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Abstract: For a given graph G(V, E), L(1,1,1)-labeling problem is an assignment from vertex set V to the set of 

non negative integers. If Z+ be the non negative integers then L(1,1,1)-labeling is a function f: V → Z+ such that 

for any two vertices x and y, |f(x) − f(y)| ≥ 1, when d(x, y) = 1; |f(x) − f(y)| ≥ 1, when d(x, y) = 2; and 

|f(x)f(y)| ≥ 1, when d(x, y) = 3. The L(1,1,1)-chromatic number λ1,1,1 is the smallest positive integer such that 

G has an L(1,1,1)-labeling with λ1,1,1 as the maximum label. In this paper we determine the L(1,1,1)-chromatic 

number for a path, a cycle, bouquet of cycles joining at a vertex (all are of finite lengths) and sun graph. We also 

present a lower and upper bounds for λ1,1,1 in terms of the maximum degree of G. 

Keywords: distance labeling; radio labeling; graph colouring; λ-labeling; L(h, k)-labeling; L(d, 1,1)-labeling; 

L(d, 2,1)-labeling. 

2010 AMS Subject Classification: 05C12. 

 

1.  INTRODUCTION 

In 1980 Hale introduced channel assignment problem, which is nothing but an assignment to 
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assign a channel (non-negative integer) to each radio transmitter (radio, T.V, cell phone, etc.) so 

that interfering transmitters are assigned channels whose separations is not in a set of disallowed 

separations. A variation of the channel assignment problem in which “close” transmitters must 

receive different channels and “very close” transmitters must receive channels that are at least 

two channels apart. This problem can be modelled as a graph labelling/colouring problem where 

the vertices represent the transmitters, two vertices are “very close” if they are adjacent and 

“close” if they are of distance two in the graph. This type of channel assignment is known in the 

literature as an L(2,1)-labeling. Frequency assignment problem has been widely studied in the 

past [6, 7, 9, 12, 19, 21, 20]. 

L(3,2,1)-labeling naturally extends from L(2,1)-labeling by taking into consideration vertices 

which are within a distance of three apart, but it remains less difficult than radio-labeling. An 

L(3,2,1)-labelling of a graph G is a function f from its vertex set V to the set of non-negative 

integers such that |f(x) − f(y)| ≥ 3  if d(x, y) = 1 , |f(x) − f(y)| ≥ 2  if d(x, y) = 2  and 

|f(x) − f(y)| ≥ 1 if d(x, y) = 3. The L(3,2,1)-labelling number, k3(G), of G is the smallest 

natural number k3 such that G has an L(3,2,1)-labelling with k3 as the maximum label. An 

L(3,2,1)-labeling of a graph G is called a minimal L(3,2,1)-labeling of G if, under the labeling, 

the highest label of any vertex is k3(G). 

In 2007, Bertossi et al. have studied approximate L(δ1, δ2, … , δt)-coloring of trees and interval 

graphs [2] and Bodlaender et al. have studied about approximations for λ-colorings of graphs [3]. 

Also in [16], Khan et al. have studied L(2,1)-total labeling of cactus graphs and in [17] they 

studied L(0,1)-labeling of cactus graphs. Later Calamoneri [4] studied L(δ1, δ2, 1)-labeling of 

eight grids, Amanathulla and Pal studied L(3,2,1) -labeling and L(4,3,2,1) -labeling of 

circular-arc graphs [1]. The upper bound of λp,1(G) of any graph G is Δ2 − (p − 1)Δ − 2 [5], 

where Δ is the degree of the graph. In [10], Clipperton et al. showed that λ3,2,1(G) ≤ Δ
3 + Δ2 +

3Δ for any graph. Later Chai et al. [8] improved this upper bound and showed that λ3,2,1(G) ≤

Δ3 + 2Δ for any graph. In [18], Liu and Shao studied the L(3,2,1)-labeling of planer graph and 

showed that λ3,2,1(G) ≤ 15(Δ
2 − Δ + 1). In [8], Chia et al. also showed that λ3,2,1(G) = 2n + 5 
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if T is a complete n-ary tree of height h ≥ 3 and for any tree 2Δ + 1 ≤ λ3,2,1(G) ≤ 2Δ + 3. 

In [11], Jean studied about L(d, 2,1)-labeling of simple graph and showed that λd,2,1(Kn) =

d(n − 1) + 1, where Kn is complete graph with n vertices and also shown that λd,2,1(Km,n) =

d + 2(m+ n) − 3. Kim et al. [15] show that λ3,2,1(K3 Cn) = 15 when n ≥ 28 and n ≡

0(mod 5), where K3 Cn is the Cartesian product of complete graphs K3 and the cycle Cn.  

An L(1,1,1) -labeling is a simplified model for the channel assignment problem. 

L(1,1,1)-labeling is a function f: V → Z+  such that for any two vertices x and y, |f(x) −

f(y)| ≥ 1, when d(x, y) = 1; |f(x) − f(y)| ≥ 1, when d(x, y) = 2; and |f(x)f(y)| ≥ 1, when 

d(x, y) = 3. The L(1,1,1)-chromatic number λ1,1,1 is the smallest positive integer such that G 

has an L(1,1,1)-labeling with λ1,1,1 as the maximum label. 

