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1. INTRODUCTION

The development of fixed point theory is based on the generalization of contraction conditions
in one direction or/and generalization of ambient spaces of the operator under consideration on
the other. Banach contraction principle plays an important role in solving non linear equations,
and it is one of the most useful result in fixed point theory. In the direction of generalization
of contraction conditions, in 1973, Geraghty [20] proved a fixed point theorem, generalizing
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Banach contraction principle. Later, several authors proved the existence of fixed points using
Geraghty-type contraction maps. In continuation to the extensions of contraction maps, Berinde
[9] introduced ‘weak contractions’ as a generalization of contraction maps. Berinde renamed
‘weak contractions’ as "almost contractions’ in his later work [10]. For more works on almost
contractions and its generalizations, we refer Babu, Sandhya and Kameswari [6], Abbas, Babu
and Alemayehu [1], Babu, Babu, Rao and Prasad [5] the related references cited in these pa-
pers. In 1975, Dass and Gupta [16] established fixed point results using contraction condition
involving rational expressions. In 2008, Suzuki [31] proved two fixed point theorems, one of
which is a new type of generalization of the Banach contraction principle and does characterize
the metric completeness.
The main idea of b-metric was initiated from the works of Bourbaki [13] and Bakhtin [8].
The concept of b-metric space or metric type space was introduced by Czerwik [14] as a
generalization of metric space. Afterwards, many authors studied fixed point theorems for

single-valued and multi-valued mappings in b-metric spaces, for more information we refer

[3,7,11, 12, 15, 22, 23, 24, 25, 29, 30].

2. PRELIMINARIES

Definition 2.1. [14] Let X be a non-empty set. A function d : X X X — [0,0) is said to be a

b-metric if the following conditions are satisfied: for any x,y,z € X
(i) 0 <d(x,y) and d(x,y) =0 if and only if x =y,
(i) d(x,y) = d(y,x),
(iii) there exists s > 1 such that d(x,z) < s[d(x,y) +d(y,2)].
In this case, the pair (X,d) is called a b-metric space with coefficient s.
Every metric space is a b-metric space with s = 1. In general, every b-metric space is not a

metric space.

Definition 2.2. [11] Let (X,d) be a b-metric space.

(i) A sequence {x,} in X is called b-convergent if there exists x € X such that d(x,,x) — 0
as n — oo, In this case, we write lim x, = x and x is unique.
n—soo

(ii) A sequence {x,} in X is called b-Cauchy if d(x,,x,;,) — 0 as n,m — .
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(iii) A b-metric space (X,d) is said to be a complete b-metric space if every
b-Cauchy sequence in X is b-convergent in X.

(iv) A set B C X is said to be b-closed if for any sequence {x,} in B such that {x,} is

b-convergent to z € X then z € B.

In general, a b-metric is not necessarily continuous.
In this paper, we denote R = [0,00) and N is the set of all natural numbers.

Example 2.3. [24] Let X = NU {eo}. We define a mapping d : X x X — [0, o) as follows:
(

0 ifm=n,

d(m,n) = |% - %| if one of m,n is even and the other is even or oo,
5 if one of m,n is odd and the other is odd or oo,
2 otherwise.

Then (X,d) is a b-metric space with coefficient s = 3.

Definition 2.4. [12] Let (X,dy) and (Y,dy) be two b-metric spaces. A function f: X — Y isa
b-continuous at a point x € X, if it is b-sequentially continuous at x. i.e., whenever {x,} is
b-convergent to x, fx, is b-convergent to fx.

In 1973,Geraghty [20] introduced a class of functions
S ={B:[0,00) = [0,1)/ lim B(t,) =1 = lim ¢, = 0}.

n—oo n—oo

Theorem 2.5 [20] Let (X,d) be a complete metric space. Let T : X — X be a selfmap satisfying
the following: there exists B € & such that d(Tx,Ty) < B(d(x,y))d(x,y) for all x,y € X.
Then T has a unique fixed point.

We denote B = {a : [0,00) — [0,1)/ lim a(t,) =1 = limt, =0}.

n—yoo n—oo

In 2011, Dukic,Kadelburg and Radenovic [17] extended Theorem 2.5 to the case of b-metric
space as follows.
Theorem 2.6 [17] Let (X,d) be a complete b-metric space with coefficient s > 1 and let T :
X — X be a selfmap of X. Suppose that there exists o € such that d(zx,Ty) < a(d(x,y))d(x,y)
for all x,y € X. Then T has a unique fixed point in X.

Throughout this paper, we denote

F={B:[0,0) = [0,1)/limsupB(t,) =1 = lim 1, = 0}

n—oo
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The following lemmas are useful in proving our main results.
Lemma 2.7 [21] Let (X,d) is be a b-metric space with coefficient s > 1 and 7 : X — X be
selfmap. Suppose that {x,} is a sequence in X induced by x,;| = Tx, such that
d(xn,xp+1) < Ad(x,—1,x,) forall n € N, where A € [0,1) is a constant. Then {x,} is a b-cauchy

sequence in X.

Lemma 2.8 [2] Suppose (X,d) is a b-metric space with coefficient s > 1. Suppose that
{x,} and {y, } are b-convergent to x and y respectively, then we have

d(x.y) < Hminfd(x,y,) < limsupd (x,ya) < $°d(x.).

In particular, if x = y, then we have r}gl;lo d(xp,yn) = 0. Moreover for each z € X we have
ld(x,z) < liminfd (x,,z) < liflrfoljpd(xn,z) < sd(x,7).

Lemma 2.9 [28] Suppose (X,d) is a b-metric space with coefficient s > 1 and {x,} is a
sequence in X such that nh_r>r°10 d(xp,Xu+1) = 0. If {x,} is not a cauchy sequence then there
exist an € > 0 and sequence of positive integers {my} and {n;} with n; > my > k such that
d(Xpmy s Xn, ) > E.

