+§)+ﬁ(qz+§) =72

which is a contradiction as for no value of (z) and (z) we can compare both side.

If k =1, then from (5.8) we have
(5.9) [ane" I+ (0! (2) + g0t (gz+ )] [ane™ P EH) (nB (2) + B (gz+ )] = 2,
e
e Pl PO (nal (2) + ol (g2+ ) (1B (2) + g (42 + £)) =

Now the relation can be hold if o+ 8 = ¢; ¢ is complex constant. Then &’ + ' =0,1.e B’ = —o’.

Then from (5.9) we have
(5.10) (—1)a2e™ Ve (na (z) + g0 (gz+ §))? = 22,

Now if o(z) be one degree polynomials, i.e a'(z) = uz+ v, then o'(gz+ &) = ugz+uf +v.

Let A = (—1)a2el" Ve = (—1)a?u"t!, where y = e¢. Then we can show from (5.10) that

1 2 &4
w = —-—>5 and vV = —=9 .
A(n+4?)? A(n+q)*(n+4¢)?

flz) = ule%z2+vzand g(2) = ‘%e*(%zbrvz)

2 Now o = uz+v ie a:%zz+vz—l—w, then

where 1) =e".

If kK > 2, then we get

[ane" @@+ ala 010 — ZZanenOé(Z)JrOC(qzﬂLC)p(O/OC&7 oWy,
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where a; = a(gz+ ). Obviously, p(a’ (xé, o) Océk)) has infinitely many zeros, and which
contradict with (5.8).

Now let F' = G. Then

(DAt O)Y _ (&)Y § o (p(F) flgz+E)® = (p(2)glgz+ ).

Z Z

Integrating one time we have

(PN f(az+ )" = (p(e)glaz+ )™V + e

where c;_ is a constant. If ¢, # 0 using lemma 4.8 we say that n < 2I"] 4+ 2kmy + 1, which
contradict with the fact that n > 2I'y + 2kmy + 1 (I'; >T'1). Hence ¢ = 0. Now repeating the
process upto k-times, we can established p(f)f(gz+ {) = p(g)g(gz+ &). Hence by lemma 4.9
we have either f =tg for a constant # such that t¥ = 1, or f and g satisfy the algebraic equation

d(f,g) = 0 where,

DA, A2) = p(M) A (gz+€) — p(A2)Aa(gz+C).

Case 11

Let/ =1 and H # 0. Using lemma 4.4 and (5.2) we can established from (5.1)

(n+ )T (r,f) = Nz(r,(l;H—Nz(r,F)—FNz(r,G)—{—%N(r,%)

NG ) + Nl )+ 501 +S(18)
F

1 1 1

1
Nioo (1, —) + Nisa (r, =) + ~ N1 (1, —
er2(1, F1)+ 2 (1, G1)+ 5 e1(1, F1>

S(r.f)+5(r,8)

%[3m1 + (Bk+5)my+ 3T (r, f) + [m1 + (k+2)my + 1]T (1, 8)

N+ A

_|_

S(r.f)+S(rg)

%[5m1 + (Sk+9)my + 5]T (r) + S(r).

IA

where T (r) and S(r) two inequalities, defined in lemma 4.3. Similarly we can show that

(n+ 1)T(r.g) < %[5m1 - (Sk+9)ma+S|T(r) +5(r),
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we have from two inequalities,

5 5k+9 3

e = LCER
' +41°5+5kmp+3

LTS

(n

which contradict the fact n >
Now, let H =0, i.e (?—/,/ - ﬁ—f’l) - (%/,/ - Gz—f/l) = 0. After two times integration we have

(5.11) — =" 4B,

where A, B are constants and A # 0. From (5.9) it is clear that F, G share the value 1 CM and
then they share (1,2) and hence (p(f)f(gz+ &))® and (p(g)g(gz+ £))*) share (z,2). Hence

we have n > 21 + 2kmjy + 1. Now we study the following cases.
Subcase I

Let B # 0 and A = B. Then from (5.9) we get
(5.12) -

If B = —1, then from (5.12), FG = 1 i.e (p(f)f(qz+ )P (p(g)glgz+ £))W = 22 then we
obtain the same result as in Case .

Now if B # —1.Then from (5.12), we have,; = % and then, N(r, 15:G) = N(r, ).
Now from the second main theorem of Nevalinna, we get using (4.1) and (4.3) that

T(r,G) = N(r, é) +N(r, H%;G) +N(r,G) +S(r,G)

< ]V(r,%)+N(r,é)+]v(r,G)—|—S(r,G)

< Neva(r, Fil) +T(r,G) + Niy1 (r, GL]) —(n+1)T(r,g)+S(r,g).
This gives,

(n+1)T(r,g) < (my+ (k+ D)my+ 1)(T(r.f) +T(r.g)) +5(rg),
we can show same result for 7'(r, f) i.e

(n+1)T(r, f) < (mi+ (k+ Dmy+1)(T(r, f) +T(r,8)) +S(r, f),
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Thus we obtain
(n—2my —=2(k+ )my — 1)(T(r, f) + T (r,8)) < S(r.f)+S(r.8),

a contradiction as n > 2y + 2kmy + 1.
Subcase II

Let A # 0 and B = 0. Now from (5.11) we have F = &t4=L and G=AF — (A—1).IfA # 1,
we have N(r, 271 F) = N(r, &) and N(r,1 — A;G) = N(r,£).Then by lemma 4.8, we have
n < 2I'y +2kmy + 1, which is a contradiction. Thus A = 1 and ' = G, then the result follows

from the Case 1.

Subcase 111

Let A# 0 and A # B. Then from (5.11), we obtain F = (B+;)GG+_(£‘B:B/§+1) and therefore

N(r, ngﬁl ;G) = N(r, +). Proceeding similarly as in Subcase I, we can get a contradiction.

Case III

Let / =0 and H # 0, we can established from (5.1) after using lemma 4.5 and (5.2)

(n+DT(rf) = Nz(r,é)+Nz(r,F)+N2(r,G)+2N(r,%)+ﬁ(r,é)+2]v(r,F)
+ N(G)+ Nepalr Fil) +5(f)+5(r.8)
< Nk+2(n1%)+Nk+z(r7GLl)+2Nk+1(r7%1)+Nk+1(r7GLl)
+ S(rf)+S(rg)
< [Bmi+ Bk+4)my+ 3T (1, f) + [2my + (2k+3)ma + 2] T (1, g)
+ S(rf)+S(rg)
< [5my+ (5k+7)my + 5T (r) +S(r),

Similarly it follows that (n+ 1)T(r,g) < [Smy + (5k+7)my + 5]T (r) + S(r).

From the above two inequalities we have (n — 5m; — (5k+7)my — 4T (r) < S(r),
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which contradict with our assumption that n > 3I'y + 2", + Skmy + 4. Therefore H = 0 and
then proceeding in similar manner as Case II, we get the results. This complete the proof of the

theorem. ]
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