In this paper we only focus on L(1,1,1)-labeling of paths, a cycle, bouquet of cycles (joining at a 

common cut vertex) and sun graph. And also we find out the lower and upper bounds of 

L(1,1,1) -labeling number λ1,1,1(G)  such that G  has an L(1,1,1) -labeling with λ  as the 

maximum label. 

 

2.  L(1,1,1)-LABELING OF PATH 

Lemma 1  Let Pn  be a path of length n ≥ 2. Then λ1,1,1 lies between Δ + 1 and Δ + 2, 

where Δ is the degree of path.  

Proof.  Let us consider vi; i = 0,1,2,… , n − 1 be the vertices of Pn. Here we label the vertices 

of P2  as f(v0) = 1, f(v1) = 2; P3 as f(v0) = 1, f(v1) = 2, f(v2) = 3 respectively. For n ≥ 4 

the labeling procedure of the vertices of Pn is as follows 

f(vi) =

{
 
 

 
 
1, if  i ≡ 0  (mod  4);
2, if  i ≡ 1  (mod  4);

3, if  i ≡ 2  (mod  4);
4, if  i ≡ 3  (mod  4).

 

Here λ1,1,1(P2) = 2 = Δ+ 1 , λ1,1,1(P3) = 3 = Δ+ 1  and λ1,1,1(Pn) = 4 = Δ + 2  (for n ≥

4). 

We have proved that for Pn, Δ + 1 ≤ λ1,1,1(Pn) ≤ Δ+ 2.                                  ∎  
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3.  L(1,1,1)-LABELING OF A CYCLE 

Lemma 2  If Cn be a cycle of finite length n, then λ1,1,1 lies between Δ + 1 and Δ+ 5, 

where Δ = 2.  

Proof.  Let us consider Cn be a cycle of finite length n and v0, v1, … , vn−1 be the vertices. 

Here degree of the cycle is 2, that is Δ = 2. Now we classify Cn into five groups, viz., C3, C4k, 

C4k+1, C4k+2 and C4k+3 respectively. Then the labeling procedures of L(1,1,1) are as follows. 

Case 1.   For n=3. 

We label the vertices of C3 as {1,2,3}. Here λ1,1,1(C3) = 3 = Δ + 1. 

Case 2.   For n = 4k ≡ 0 (mod 4). 

The labeling technique for the case is 

f(vi) = {

1, if  i ≡ 0  (mod  4);

2, if  i ≡ 1  (mod  4);
3, if  i ≡ 2  (mod  4);
4, if  i ≡ 3  (mod  4).

 

Here we have found λ1,1,1(C4k) = 4 = Δ + 2. 

Case 3.   For n = 4k + 1 ≡ 1 (mod 4). 

First we label the vertices v0, v1, v2, … , v4k−1 using the procedure as developed in case 2. Then 

we label the remaining vertex v4k as  

f(vS4k) = 5. 

Here we can see that the maximum non negative integer is 5, so, λ1,1,1(C4k+1) = 5 = Δ + 3. 

Case 4.   For n = 4k + 2 ≡ 2 (mod 4). 

The labeling technique of first n − 2 = 4k vertices is same as given in case 2 of this lemma. 

For remaining two vertices V4k and V4k+1, we label them as  

f(v4k) = 5  and  f(v4k+1) = 6. 

Here λ1,1,1(C4k+2) = 6 = Δ + 4. 

Case 5.   For n = 4k + 3 ≡ 3 (mod 4). 

Using the same procedure as developed in case 2, we can label first n − 3 = 4k vertices. And 

we label the last three vertices as  

f(v4k) = 5, f(v4k+1) = 6  and  f(v4k+2) = 7. 
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Here, λ1,1,1(C4k+3) = 7 = Δ + 5. 

Thus, from all above cases we see that L(1,1,1)-chromatic number λ1,1,1 lies between Δ + 1 

and Δ + 5, that is, Δ + 1 ≤ λ1,1,1(Cn) ≤ Δ + 5, where Δ = 2. 

Hence the proof.                                                               ∎ 

 

4.  L(1,1,1)-LABELING OF TWO CYCLES (JOINED AT A COMMON CUTVERTEX) 

Lemma 3.  Let G be a graph consists of two cycles 𝐶n and 𝐶m of finite lengths n and m 

respectively, joined at a common cutvertex. Then λ1,1,1 lies between Δ + 1 and Δ + 3, where 

Δ = 4 is the degree of the common cutvertex.  

Proof.  Let us consider G = Cn ∪v0 Cm, and vi; i = 0,1,… , n − 1 and v0, v′j; j = 1,… ,m −

1 be the vertices of Cn and Cm respectively. Here v0 is the common cutvertex. We will prove 

this lemma by using six cases. Now, we discuss all the cases as follows. 

 

Case 1.   For 𝒏 = 𝟑 and 𝒎 = 𝟑. 

By using the technique as given in case 1 of lemma 2, we label the vertices of first 𝐶3. 

After that we label the remaining vertices of the second cycles as 

𝑓(𝑣′1) = 4 and 𝑓(𝑣′2) = 5. 

Here 𝜆1,1,1(𝐺) = 5 = Δ + 1. 

 

Case 2.   For 𝒏 = 𝟒𝒌 + 𝒊 and 𝒎 = 𝟑, for 𝒊 = 𝟎, 𝟏, 𝟐, 𝟑. 

 

Case 2.1.  For 𝑛 = 4𝑘 ≡ 0 (mod 4) and 𝑚 = 3. 