For each k > 0, corresponding to my;, we can close ny to be the smallest positive integer such

that d (X, , Xy, ) > €,d(Xp, ,xn, ) < € and

(i) e< li}gninfd(xmk,xnk) < limsupd (X, , X, ) < S€
—>00

k—so0
(i) & <liminfd(xpm, %) < limsupd(xp,, ,,%n,) < s*€
k—reo k—yoo
(iii) £ <liminfd (X, Xp,,,) < Hmsupd (X, Xn,, ;) < s’e
k—yo0 k—so0
. 8 . . . 3
(W) 52 < h]?lglfd(xmﬂwxnkﬂ) < h?_}s:pd(xmkﬂ ’x"k+1) < SUE.

In 2015, Latif, Parvanesh, Salimi and Al-Mazrooei [26] proved the existence and uniqueness
of fixed points of a single selfmap satisfying Suzuki type contraction condition in b-metric
spaces. In 2017, Leyew and Abbas [27] proved the existance and uniqueness of fixed points of
generalized Suzuki-Geraghty contraction maps in complete b-metric spaces.

In 2019, Faraji, Savic and Radenovic [19] proved the following theorem.

Theorem 2.10 [19] Let (X,d) be a complete b-metric space with coefficient s > 1. Let 7S :

X — X be selfmaps on X which satisfy: there exists B € § such that
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d(Tx,Sy) < B(M(x,y))M(x,y) for all x,y € X, where M(x,y) = max{d(x,y),d(x,Tx),d(y,Sy)}.
If T or § continuous, then 7" and S have a unique common fixed point.

The following theorem is due to Faraji [18] in the setting of partial metric spaces.
Theorem 2.11 [18] Let (X, p) be a partial metric space and let the mappings f,g: X — X satisfy
the condition p(gx,gy) < B(M(x,y))m(x,y), for all x,y € X, where § € & and

m(x,y) = max{p(fx, fy), p(fx,gx), p(fy.gy)},

M(x,y) = max{p(fx, fy), p(fx,8x), p(fy,8y), w}

Suppose also that g(X) C f(X) and f(X) is a complete subspace of X.
Then f, g have a unique point of coincident in X. Moreover if f and g are weakly compatible,
then f and g have a unique common fixed point in X.

In 2019, Babu and Babu [4] proved the following two theorems.
Theorem 2.12 [4] Let (X,d) be a complete b-metric space with coefficient s < 1 and let f :
X — X be selfmap satisfies the following condition: there exist 8 € § and L > 0 such that
d(fx,fy) < B(M(x,y))M(x,y)+ LN(x,y) for all x,y € X, where
M(x,y) = max{d(x,y),d(x, fx),d(y, fy), 55 [d(x, fy) +d(y, fx)]} and
N(x,y) =min{d(x, fx),d(x, fy),d(y, fx)}.
Then f has a unique fixed point in X.
Theorem 2.13 [4] Let (X,d) be a complete b-metric space with coefficient s > 1 and let
f,g:X — X be a self map on X satisfy the following condition: there exist B € § and L > 0
such that sd(fx,gy) < B(M(x,y))M(x,y)+ LN(x,y) for all x,y € X, where
M(x,y) = max{d(x,y),d(x, fx),d(y,gy)} and
N(x,y) =min{d(x, fx),d(x,gy),d(y, fx)}.
If either f or g is b-continuous then f and g have a unique common fixed point in X.

Motivated by works of Babu and Babu [4], Faraji [ 18], we introduce almost Geraghty-Suzuki
contraction type (I), almost Geraghty-Suzuki contraction type (II) maps for a pair of selfmaps
in b-metric spaces. We prove the existence and uniqueness of common fixed points. We draw
some corollaries and provide examples in support of our results. We also give the importance

of L in the inequalities (3.1) and (3.2) [Example 5.1 and Example 5.2].
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3. CoMMON FIXED POINTS OF ALMOST GERAGHTY-SUZUKI CONTRACTION TYPE

MAPS

The following we introduce almost Geraghty-Suzuki contraction type (I) and almost
Geraghty-Suzuki contraction type (II) maps for a pair of selfmaps in b-metric spaces.
Definition 3.1. Let (X,d) be a b-metric space with coefficient s > 1 and f,g: X — X be two
selfmaps on X. We say that (f,g) is the pair an almost Geraghty-Suzuki contraction type (I)

maps, if there exist L > 0 and 8 € § such that

(31) %min{d(xvfx)7d<yvgy)} Sd(xay) = Sd(fxagy) Sﬁ(Ml(xay))M2<x7y)+LN1(x7y)

where M (x,y) = max{d(x,y),d(x, fx),d(y,gy), W},

M;(x,y) = max{d(x,y),d(x, fx),d(y,gy) and N1 (x,y) = min{d(y,gy),d(y, fx)}.
Remark 3.2 If L = 0 in the inequality (3.1) then we say that the pair (f, g) is a Geraghty-Suzuki
contraction type (I) maps.

Example 3.3. Let X = (0,00) and let d : X X X — [0, o) defined by
0 ifx=y,

d(x,y) = '
(x+y)* ifx#y.

Then clearly (X,d) is a complete b-metric space with s = 2.

We define f,g: X — X by

X ifxe (0,1 X ifx e (0,1
f=1 2 TEOD = 8 @D
3 ifx e[l ) 1 ifxe[l,).

Without loss of generality, we assume that x >y

We define 8 : [0,00) — [0, 1) by B(t) = ZLH Then we have 8 € §

Case (i). x,y € (0,1).

Since 5; min{d(x, fx),d(y,gy)} = zmin{(x+3)* (v +§)°} = ;0 +3)> < (v +y)* = d(x,y).
+3)2+0+3)°

Mi(x,y) = max{ (x+)%, (x+ 52, (y+ §)2, G20

Mo (x,y) = max{(x+y)* (x+3)* (y+%)*} and

Ni(x,y) = min{(x+y)*, (v +§)* (0 +3)*} = (0 +5)*

Subcase (a). y < 3

Mi(x,y) = Ma(x,y) = (x+3)>
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We now consider

sd(fx,8y) =203 +§)° = 5 3x+2) < 570
< B(Mi(x,y))Ma(x,y) + LNi (x,).

Subcase (b). y > 5.

M (x,y) = Ma(x,y) = (x+)?

We now consider

sd(fx,8y) =2(3+3)* < g (0 H2)? L0+ §)? < B(M1 (x,))Ma(x,y) + LN (x,y).

Case (ii). x,y € [1,0).

s min{d(x, fx),d(y,gy)} = gmin{(x+ 3)%, (v + 3)*} = 30+ 3)> < (x +)> = d(x,y).

Mi(x,y) = My(x,y) = (x+y)* and N (x,y) = (v +5).

2(x+3)2+Ly+32)?

Now, we consider

sd(fx,8y) =2(3)* < gy (0 H )2+ L0+ 5)? < B(Mi (x,3)Ma(x,y) + LN (x,).
Case (iii). x € [1,%0),y € [0, 1).
We have
g min{d(x, fx),d(y,gy)} = gmin{(x+3)%, 0+ §)*} = 30+ £)?} < (x+)* = d(x,y).
Subcase (a). y < %
M1<X,y) = (x—i_%)z :NZ(xay) anle(xay) = (y_'_%)Z
‘We now consider
sd(fx,gy) =2(3+%)* <
Subcase (b). y > %
Mi(x,y) = Ma(x,y) = (x+y)* and Ny (x,y) = (y+ £)*.
We consider
sd(fx,8) = 2(3 +8)* < 5 ()2 HLO+5)* < B(Mi(x,3)Ma(x,y) + LN (x,y).

Therefore from all the above cases the pair (f,g) is an almost Geraghty- Suzuki contraction

S+ +LO+ )%

2+(x+%)

type (I) maps.
Definition 3.4. Let (X,d) be a b-metric space with coefficient s > 1 and f,g: X — X be a
selfmaps on X. We say that (f,g) is almost Geraghty-Suzuki contraction type (II) maps, if

there exist L > 0 and B € § such that

(3.2) zismin{d(x,fX),d(y,gy)} <d(x,y) = sd(fx,gy) < B(M3(x,y))Ma(x,y)) + LN (x,y)
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1+d d(y,fx)[1+d(x,
where Ms (x,y) = max{d(x,y), {8l nd o] dbfolledte/aly

My(x,y) = max{d(x,y), UL} and Ny (x,y) = min{d(x, fx),d(x,gy)}.
Remark 3.5. If L = 0 in the inequality (3.2) then we say that the pair (f,g) is a Geraghty-
Suzuki contraction type (II) maps.
Example 3.6. Let X = (0,1) and letd : X x X — R" defined by

0 if x=y,

d(x,y) =
(x+y)* ifx#y.

Then (X,d) is a complete b-metric space with coefficient s = 2.
We define f,g: X — X by
Fx) =252, g(x) = g5 and we define 8 : [0,00) = [0,5) by B(r) = 55

Without loss of generality, we assume that x < y.
(3+x)

We have min{d(x, fx),d(y,gy)} = gmin{(x+ =¢7=), (v + g5)°} < (1 +3)7 = d(x,y)

O+zisy ) [14+(x+ (36}") )2 (y+ <3+x>) (14 (x+ (3+x))2}
M3 (x,y) = max{(x-+y)*, = 1+)1+(x+y) H(34x) ’ 64(1+(x+y) %) )
O+ gy )]
Ma(x,y) = max{(x+y)?, Al 1+y1+(x+y) “ "1 and

Np(x,y) = min{(x+ (3+x)

2 2
) (x+ 3(1y+y)) b=+ (1+y)) .
We consider
3 3
sd(fx,89) = 2" + g2 < H L4 )2 < Hxr+y)?
< s (TP AL+ gity)? < B(M3(x,y))Ma(x,y) + LN2 (x,y).
Therefore the pair of (f,g) is an almost Geraghty-Suzuki contraction type (IT) maps.

4. MAIN RESULTS

Proposition 4.1. Let (X,d) be a b-metric space with coefficient s > 1 and f,g : X — X be two
selfmaps. Assume that the pair (f,g) is an almost Geraghty-Suzuki contraction type (I) maps.
Then u is a fixed point of f if and only if u is a fixed point of g. Moreover, in this case u is

unique.

Proof. Let u be a fixed point of f. i.e., fu = u.
Suppose that gu # u.
We have
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A min{d(u, fu), d(u,gu)} = & min{d(u,u),d(u,gu)} = 0 = d(u,u).

From the inequality (3.1), we get
4.1) sd(fu,gu) < B(M(u,u))M>(u,u)+ LNy (u,u)

where

My (u,u) = max{d(u,u),d(u,fu),d(u,gu%W} =d(u,gu),

M, (u,u) = max{d(u,u),d(u, fu),d(u,gu)} = d(u,gu) and

Ny = min{d(u, fu),d(u,gu),d(u, fu)} = 0.

Therefore from the inequality (4.1), we get

sd(u, gu) < B(d(u,gu))d(u,gu) < 482,

which is a contradiction.

Hence gu = u, so that u is a common fixed point of f and g.

Similarly, it is easy to see that if u is a fixed point of g then u is a fixed point of f also.

Suppose u and v are two common fixed points of f and g with u # v.