Here the labelling procedure of 𝐶𝑛 is same as developed in case 2 of lemma 2. Now we 

label the remaining vertices of 𝐶3 as 

𝑓(𝑣′1) = 5 and 𝑓(𝑣′2) = 6 = Δ + 2. 

 

Case 2.2.  For 𝑛 = 4𝑘 + 1 ≡ 1 (mod 4) and 𝑚 = 3. 

Using the labeling technique given in case 3 of lemma 2, we first label the vertices of 

𝐶4𝑘+1. After that we label the second vertices as 

𝑓(𝑣′1) = 6 and 𝑓(𝑣′2) = 7 = Δ + 3. 

 

Case 2.3.  For 𝑛 = 4𝑘 + 2 ≡ 2 (mod 4) and 𝑚 = 3. 

The labeling procedure of 𝐶4𝑘+2 is same as given in case 4 of lemma 2. Now for the 

vertices 𝑣′1, 𝑣′2, we label them by 

𝑓(𝑣′1) = 4 and 𝑓(𝑣′2) = 7 respectively. 

Here 𝜆1,1,1(𝐺) = 7 = Δ + 3. 
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Case 2.4.  For 𝑛 = 4𝑘 + 3 ≡ 3 (mod 4) and 𝑚 = 3. 

First we label the vertices of 𝐶4𝑘+3 by the rule, developed in case 5 of lemma 2. And for 

the vertices 𝑣′1, 𝑣′2, we label them by 

𝑓(𝑣′1) = 4 and 𝑓(𝑣′2) = 5 respectively. 

We get, 𝜆1,1,1(𝐺) = 7 = Δ + 3. 

 

Case 3.   For 𝒏 = 𝟒𝒌 ≡ 𝟎 (mod 4) and 𝒎 = 𝟒𝒌 + 𝒊, for 𝒊 = 𝟎, 𝟏, 𝟐, 𝟑. 

 

First we label the vertices of 𝐶𝑛 by the rule as given in case 2 of lemma 2. After that the 

procedure to label the remaining vertices of 𝐶𝑚 are given in the following subcases. 

 

Case 3.1.  For 𝑚 = 4𝑘 ≡ 0 (mod 4). 

𝑓(𝑣′1) = 5, 𝑓(𝑣′2) = 3, 𝑓(𝑣′3) = 4 and for the vertices 𝑣′𝑗 ; 𝑗 = 4,5,6,… ,𝑚 − 2 =

4𝑘 − 2, the labeling procedure is as follows 

𝑓(𝑣′𝑗) =

{
 
 

 
 
1, i𝑓  𝑗 ≡ 0  (m𝑜𝑑  4);
2, i𝑓  𝑗 ≡ 1  (m𝑜𝑑  4);

3, i𝑓  𝑗 ≡ 2  (m𝑜𝑑  4);
4, i𝑓  𝑗 ≡ 3  (m𝑜𝑑  4);

 

and 𝑓(𝑣′4𝑘−1) = 6 = Δ + 2. 

 

Case 3.2.  For 𝑚 = 4𝑘 + 1 ≡ 1 (mod 4). 

Using the procedure as developed in subcase 3.1, we label the first 4𝑘 − 1 vertices of 

𝐶4𝑘+1. Then we label last two vertices as 

𝑓(𝑣′4𝑘−1) = 6 and 𝑓(𝑣′𝑚−1) = 𝑓(𝑣′4𝑘) = 7 respectively. 

So, 𝜆1,1,1(𝐺) = 7 = Δ + 3. 

 

Case 3.3.  For 𝑚 = 4𝑘 + 2 ≡ 2 (mod 4). 

For the vertices 𝑣′𝑗 ; 𝑗 = 1,2,… ,4𝑘 − 1 , the labeling procedure is same same as 

developed in subcase 3.1. Now we label last two vertices as 

𝑓(𝑣′4𝑘) = 6 and 𝑓(𝑣′𝑚−1) = 𝑓(𝑣′4𝑘+1) = 7 = Δ + 3. 

 

Case 3.4.  𝑚 = 4𝑘 + 3 ≡ 3 (mod 4). 

The labeling rule of first 4𝑘 vertices of 𝐶4𝑘+3 is same as given in subcase 3.1. Then we 

label last three vertices as 

𝑓(𝑣′4𝑘) = 5, 𝑓(𝑣′4𝑘+1) = 6 and 𝑓(𝑣′4𝑘+2) = 7 = Δ+ 3. 

 

Case 4.   For 𝒏 = 𝟒𝒌 + 𝟏 ≡ 𝟏 (mod 4) and 𝒎 = 𝟒𝒌 + 𝒊, for 𝒊 = 𝟏, 𝟐, 𝟑. 

Here also we label the first cycle 𝐶𝑛 by using case 3 in lemma 2. After that we label the 

vertices (except 𝑣0) of 𝐶𝑚 and the rule are discuss in the following subcases. 
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Case 4.1.  For 𝑚 = 4𝑘 + 1 ≡ 1 (mod 4). 

𝑓(𝑣′1) = 6, 𝑓(𝑣′2) = 3, 𝑓(𝑣′3) = 4, for the vertices 𝑣′𝑗; 𝑗 = 4,5,6,… ,𝑚 − 2 = 4𝑘 −

1, the labelling procedure is as follows 

𝑓(𝑣′𝑗) =

{
 
 

 
 
1, i𝑓  𝑗 ≡ 0  (m𝑜𝑑  4);
2, i𝑓  𝑗 ≡ 1  (m𝑜𝑑  4);

3, i𝑓  𝑗 ≡ 2  (m𝑜𝑑  4);
4, i𝑓  𝑗 ≡ 3  (m𝑜𝑑  4);

 

and 𝑓(𝑣′4𝑘) = 7 = Δ + 3. 

 

Case 4.2.  For 𝑚 = 4𝑘 + 2 ≡ 2 (mod 4). 

 

The labeling technique of the vertices 𝑣′𝑗 ; 𝑗 = 1,2, … ,4𝑘 − 2 is same as given in 

subcase 4.1. And for the remaining vertices, we label them as 

𝑓(𝑣′4𝑘−1) = 5, 𝑓(𝑣′4𝑘) = 4 and 𝑓(𝑣′4𝑘+1) = 7 = Δ+ 3. 

 

Case 4.3.  For 𝑚 = 4𝑘 + 3 ≡ 3 (mod 4). 

 

Using the procedure given in subcase 4.1, we label the vertices 𝑣′𝑗; 𝑗 = 1,2, … ,4𝑘 − 2. 

For the remaining vertices, we label them as 

𝑓(𝑣′4𝑘−1) = 5, 𝑓(𝑣′4𝑘) = 6, 𝑓(𝑣′4𝑘+1) = 4 and 𝑓(𝑣′4𝑘+2) = 7 respectively. 

Thus, 𝜆1,1,1(𝐶4𝑘+1 ∪𝑣0 𝐶4𝑘+3) = 7 = Δ + 3. 

Case 5.   For 𝒏 = 𝟒𝒌 + 𝟐 ≡ 𝟐 (mod 4) and 𝒎 = 𝟒𝒌 + 𝒊, for 𝒊 = 𝟐, 𝟑. 

 

Using case 4 of lemma 2, we label the vertices of 𝐶𝑛. And the labeling of second cycle 

are discussed in the following subcases. 

 

Case 5.1.  For 𝑚 = 4𝑘 + 2 ≡ 2 (mod 4). 

 

𝑓(𝑣′1) = 4, 𝑓(𝑣′2) = 3, 𝑓(𝑣′3) = 5, for the vertices 𝑣′𝑗; 𝑗 = 4,5,6,… ,𝑚 − 3 = 4𝑘 −

1, the labeling procedure is as follows 

𝑓(𝑣′𝑗) =

{
 
 

 
 
1, i𝑓  j ≡ 0  (m𝑜𝑑  4);
2, i𝑓  𝑗 ≡ 1  (m𝑜𝑑  4);

3, i𝑓  𝑗 ≡ 2  (m𝑜𝑑  4);
4, i𝑓  𝑗 ≡ 3  (m𝑜𝑑  4);

 

and 𝑓(𝑣′4𝑘) = 5, 𝑓(𝑣′4𝑘+1) = 7 = Δ + 3. 

 

Case 5.2.  For 𝑚 = 4𝑘 + 3 ≡ 3 (mod 4). 
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The labeling rule of the vertices 𝑣′𝑗; 𝑗 = 1,2,… ,4𝑘 − 1 is same as developed in subcase 

5.1. For the remaining vertices the procedure is as 

𝑓(𝑣′4𝑘) = 6, 𝑓(𝑣′4𝑘+1) = 5 and 𝑓(𝑣′4𝑘+2) = 7 respectively. 

Thus, 𝜆1,1,1(𝐺) = 7 = Δ + 3. 

 

Case 6.   For 𝒏 = 𝟒𝒌 + 𝟑 ≡ 𝟑 (mod 4) and 𝒎 = 𝟒𝒌 + 𝟑 ≡ 𝟑 (mod 4). 

 

Using case 5 of lemma 2, we label the vertices of 𝐶𝑛 . For the vertices 𝑣′𝑗 ; 𝑗 =

1,2,… ,4𝑘 − 2, the labeling procedure is same as given in subcase 3.1. And we label last three 

vertices as 

𝑓(𝑣′4𝑘−1) = 5, 𝑓(𝑣′4𝑘) = 7, 𝑓(𝑣′4𝑘+1) = 4 and 𝑓(𝑣′4𝑘+2) = 6. 

Here, 𝜆1,1,1(𝐺) = 7. 

So, from all above cases we have found that Δ + 1 ≤ 𝜆1,1,1(𝐺) ≤ Δ + 3. 

Hence the proof.                                                               ∎ 

 

5.  L(1,1,1)-LABELING OF THREE CYCLES (JOINED AT A COMMON CUTVERTEX) 

Lemma 4.  Let G be a graph consists of three cycles Cn, Cm and Cl of finite lengths n, m 

and l, joined at a common cutvertex . Then Δ + 1 ≤ λ1,1,1(G) ≤ Δ + 3, where Δ = 6 is the 

degree of the common cutvertex.  

Proof.  Let us consider 𝑣𝑖 ; 𝑖 = 0,1,2, … , 𝑛 − 1; 𝑣0 , 𝑣′𝑗 ; 𝑗 = 1,2,… ,𝑚 − 1; 𝑣0 , 𝑣′𝑝 ; 𝑝 =

1,2,… , 𝑙 − 1 be the vertices of 𝐶𝑛, 𝐶𝑚 and 𝐶𝑙 respectively. Here 𝑣0 is the common cutvertex. 