Since 5. min{d(u, fu),d(v,gv)} < d(u,v) so that from the inequality (3.1), we get
4.2) sd(fu,gv) < B(M;(u,v))Ms(u,v)+ LNy (u,v)

where M (u,v) = max{d(u,v),d(u, fu),d(v,gv), %sd(v’fu)} =d(u,v),
M, (u,v) = max{d(u,v),d(u, fu),d(v,gv)} = d(u,v) and

Ni(u,v) = max{d(u, fu),d(v,gv),d(v, fu)} = 0.

From the inequality (4.2), we have

sd(u,v) < B(d(u,v))d(u,v) < 42,

it is a contradiction.

Therefore u = v.

Hence, f and g have a unique common fixed point in X. 0

Proposition 4.2. Let (X,d) be a b-metric space with coefficient s > 1 and f, g be two self maps
on X. Assume that the pair (f,g) is an almost Geraghty-Suzuki contraction type (II) maps.

Then u is a fixed point of f if and only if u is a fixed point of g. Moreover, it is unique.
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Proof. Let u be a fixed point of f. i.e., fu = u. Suppose that gu # u.
We have % min{d(u, fu),d(u,gu)} = 0 = d(u,u) and hence from the inequality (3.2),we get

4.3) sd(fu,gu) < B(M3(u,u))Mgs(u,u) + LNy (u,u)
where M3 (u,u) = max{d(u,u), d(u.’gﬂclladbgl)d’fu)] A s{(ul)ELl;(i u’fu }=d(u,gu),
My (i) = max{d (u, ), SBAULOLY — 0 and Ny (u,u) = min{d(u, fu),d(u, gu)} = 0

From the inequality (4.3), we have

sd(u,gu) < B(d(u,gu)).0+L.0 =0,

which is a contradiction. Therefore gu = u. Hence u is a common fixed point of f and g.
Similarly, it is easy to see that if u is a fixed point of g then u is a fixed point of f also.

Suppose u and v are two common fixed points of f and g with u # v.

Since 5. min{d(u, fu),d(v,gv)} < d(u,v) so that from the inequality (3.2), we have

4.4 sd(fu,gv) < B(Ms(u,v))My(u,u) + LN (u,v)
wher ) = maxfl ), Ao et g,
My(u,v) = max{d(u,v), %#} d(u,v) and Np(u,v) = min{d(u, fu),d(u,gv)} =0.

From the inequality (4.4), we have
sd(u,v) < B(d(u,v))d(u,v) < 22,
which is contradiction.

Therefore u = v.

Hence f and g have a unique common fixed point in X. 0J

Theorem 4.3. Let (X,d) be a complete b-metric space with coefficient s > 1 and let the pair
(f,g) be an almost Geraghty-Suzuki contraction type (I) maps. If either f (or) g is b-continuous

then f and g have a unique common fixed point in X.

Proof. We take xo € X be arbitrary.

Since f(X) C X and g(X) C X, there exist x1,x, € X such that fxo = x| and gx; = x,.
Similarly there exist x3,x4 € X such that fx; = x3 and gx3 = x4.

In general, we construct a sequence {x, } in X by fxa, = X2441,8X2n+1 = Xont2 forn=0,1,2,....

Suppose xy,, = x2,+1 for some n, then x,, = fxo, so that xy, is a fixed point of f.
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Hence by Proposition 4.1, we have xy, is a fixed point of g.

Therefore x,, is a common fixed point of f and g.

Hence without loss of generality, we assume that x,, # x;,, 11 for all n.

Suppose n is even. Then n = 2m,m € N. Since

% min{d (xp, fxn),d(Xp+1,8%n+1)} = % min{d (xom, fX2m),d(X2m+1,8%2m+1) } < d(Xom; X2m+1),

it follows from (3.1) that

4.5)  sd(fxams g%om+1) < BU(Mi(x2m,%2m+1)) M2 (X2ms X2m+1)) + LNt (X2m 13041

where

(%0, +d (et
My (X2, %2m41) = MaxX{d (X2, %2 1) d (X2, FX2m )y d (V2 15 G2 1 1), 28T 11) oF o1, /Xzm)

)
— d d d(Xom Xom+2) +d (Xomr1:X2m1)
= max{d (xam, X2m+1),d(Xam; X2m+1),d (X2m+1,X2m+2), 2 }
)

)}
(

X2ms X2m+-1,d (Xom41,X2m+2) } and

d

= max{d (x2m, X2m+1),d (X2m+1,%2m+2
My (X2, Xom+1) = max{d (X2, X2m+1),d(
N1 (xX2m, Xom1) = min{d (Xom, fxom), d (X2m-+1,8%2m41),d (X2m1, fxom) } =0
If d(xm, X2m+1) < d(X2m+1,X2m+2) then
M (X2, Xom+1) = Mo (Xom, Xom41) = d(Xom11,X2m+2)-
Therefore from the inequality (4.5),
sd (Xom i 1,%m+2) < B(d(xoms1,%m12))d (Xom s 1,Xom12) < 3d(Xomi1,%2m12)
which is contradiction.
Therefore M1 (Xom, Xam+1) = Ma(X2m, Xom+1) = d(Xams X2m+1)-

Hence from the inequality (4.5), we have

1
(4.6) sd (xom+1,X2m+2) < B(d(X2m, Xom+1))d (X2, X2m+1) < ;d(x2max2m+1)

Therefor d(x2m+1,Xm+2) < d(Xom;X2m+1)

Similarly, we obtain d(x242,Xm+3) < d(X2m+1,%2m+2)

Hence d(x,,x,+1) < d(xp—1,x,) foralln € N

Thus {d(x,,x,+1)} is a decreasing sequence of non negative reals and bounded below by 0.
Hence there exists r > 0 such that ,}E}l d(Xp,Xp41) =T

Now on taking limit superior as n — oo in (4.6),we get

s < limsup B (d (Xom, Xm-+1))r implies that s < limsup B (d (xom, Xm11)) < +
n—oo n—o0
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which implies that ly <1 <limsup B(d(xn,xn+1)) < %

n—oo

Therefore limsup B (d (xp,X,41)) = 1.