So, 𝐺 = 𝐶𝑛 ∪𝑣0 𝐶𝑚 ∪𝑣0 𝐶𝑙. 

 

Case 1.   For 𝒏 = 𝟑, 𝒎 = 𝟑 and 𝒍 = 𝟑. 

Using the procedure as given in case 1 of lemma 3, we label first two cycles. Next we 

label remaining vertices of the third cycle as 

𝑓(𝑣′′1) = 6 and 𝑓(𝑣′′2) = 7. 

Here 𝑓(𝑣′′2) = 7 = Δ+ 1. 

 

Case 2.   For 𝒏 = 𝟒𝒌 + 𝒊; 𝒊 = 𝟎, 𝟏, 𝟐, 𝟑, 𝒎 = 𝟑 and 𝒍 = 𝟑. 

The labeling technique for first two cycles has been developed in case 2 of lemma 3. 

Now labeling procedure of the remaining vertices of third cycle for different values of 𝑖 are 

given in the following subcases. 

 

Case 2.1.  For 𝑛 = 4𝑘 ≡ 0 (mod 4), 𝑚 = 3 and 𝑙 = 3. 

𝑓(𝑣′′1) = 7 and 𝑓(𝑣′′2) = 8 = Δ+ 2. 

 

Case 2.2.  For 𝑛 = 4𝑘 + 𝑖; 𝑖 = 1,2,3, 𝑚 = 3 and 𝑙 = 3. 

𝑓(𝑣′′1) = 8 and 𝑓(𝑣′′2) = 9 = Δ+ 3. 
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Case 3.   For 𝒏 = 𝟒𝒌 ≡ 𝟎 (mod 4), 𝒎 = 𝟒𝒌 + 𝒋; 𝒋 = 𝟎, 𝟏, 𝟐, 𝟑 and 𝒍 = 𝟑. 

      Here first we label first two cycles using the procedure given in case 3 of lemma 3. Next 

we label the remaining vertices of third cycle for different values of 𝑗 as given in the following 

subcases. 

 

Case 3.1.  For 𝑛 = 4𝑘 ≡ 0 (mod 4), 𝑚 = 4𝑘 ≡ 0 (mod 4) and 𝑙 = 3. 

The labeling procedure of 𝑣′′1 and 𝑣′′2 is same as developed in subcase 2.1. 

 

Case 3.2.  For 𝑛 = 4𝑘 ≡ 0 (mod 4), 𝑚 = 4𝑘 + 𝑗; 𝑗 = 1,2,3 and 𝑙 = 3. 

We can label the vertices 𝑣′′1 and 𝑣′′2 by the technique given in subcase 2.2. 

 

Case 4.  For 𝑛 = 4𝑘 + 𝑖; 𝑖 = 1,2,3 𝑚 = 4𝑘 + 𝑗; 𝑗 = 1,2,3 and 𝑙 = 3. 

Here also we label the vertices 𝑣′′1 and 𝑣′′2, using the technique given in subcase 2.2. 

 

Case 5.   For 𝒏 = 𝟒𝒌 ≡ 𝟎 (mod 4), 𝒎 = 𝟒𝒌 ≡ 𝟎 (mod 4) and 𝒍 = 𝟒𝒌 + 𝒑; 𝒑 = 𝟎, 𝟏, 𝟐, 𝟑. 

Using the procedure of labeling as developed in case 3.1 of lemma 3, we label 𝐶𝑛 and 

𝐶𝑚 first. After that we label 𝐶𝑙 and the procedure is discussed in the following subcases. 

 

Case 5.1.  For 𝑙 = 4𝑘 ≡ 0 (mod 4). 

𝑓(𝑣′′1) = 7; 𝑓(𝑣′′2) = 3; 𝑓(𝑣′′3) = 4; 

for the vertices 𝑝 = 4,5, … , 𝑙 − 2 = 4𝑘 − 2, 

𝑓(𝑣′′𝑝) =

{
 
 

 
 
1, i𝑓  𝑝 ≡ 0  (m𝑜𝑑  4);
2, i𝑓  𝑝 ≡ 1  (m𝑜𝑑  4);

3, i𝑓  𝑝 ≡ 2  (m𝑜𝑑  4);
4, i𝑓  𝑝 ≡ 3  (m𝑜𝑑  4);

 

and 𝑓(𝑣′′𝑙−1) = 𝑓(𝑣′′4𝑘−1) = 8 = Δ+ 2. 

 

Case 5.2.  For 𝑙 = 4𝑘 + 1 ≡ 1 (mod 4). 

The labeling procedure of 𝑣′′𝑝; 𝑝 = 1,2,… , 𝑙 − 4 = 4𝑘 − 3 is same as given in the 

above subcase except last three vertices. We label them as 

𝑓(𝑣′′𝑙−3) = 𝑓(𝑣′′4𝑘−2) = 5, 

𝑓(𝑣′′𝑙−2) = 𝑓(𝑣′′4𝑘−1) = 3, 

𝑓(𝑣′′𝑙−1) = 𝑓(𝑣′′4𝑘) = 8 = Δ + 2 

But when 𝑙 = 5, then 

𝑓(𝑣′′1) = 7, 𝑓(𝑣′′2) = 3, 𝑓(𝑣′′3) = 8 and 𝑓(𝑣′′4) = 9 = Δ + 3. 

 

Case 5.3.  For 𝑙 = 4𝑘 + 2 ≡ 2 (mod 4). 

For the vertices 𝑣′′𝑝; 𝑝 = 1,2, … , 𝑙 − 3 = 4𝑘 − 1, we label them by using the same 

technique as given in case 5.1. And for the remaining vertices, we label them as 
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𝑓(𝑣′′𝑙−2) = 𝑓(𝑣′′4𝑘) = 8, 

𝑓(𝑣′′𝑙−1) = 𝑓(𝑣′′4𝑘+1) = 9 = Δ + 3. 

 

Case 5.4.  For 𝑙 = 4𝑘 + 3 ≡ 3 (mod 4). 

The labeling rule for first 𝑙 − 3 = 4𝑘 + 3 − 3 = 4𝑘 vertices is same as given in subcase 

5.1. For the last three vertices the rule is as follows 

𝑓(𝑣′′4𝑘) = 5, 𝑓(𝑣′′4𝑘+1) = 8 and 𝑓(𝑣′′4𝑘+2) = 9 = Δ + 3. 

 

Case 6.   For 𝒏 = 𝟒𝒌 ≡ 𝟎  (mod 4), 𝒎 = 𝟒𝒌 + 𝟏 ≡ 𝟏  (mod 4) and 𝒍 = 𝟒𝒌 + 𝒑; 𝒑 =

𝟏, 𝟐, 𝟑. 

The labeling rule for the vertices 𝐶𝑛 and 𝐶𝑚 is same as given in subcase 3.2 of lemma 

3. After that we label 𝐶𝑙 and the procedure is given in the following subcases. 

 

Case 6.1.  For 𝑙 = 4𝑘 + 1 ≡ 1 (mod 4). 

𝑓(𝑣′′1) = 8; 𝑓(𝑣′′3) = 3; 𝑓(𝑣′′3) = 4; 

for the vertices 𝑝 = 4,5, … , 𝑙 − 3 = 4𝑘 − 2, 

𝑓(𝑣′′𝑝) =

{
 
 

 
 
1, i𝑓  𝑝 ≡ 0  (m𝑜𝑑  4);
2, i𝑓  𝑝 ≡ 1  (m𝑜𝑑  4);

3, i𝑓  𝑝 ≡ 2  (m𝑜𝑑  4);
4, i𝑓  𝑝 ≡ 3  (m𝑜𝑑  4);

 

and 𝑓(𝑣′′𝑙−1) = 6 𝑓(𝑣′′4𝑘−1) = 9 = Δ + 3. 

 

Case 6.2.  For 𝑙 = 4𝑘 + 2 ≡ 2 (mod 4). 

The labeling of the vertices 𝑣′′𝑝 ; 𝑝 = 1,2, … , 𝑙 − 3 = 4𝑘 − 1  is same as given in 

subcase 6.1. And for the remaining vertices, we label the vertices as follows 

𝑓(𝑣′′4𝑘) = 6, 𝑓(𝑣′′4𝑘+1) = 9 = Δ+ 3. 

Case 6.3.  For 𝑙 = 4𝑘 + 3 ≡ 3 (mod 4). 

We label the vertices 𝑣′′𝑝; 𝑝 = 1,2,… , 𝑙 − 4 = 4𝑘 − 1 as the same procedure as given 

in subcase 6.1. Then we label last three vertices as 

𝑓(𝑣′′𝑙−3) = 𝑓(𝑣′′4𝑘) = 5, 

𝑓(𝑣′′𝑙−2) = 𝑓(𝑣′′4𝑘+1) = 6, 

𝑓(𝑣′′𝑙−1) = 𝑓(𝑣′′4𝑘+2) = 9 = Δ + 3. 

 

Case 7.   For 𝒏 = 𝟒𝒌 ≡ 𝟎 (mod 4), 𝒎 = 𝟒𝒌 + 𝟐 ≡ 𝟐 (mod 4) and 𝒍 = 𝟒𝒌 + 𝒑; 𝒑 = 𝟐, 𝟑. 

The rule of vertex labeling of 𝐶𝑛 and 𝐶𝑚 is same as mentioned in subcase 3.3 of lemma 

3. Now the labeling technique for labeling the vertices of 𝐶𝑙 of different cases are discussed in 

the following subcases. 

 

Case 7.1.  For 𝑙 = 4𝑘 + 2 ≡ 2 (mod 4). 

The labeling procedure of 𝐶𝑙 = 𝐶4𝑘+2 is same as given in subcase 6.2 of this lemma. 
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Case 7.2.  For 𝑙 = 4𝑘 + 3 ≡ 3 (mod 4). 

Here also the procedure of vertex labeling of 𝐶𝑙 is same as given subcase 6.3. 

 

Case 8.   For 𝒏 = 𝟒𝒌 ≡ 𝟎 (mod 4), 𝒎 = 𝟒𝒌 + 𝟑 ≡ 𝟑 (mod 4) and 𝒍 = 𝟒𝒌 + 𝟑 ≡ 𝟑 (mod 

4). 

We label the vertices of 𝐶𝑙 using the rule as developed in subcase 6.3 of this lemma. 