N
n—oo

Since f8 € §, we have

4.7) lim d (X, Xp41) = 0.

n—oo
we know prove that {x,} is a b-Cauchy sequence in X.

It is sufficient to show that {x,,} is a b-Cauchy.

Suppose that {x;, } is not a b-Cauchy sequence.

1273

Then by Lemma 2.9 there exist an € > 0 for which we can find subsequences {xy,,, } and {x2,, }

of {x2,} with ny > my, > k such that
(4.8) d(x2m, %20, ) > € and d(Xom,,X2n, ,) < €

satisfying (i)-(iv) of Lemma 2.9.

Suppose that there exists a k1 € N with k > k; such that

I .
(49) -~ mln{d(Xka7fx2mk)ad(x2nk71 b ngnkfl)} > d(-Xka 7~x2nk71)'

2s
On letting as k — o in (4.9), we get that € <0,
a contradiction.

Therefore 5= min{d (xXom, , fX2m,),d (X2n,—1,8%2m—1)} < d(Xomy s Xom—1)-

and from (3.1), we have

(4.10) SAd(fXxomy, 8%an,_,) < B(My(x2my s X2m,—1) )Mo (Xomy, Xon,—1) + LN1 (X2 s X200, —1)

where M, (szk X2, ) = maX{d(Xka y X2ny_q )7 d(x2mk ) fXka ) ) d(x2nk—1 1 8X2my_ )’

2%; [d(x2mk I 8x2nk_1 ) + d<x2nk_1 7fx2mk )] }
- max{d(Xka b Xan_l )7 d(mek 7x2mk+1 )7 d(Xan_l 7x2nk )7
25 (4 (Xamy 830m) + d (a5 %2m,, )]}

S max{d(x2mk Y X2nk,1 )7 d(mek 7x2mk+1 9 d(Xan,l 7x2nk )7

)
%Ss[dOCkaaxan,l ) + d(xanﬂ ,ink)
Mo (Xomy,%om, ) = max{d (xom, Xon, ), d (omy, fxom ), d(Xon,_,, 8%, ()}

= maX{d(Xka 9 x2nk,1 )7 d(Xka ) fx2mk+1 )v d(Xan,l 7x2nk )}

+ d(x2nk,1 7X2mk) + d(Xkaa)CZm/ﬁL] )] }7
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and Nl (x2mk7x2nk,1) = min{d(Xan,l 7gx2nk,1 )7d(x2nk,1 7fx2mk)}-
On taking limit superior as k — oo, My (X2, X2n,_,)s M2 (X2m; , %20, _,) and Ny (x2, ,x2,, ,) and
using (4.7), we get
limsup M (x2, , X25,_,) = limsupd (Xom, , Xon,_,) = limsup My (X2, , X2, ,) and
limsup Ny (X2, , X20,_,) = 0.
k—boo
We consider d(x2m,, X2n,_,) < 8[d(Xomy s X2m,_,) +d(X2n,_,X2m,_,)]-
On taking limit superior as kK — oo, we get
hm Supd(x2mk7x2nk,1) S S8,
k—yoo

On letting limit superior as k — o= in (4.10), we get

s(£) <limsup B (M (x2m,,X2n, ,)) Wimsup Mo (X2, , X2n, ) + LEmsup Ny (Xom, , X2n, ;)

) k—ro0 ) k—ro0 ) k—ro0
= limsup (M (x2m, ,X2n,_,)) Himsupd (xom, , X2n, ) < limsup B (M (x2m,, X2n,_,))ES
Therefore % < liin sup B(Mi (x2m, ,X2m,_,)) < % which implies liin sup B(Mi (x2m, ,X2m,_,)) = %
—o00 —>

Since 8 € §, we have klim M (X2, X20,_,) = 0.
—>00
4.11) i.c., lim d (X Xam, ) = 0.

From the inequality (4.8) and using b-triangular property, we have
0 <& <d(xomg,Xom,) < s[d(xXam, Xon, ) +d(X2n, |, X2n,)]-
Taking limit as k — oo, using (4.6) and (4.11), we get 0 < € <0
which is contradiction.
Therefore {x,} is a b-cauchy sequence inX. Since X is b-complete, there exists x € X such that
lim x,, = x.
n—oo
Suppose f is b-continuous, we have
fx = lim fxp, = lim x,+1 = x. Therefore x is a fixed point of f.
n—yoo n—oo
By proposition 4.1, we get that x is a unique common fixed point of f and g.

Similarly, we can prove that x is a unique common fixed point of f and g whenever g is

b-continuous. O

Theorem 4.4. Let (X,d) be a complete b-metric space with coefficient s > 1 and let the pair
(f,g) be an almost Geraghty-Suzuki contraction type (II) maps. If either f or g is b-continuous

then f and g have a unique common fixed point in X.
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Proof. We take xo € X be arbitrary.
Since f(X) C X and g(X) C X, there exist x1,x, € X such that fxo = x; and gx; = x,.
Similarly there exist x3,x4 € X such that fx; = x3 and gx3 = x4.
In general, we construct a sequence {x, } in X by fxa, = X2441,8X2n+1 = Xont2 forn=0,1,2,....
Suppose x3;,, = x2,+1 for some n, then x,, = fxo, so that xy, is a fixed point of f.
Hence by Proposition 4.2, we have xy, is a fixed point of g.
Therefore x,,, is a common fixed point of f and g.
Hence without loss of generality, we assume that x,, # x,, 11 for all n.
Suppose n is even. Then n = 2m,m € N. Since