 

Case 9.   For 𝒏 = 𝟒𝒌 + 𝟏 ≡ 𝟏 (mod 4), 𝒎 = 𝟒𝒌+ 𝟏 ≡ 𝟏 (mod 4) and 𝒍 = 𝟒𝒌 + 𝒑; 𝒑 =

𝟏, 𝟐, 𝟑. 

We label the vertices of first two cycles using the technique as given in subcase 4.1 of 

lemma 3. For the third cycle 𝐶𝑙, the rules are discussed below. 

 

Case 9.1.  For 𝑙 = 4𝑘 + 1 ≡ 1 (mod 4). 

Using the technique of vertex labeling as given in subcase 6.1 of this lemma, we label 

first 4𝑘 vertices. After that we label last vertex as 

𝑓(𝑣′′4𝑘) = 9 = Δ + 3. 

 

Case 9.2.  For 𝑙 = 4𝑘 + 2 ≡ 2 (mod 4). 

For the vertices 𝑣′′𝑝; 𝑝 = 1,2, … , 𝑙 − 4 = 4𝑘 − 2, we label them by using the rule as 

given in subcase 6.1. And for the remaining vertices, we label them as 

𝑓(𝑣′′4𝑘−1) = 5, 𝑓(𝑣′′4𝑘) = 4 and 𝑓(𝑣′′4𝑘+1) = 9 = Δ + 3. 

 

Case 9.3.  For 𝑙 = 4𝑘 + 3 ≡ 3 (mod 4). 

For the vertices 𝑣′′𝑝; 𝑝 = 1,2, … , 𝑙 − 4 = 4𝑘 − 1, we label them by using the rule as 

given in subcase 6.1. And for the remaining vertices, we label them as 

𝑓(𝑣′′4𝑘) = 5, 𝑓(𝑣′′4𝑘+1) = 3 and 𝑓(𝑣′′4𝑘+2) = 9 = Δ + 3. 

Case 10.   For 𝒏 = 𝟒𝒌 + 𝟏 ≡ 𝟏 (mod 4), 𝒎 = 𝟒𝒌+ 𝟐 ≡ 𝟐 (mod 4) and 𝒍 = 𝟒𝒌 + 𝒑; 𝒑 =

𝟐, 𝟑. 

We label the vertices of 𝐶𝑛 and 𝐶𝑚 using the process as in subcase 4.2 of lemma 3. For 

the third cycle 𝐶𝑙, the labeling procedures are discussed below. 

 

Case 10.1.  For 𝑙 = 4𝑘 + 2 ≡ 2 (mod 4). 

The labeling procedure of 𝐶𝑙 is same as mentioned in subcase 9.2. 

 

Case 10.2.  For 𝑙 = 4𝑘 + 3 ≡ 3 (mod 4). 

The labeling procedure of 𝐶𝑙 is same as in subcase 9.3. 

 

Case 11.   For 𝒏 = 𝟒𝒌 + 𝟏 ≡ 𝟏 (mod 4), 𝒎 = 𝟒𝒌 + 𝟑 ≡ 𝟑 (mod 4) and 𝒍 = 𝟒𝒌 + 𝟑 ≡ 𝟑 

(mod 4). 

Here we first label the vertices of 𝐶𝑛 and 𝐶𝑚 using the process as given in subcase 4.3 
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of lemma 3. Then using the rule as given in subcase 9.3, we label the vertices of 𝐶𝑙. 

 

Case 12.   For 𝒏 = 𝟒𝒌 + 𝟐 ≡ 𝟏 (mod 4), 𝐦 = 𝟒𝒌+ 𝟐 ≡ 𝟐 (mod 4) and 𝒍 = 𝟒𝒌 + 𝒑; 𝒑 =

𝟐, 𝟑. 

The labeling procedure of 𝐶𝑛 and 𝐶𝑛 is same as given in subcase 5.1 of lemma 3. 

 

Case 12.1.  For 𝑙 = 4𝑘 + 2 ≡ 2 (mod 4). 

𝑓(𝑣′′1) = 8; 𝑓(𝑣′′3) = 3; 𝑓(𝑣′′3) = 4; 

for the vertices 𝑝 = 4,5, … , 𝑙 − 2 = 4𝑘, 

𝑓(𝑣′′𝑝) =

{
 
 

 
 
1, i𝑓  𝑝 ≡ 0  (m𝑜𝑑  4);
2, i𝑓  𝑝 ≡ 1  (m𝑜𝑑  4);

3, i𝑓  𝑝 ≡ 2  (m𝑜𝑑  4);
4, i𝑓  𝑝 ≡ 3  (m𝑜𝑑  4);

 

and 𝑓(𝑣′′𝑙−1) = 6 𝑓(𝑣′′4𝑘+1) = 9 = Δ + 3. 

 

Case 12.2.  For 𝑙 = 4𝑘 + 3 ≡ 3 (mod 4). 

The procedure given in subcase 6.3, we label the vertices of 𝐶𝑙. 

 

Case 13.   For 𝒏 = 𝟒𝒌 + 𝟐 ≡ 𝟐 (mod 4), 𝒎 = 𝟒𝒌+ 𝟑 ≡ 𝟑 (mod 4) and 𝒍 = 𝟒𝒌 + 𝟑 ≡ 𝟑 

(mod 4). 

The labeling procedure of 𝐶𝑛 and 𝐶𝑛 is same as given in subcase 5.2 of lemma 3. Now 

we label 𝐶𝑙 by using the technique as given in subcase 6.3. 