% min{d(x2,, fxXon),d (X2n+1,8%m+1)} < d(X2n,X2n+1), it follows from (3.2) that

(4.12) sd(fx2n,8%n+1) < B((M3(x20,X2n+1))Ma (X2, X2n41) ) + LN2 (X210, X20141)
where

d n 9 n l d s n d n 9. n 1 d 1. n
M3 (X2n7X2n+1> = maX{d (X2n7x2n+1 ) G lgfd?xlz)ix_; +(1x)2 fx2) ) ( ;21({1261())2;625:;21){)52 )]}

)
= max{d(x2,%21+1),d(X2n+1,%n+2) }
)

d(xon+1,8%2n+1) [14+d (X2, %20)] }

M4(x2n7x2n+l> = max{d(x2n7x2n+l , 17d (Xon Xans1)

= max{d (x2n, X2n+1),d (X2n+1,X2n+2) } and Np (X2, X2041) = 0.
If d(x2n,X0n+1) < d(X2n41,X2n42) then
M5 (x20,X2n+1) = Ma(xXan, Xan+1) = d(X2n+1,%20+2)-
From the inequality (4.12), we get
sd (Xan41,%2n4+2) < B(d(Xoni1,%2012))d (X2ns1,X2042) < Ld(Xon41,%2012)
which is a contradiction.
Therefore M3(x2,, X2n+1) = Ma(x2n,%2n+1) = d (X2, X001 41)-

Again from inequality (4.12), we have

1
(4.13) sd (X241, %2n+2) < B(d(x2n,X2n+1))d (X2n, X2n11) < ;d(x2n»x2n+1)

Therefore d(x2,+1,X%n+2) < d(X21,X2041)-
Similarly, we obtain d(x2,,42,%20+3) < d(X20+1,X%20+2)-
Hence d(x,,x,+1) < d(xp—1,%,) forall n € N.

Thus {d(x,,x,+1)} is a decreasing sequence of non negative reals and bounded below by 0.
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Hence there exists » > 0 such that lim d(x,,x,1) =r
n—soo
Now on letting limit superior as n — oo in (4.13), we get
sr < limsup B (d(x2,%2,+1))r implies that s < limsup (d(x2,,%20+1)) < % implies that
n—oo n—oo
% < 1 <limsup B (d(x2n,%20+1)) < % which implise that limsup B (d(x2,,x2,41)) = +.

N
n—soo n—oo

Since f8 € §, we have

(4.14) lim d (X, Xp41) = 0.

n—yoo

We now prove that {x,} is a b-Cauchy sequence in X.

It is sufficient to show that {x,, } is b-Cauchy.

Suppose that {x,} is not a b-Cauchy sequence.

Then by Lemma 2.9 there exist an £ > 0 for which we can find subsequences {x2,, } and{x2,, }
of {xp,} with ny > my. > k such that

d(Xom,X2n,) > € and d (Xom, , X2p, ,) < € satisfying (i) — (iv) of Lemma 2.9.

Suppose that there exists a k; € N with k > k; such that

I .
(4 15) 2_S mln{d(Xka ) f-Xka ) ) d(x2nk_1 » 8X2n; 4 )} > d<x2mk7-x2nk_1 )

On letting limit superior as k — oo in (4.15), we get that € <0,
which is contradiction.
Therefore 2%min{d(xzmk,fxzmk),d(xan,gxz,lkfl)} < d(xX2m X2, )

and from (3.2), we have

(4 1 6) Sd(fXkaa ngnk,l ) S B (M3 (x2mk I xan,l ))M4 <x2mk ) xznk71 ) + LN2 (x2mk 7x2nk,1 )

d(Xan71 7gx2nk71 ) [1 +d(-x2mk 7fx2mk )}
1+d(x2mk Koy ) ’
d(XZn,ﬁl 7fx2mk ) [1+d(x2mk 7fx2mk)} }
s2[1+d(x2mk X)) ’

where M3 (X2, , X2n,_,) = max{d (xom, ,X2n,_, )

d(xony_y Xom ) [1+d (o Xomy )]
= max{d(X2mk;X2nk_1 )7 ‘ lH,d]Emek 7x2”kj) = ’
d(x2nk71 X2y 4 g )[1+d(x2mk X2my g )l }
s [1+d (xamy Xon, )] ’
d(Xan71 8X2m; 4 )[1+d(x2mk 7fx2mk )}
1+d(xzmk 7x2”k71) }’

M4 (Xka ) x2nk,1 ) - maX{d(.Xka I x2nk,1 )7
and N2 (Xka b x2nk,1 ) - min{d(x2mk bl fx2mk) 9 d(x2mk b ngnk,l )}

On letting limit superior as k — o and using (4.14), we get
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lim sup M3 (x2, , X25,_, ) = limsup My (X2, , X20,_, ) = limsupd (X, X2n, ,)-
and limsup N> (x2, , %24, _,) = 0.

k—voo
Now, we consider d (X2, ,X2n,_,) < S[d(X2my, X2n,_,) +d(X2n,_y s X2m,_,)]-

On taking limit superior as k — co, we get imsupd (x,, X2n,_,) < SE.
k—>oo
On letting limit superior as k — o= in (4.16), we get

s(£) <limsup B(M3(x2m,, X2n, ,)) Wimsup My (X, , X2n, ) + LEmsup N2 (xom, , X2n, ;)

k—oo k—voo k—oo
= limsup B (M3 (x2m, ,X2n,_,)) Uimsupd (x2, , X2n,_,) < limsup B (M3 (x2m,, X2n,_,))ES.

Therefore % < limsup B (M3 (X2, X2n,_,)) < %, which implies limsup B (M3 (xom, , %20, ,)) = 1

k—soo k—soo
Since 8 € §, we have klim M3 (X2, X20,_,) = 0.
—>00

(4.17) i.e., lim d(mek,Xanil) =0.

k—oo

From the inequality (4.14) and using b-triangular property, we have

0 < & <d(xomy,X2n,) < S[d(Xomg, Xon, ) +d(X2n,_,,X20,)]-

Taking limit as k — oo, using (4.14) and (4.17), we get € <0,

which is contradiction.

Therefore {x,} is a b-cauchy sequence inX.

Since X is b-complete, there exists x € X such that '}1_{130 X, = X.

Suppose f is b-continuous, we have

fx=lim fxo, = lim x4 = x.

Therefore x is a fixed point of f.

By proposition 4.2, we get that x is a unique common fixed point of f and g.

Similarly, we can prove that x is a unique common fixed point of f and g whenever g is

b-continuous.

5. EXAMPLES AND COROLLARIES
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R

The importance of the class of almost Geraghty-Suzuki contraction type maps is that this

class properly includes the class of Geraghty-Suzuki contraction type maps so that the class

of almost Geraghty-Suzuki contraction type maps is larger then the class of Geraghty-Suzuki

contraction type maps, which illustrated in Example 5.1 and Example 5.2.
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The following is an example in support of Theorem 4.3.

Example 5.1. Let X = [0,1] and let d : X x X — R defined by
(

0 if x=y,
12 . 2
d(x y) _ 15 lfxay € [07§]7
’ B e ye (2]
50 T 21 BARCERID
\ 162—15 if otherwise.

. . . _ 101
Then clearly(X,d) is a complete b-metric space with s = 3¢

Here we observe that when x = 15,z=1 € (3,1] and y € (0, 3],we have

d(x,z) = gg +ake= 10 £ 22 = 1% + 16—5 =d(x,y)+d(y,z) so that d is not a metric.
We define f,g: X — X by
30 ifx e [0, 2) 3 ifxe0,2)
f=4 0 T g =g TS
5 —x ifxe(35,1], 1-35 ifxe[s,1].
We define 8 : [0.0) — [0, 1) by (1) = %t Then B € 5.
We take L = 2. Without loss of generality, we assume that x > y.
Case (i). x,y € [0, 3).

Lmin{d(x, fx),d(y,gy)} = 4> 8L < 12 — 4(x,y).
Mi(x,y) = max{12,12 6L (B84 _ 12

My(x,y) = max{12, 1%, &L} = 12 and Ny (x,y) = min{1%, &k 12} = k.

We consider

sd(fx,gy) = W (L) < (S55) 12 +2(55) < B(M(x,y))Ma(x,y) + LNi (x,y).
Case (ii). x,y € (Z 1].

ﬁmln{d(xafx)7 (ya 8y

— 45 wé_lﬁw _ 45 xty
M (x,y) = max{35 + 57, %5, 5, EE— ) = 55 +
Yy

SN—
—
I
~
S
—
-
_ Bl
N—r
IA
2 &l
_|_
=
':’|+
Il
QU
—
=
+ =
'\< N—

5
My (x,y) =max{$ + 57, 55, 25} = 33+ 5 and Ny (x,y) = min{ 35, 35, D5} = 5.
We now consider

sd(fx,gy) = 3 (13)

e (—5+
< (8

0
Case (iii). x € (3,1],y € [0, 3

g min{d(x, fx),d(y,8y)} = 1o1(135) < 135 = d(x,)-

=
N
R
4
<
N—
+
Py
N|°\
N~—
AN
=
S
~~
=
=
S
5
=
+
o~
=
~~
=
=



ALMOST GERAGHTY-SUZUKI CONTRACTION TYPE MAPS 1279

61 61 12 ($+13)49 2
Ml(x,y):max{m,%,i—s, 151()115 }:}_
My (x,y) = max{ s, {35 {3} = 15 and N1 (x,y) = min{ 5, 15, 13} = 13-

Now we consider

sd(fx,8y) = SR (B) < (52 (13) +2(F5) < BM: (x,3))Ma(x,3) + LN (x. ).
Case (iv). x = %,y € [0, %)

%mmM@JﬂdU£W}=?S%=%@J)

M, (x,y) = max{ %,0 162157T

M, (x,y) = max{ }%,0 16215 1—% an

‘We now consider
12

sd(fx,gy) = 91(12) < €5 (12) oLy < B(, (x,3))Ma (x,y) + LNy (x,).

From all the above cases we conclude that the point (f,g) is an almost Geraghty-Suzuki

contraction type (I) maps.
Therefore f and g satisfy all the hypotheses of Theorem 4.3 and % is unique common fixed
point.

Here we observe that if L = 0 then the inequality (3.1) fails to hold.

For, we choose, x =0and y = % we have

12 o 61 [s+i549 12
d(fx,gy) = 125’M1(x y) =max{3,0, 155, 57— = 15 and
_ 12 o 61 12
Ms(x,y) = max{s,0, {35 } = 75

Hence we note that

sd(fx,8y) = g (135) £ B(13)15 = B(M (x,5))Ma(x,y) for any B € §.
The following is an example in support of Theorem 4.4.

Example 5.2. Let X = [0,) and let d : X x X — R defined by
(

0 ifx=y,
4 ifx,ye(0,1),
d(x,y) = ,
5+)?y if x,y € [1,00)
\ % if otherwise.
Then clearly(X,d) is a complete b-metric space with s = %.

We define f,g: X — X by
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x3 . 2.

L4+2 ifxel0,1), x= ifxe[0,1),
fw={ 7 andg)={

3x3 =2 ifx € [1,00), = ifx€[l,e).