 

Case 14.   For 𝒏 = 𝟒𝒌 + 𝟑 ≡ 𝟑 (mod 4), 𝒎 = 𝟒𝒌+ 𝟑 ≡ 𝟑 (mod 4) and 𝒍 = 𝟒𝒌 + 𝟑 ≡ 𝟑 

(mod 4). 

We label the vertices of 𝐶𝑛 and 𝐶𝑚 using the rule as given in subcase 5.3. The we label 

𝐶𝑙 using the rule as given in subcase 6.3. 

So, from all the cases we see that the values of 𝜆1,1,1 lies between Δ + 1 and Δ + 3. 

That is Δ + 1 ≤ 𝜆1,1,1(𝐺) ≤ Δ + 3, Δ = 6 is the degree of 𝐺. 

Hence the proof.                                                               ∎ 

 

6. L(1,1,1)-LABELING OF BOUQUET OF CYCLES (JOINED AT A COMMON CUTVERTEX) 

Definition 1. If G = Cn ∪v0 Cm ∪v0 Cl ∪v0 …, where Cn, Cm, …, are cycles of finite lengths 

n,m, … respectively and they joined at a common cutvertex v0, then the graph G is said to be 

bouquet of cycles.  

 

By using the results of lemma 2, lemma 3 and lemma 4 we can conclude the result, that is, 

the range of chromatic number for graph which consists of a bouquet of finite length cycles (the 



1372 

NASREEN KHAN 

cycles are joined at a common cutvertex). And the result is given below. 

 

Lemma 5.  If a graph G contains finite number of cycles of finite lengths (joined at a common 

cutvertex), then the range of L(1,1,1)-chromatic number λ1,1,1(G) is Δ + 1 and Δ + 3.  

 

7.  L(1,1,1)-LABELING OF SUN GRAPH 

 

Definition 2. Let vi; i = 0,1,… , n − 1 be the vertices of cycle Cn. Then sun graph S2n is a 

graph which is obtained by adding an edge (vi, v′i); i = 0,1,… , n − 1 to every vertex of Cn.  

 

Lemma 6.  If S2n be a sun graph, then the value of L(1,1,1)-chromatic number λ1,1,1 lies 

between Δ + 3 and Δ + 4, where Δ = 3 is the degree of the sun graph.  

 

Proof.  Let v0, v1, … , vn−1 be the vertices Cn . And the edges of S2n  are (vi, v′i) for i =

0,1,… , n − 1. We can label the vertices of Cn by using the technique as given in different cases 

of lemma 2. Now we label the pendent vertices of the sun graph and that are discussed in the 

following subcases. 

 

Case 1.   For n=3. 

f(v′0) = 4, f(v′1) = 5 and f(v′2) = 6. 

Here λ1,1,1 = 6 = Δ + 3. 

 

Case 2.   For 𝐧 = 𝟒𝐤 ≡ 𝟎 (mod 4). 

f(v′i) = {
5, if  i ≡ 0  (mod  2);

6, if  i ≡ 1  (mod  2). 

Here λ1,1,1 = 6 = Δ + 3. 

 

Case 3.   For 𝐧 = 𝟒𝐤 + 𝟏 ≡ 𝟏 (mod 4). 

f(v′0) = 4, f(v′1) = 6; 

for j = 2,3,… , n − 4 = 4k − 3 

f(v′i) = {
5, if  i ≡ 0  (mod  2);

6, if  i ≡ 1  (mod  2); 

and f(v′4k−2) = 7, f(v′4k−1) = 6, f(v′4k) = 7. 

So, λ1,1,1 = 7 = Δ+ 4. 

 

Case 4.   For 𝐧 = 𝟒𝐤 + 𝟐 ≡ 𝟐 (mod 4). 

f(v′0) = 4, f(v′1) = 7; 

for j = 2,3,… , n − 5 = 4k − 3 
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f(v′i) = {
5, if  i ≡ 0  (mod  2);

6, if  i ≡ 1  (mod  2); 

and f(v′4k−2) = 7, f(v′4k−1) = 1, f(v′4k) = 2, f(v′4k+1) = 3. 

So, λ1,1,1 = 7 = Δ+ 4. 

 

Case 5.   For 𝐧 = 𝟒𝐤 + 𝟑 ≡ 𝟑 (mod 4). 

For j = 0,1,… , n − 6 = 4k − 3 

f(v′i) = {
5, if  i ≡ 0  (mod  2);

6, if  i ≡ 1  (mod  2);  

and f(v′4k−2) = 7, f(v′4k−1) = 1, f(v′4k) = 2, f(v′4k+1) = 3, f(v′4k+2) = 4. 

Thus, from all above cases we see that L(1,1,1)-chromatic number λ1,1,1 lies between 

Δ+ 3 and Δ+ 4, that is, Δ + 3 ≤ λ1,1,1(S2n) ≤ Δ + 4, where Δ = 3. 

Hence the proof.                                                         ∎ 

 

8.  CONCLUSION 

In this paper we provide very close lower and upper bounds of L(1,1,1)-labeling number 

(chromatic number) for path of finite length, a cycle of finite length, bouquet of cycles of finite 

lengths and sun graph. In near future, we shall develop an algorithm to label the vertices by using 

L(1,1,1)-labeling technique. Also we shall find the range of L(1,1,1)-chromatics number for a 

cactus graph. 
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