Here we observe that clearly g is b-continuous..
We define §: R™ — [0, 1) by () = %I Then B € §
Case (i). x,y € [0,1)
2 min{d(x, fx),d(y,y)} = s53min{$E,4} = (333)(55) <4 =d(x,y)
_ 40435 FO0+8)y _ A0+58)y
Here Ms(x,y) = max{4, T B } =4, My(x,y) = max{4, I }=4

and N> (x,y) = min{$%,4} = §&

‘We now consider
Sd(fxagy) = (%)(%) < ?(4) +3(%) < B(M3(x7y))M4(x7y) +LN2(x7y)'
Case (ii). x,y € (1,00).

o min{d(x, fx),d(y,gy)} = 535 min{5 + 5, % <;ﬁ§’><§—) 5+ 55 =dx.y).
68
25[1+5+x+)} 5+m[1+5+x+) L
Here M3(x,y) = max{5 + x+y7 (Fu =y W pree
§§[1+5+x+y .68 68
My(x,y) = max{5+x+y,1+T} 5+ my and Na(x,y) =min{§8,5+ 5} = 5.

‘We now consider

sd(fr,gy) = 2(8) < S5 (54 1)L 3(8) < B(Ma(x))Ma(x,y) + LNa(x,).

Case (iii). x € [0,1),y € (I, oo)

- min{d(x, fx),d(y,gy)} = ;ngm{zs,gg} (5421(3))(2 )SS—Z d(x,y).

68 —
B(14+88] S+5[1+%]
) =S g e~ O ) R

Bn+5 .
My(x,y) = max{%, 251[+%25]} = E and N (x,y) = min{5 + x+y,4} 4.

Now we consider

_ 5453

sd(fx,gy) = (23)(83) < — LB 1(88) 4 3504 < B(Ms(x,y))Ma(x,y) + LNa(x, ).
Case (iv). x € (1,0),y € [0,1).

55 min{d(x, fx),d(y,gy)} = ﬁgmm{ﬂxﬂ,“} s < B =d(xy).

41+5+ ) S+s5+ L 100 6+ )

Here M;(x,y) = max{$ . il R
( 7)’) {257 +E (%i?) 1+§§

4(145+ 1) 100(6+-1) .

_ 68 + + _ 68 6871 __ 68
M4(x,y)—max{25, 1+68x = 93x > andNZ(xuy)—mm{ﬁvﬁ = 75"
We now consider

100(6+ 1)

sd(fr.gy) = (83)(8) < e 0Oy L5 (88 < B(M(xy))Malr.y) +

3}
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LN, (X, y) :
Case (v). x=1,y=10,1)

s-min{d(x, fx),d(y,gy)} = 0 < d(x,y)
68 4(1+0)  55(1+0) } = 100
257 1+68 7(243) (l+%) -

93>
4(1+0 .
Mﬂnwzmmq%,gén—%¥mmwﬁnw:mm8%% =%

M;3(x,y) = max{22

Now we consider
100

sd(fx,gy) = 535(35) < “5-(') +3 x B < B(M3(x,y)) + LNa (x,y).
Case (vi). x € [0,1),y = 1.

Lmin{d(x, fx),d(y,gy)} = 0<duw

(5+)(1+88 )(240)2
M;3(x,y) = max{ 32,0 (gjgﬂ’ 1+§§25 } = 240) ,My(x,y) = max{ 25,O} and
681 _ 68
Np(x,y) = min{5 + —— x+y, =} =75

We consider
sd(fx,g5) = 33(5+ 5) < 5 (8) +3x § < B(M3(x,y))Ma(x,y) + LNa(x,).
From all the above cases we conclude that the pair (f,g) is an almost Geraghty-Suzuki con-
traction type (II) maps. Therefore f and g satisfy all the hypotheses of Theorem 1 and % is
unique common fixed point.
Hence we observe that if L = 0 then the inequality (2.3.1) fails to hold.
For, we choose x = 0 and y = 2 we have
d(fx,gy) = S5, Ms(x,y) = J30000y. Ma(x,y) = $8
Here we note that
Sd(fx,gy) = 3534 # B(I200000) S8 _ (0 (x, )My (x.) for any B € 5.

Corollary 5.3. Let (X,d) be a complete b-metric space with coefficient s > 1 and let f : X — X

be a selfmap satisfies the following condition:

lsd(x,fx) < d(x,y) implies that sd(fx, fy) < B(M;(x,y))M>(x,y) + LN;(x,y),

where M (x,y) = max{d(x,y),d(x, fx),d(y, fy) ,fy);rsd(fx,y)}

M (x,y) = max{d(x,y),d(x, fx),d(y, fy)} and N (x,y) = min{d(y, fx),d(y, fy)}.
Then f has a unique fixed point in X.

Proof. Follows by choosing g = f in Theorem 4.3. U
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Corollary 5.4. Let (X,d) be a complete b-metric space with coefficient s > 1 and let f : X — X

be a selfmap satisfies the following condition:

o-d(x f2) < d(x.y) implies that sd(fx /) < B(Ms(x,))Ma(x.y) + LNa(x.).

d.fy)[1+d(x.fx)] dx,fy)[1+d(x,fx)] }
14+d(x,y) 7 s2(14+d(x,y)) ?

My(x,y) = max{d(x,y), LLPLRAELNY and Ny (x,y) = min{d (x, fx),d(x, )}

Then f has a unique fixed point in X.

where M3(x,y) = max{d(x,y),

Proof. Follows by choosing g = f in Theorem 4.4. 0

The following corollaries follows by taking L = 0 in Theorem 4.3 and Theorem 4.4.

Corollary 5.5. Let (X,d) be a complete b-metric space with coefficient s > 1 and let
(f,g) be an Geraghty-Suzuki contraction type (I) maps. If either f (or) g is b-continuous then
f and g have a unique common fixed point in X.

Corollary 5.6. Let (X,d) be a complete b-metric space with coefficient s > 1 and let (f, g) be
an Geraghty-Suzuki contraction type (II) pair of maps. If either f (or) g is b-continuous then f

and g have a unique common fixed point in X.
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