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Abstract. We introduce and study a Halpern-type averaging algorithm with both inertial and error terms for the
approximation of fixed points of asymptotically nonexpansive maps in real Hilbert spaces. Implementation of our
algorithm is illustrated using numerical examples in both finite and infinite dimensional real Hilbert spaces. Our
results extend recent results of Yekini, Iyiola and Ogbuisi, Numer Algor (2019), https://doi.org/10.1007/s11075-
019-00727-5 from the important class of nonexpansive maps to the much more general class of asymptotically
nonexpansive maps. Furthermore, our preliminary lemma is of independent interest.

Keywords: asymptotically nonexpansive mappings; nonexpansive mappings; Halpern-type averaging algorithm;
inertial terms; Hilbert spaces; strong convergence.

2010 AMS Subject Classification: 47H09, 47H25, 47J25, 65J15.

1. INTRODUCTION

Let H be a real Hilbert space with inner product (.,.) and induced norm ||.||. Let C be a

nonempty closed convex subset of H. A mapping T : C — C is said to be L-Lipschitzian if there

*Corresponding author
E-mail address: micah.osilike @unn.edu.ng

Received April 17, 2020
1538



A NEW HALPERN-TYPE AVERAGING ALGORITHM WITH INERTIAL AND ERROR TERMS 1539

exists L > O such that

1Tx =Tyl < Ll}x=yl], vx,y € C. (1.1)

T is said to be a contraction if L € [0,1) and T is said to be nonexpansive if L =1 (see for
example [3, 5,9, 25]). T is said to be asymptotically nonexpansive (see for example [3, 9, 12,

15, 17, 33, 34]) if there exists a sequence {k,}>_; C [1,o0) with 1i_r>n k,, = 1 such that
n—roo
| T"x —T"y|| < knl||x—yl|, Vx,y € C. (1.2)

It is well known (see for example [12, 15]) that the class of nonexpansive mappings is a proper
subclass of the class of asymptotically nonexpansive mappings. The following example is also a
simple example of an asymptotically nonexpansive mapping in a finite dimensional real Hilbert
space which is not nonexpansive.

Example 1.1 Let R denote the reals with the usual norm and define 7 : ® — R by

—3x, x € (—o0,0]
0, x € (0,00) '

Tx =

Then Vx,y € (—oo,0], we obtain |Tx — Ty|> = 9x —y|?, |x — Tx — (y— Ty)|*> = 16]x — y|, and

hence
1
Tx—Ty* =9x—y[* = [x—y[*+ Sh=Tx—(y- Ty)[*.

Observe also that Vx,y € (0,00) we have
2 2, 1 2
Tx=TyP=0<x—y["+ o= Tx=(y-Ty)I"
Furthermore, for all x € (—o0,0] and y € (0,0) we have |Tx — Ty|> = 9x? and

1 1
ey gl T TP = e g e

2
= x2—2xy+y2—|—8x2—|—y5—4xy

_ g2 3y? v > 02 — 2
= '+ —bxy>9% = |Tx—Ty|".

Thus

1
Tx—Ty|* < !x—y\2+§\x—Tx— (y—Ty)]%, Vx,y € R,



1540 P.U. NWOKORO, M.O. OSILIKE, D.F. AGBEBAKU, E.E. CHIMA, A.C. ONAH

and

142
V2—1

Observe that for all integer n > 2 we have T"x = 0, Vx € R. Thus for all x,y € R, n > 2 we have

|TX—Ty’§ |x—y|,Vx,y€§R.

T"x—T"y> < |x—y|*.

It follows that T is asymptotically nonexpansive with

12
k=14 V21
n

1,n>2.

n=1,

T is not nonexpansive.

T is said to be uniformly L-Lipschitzian if there exists L > 0 such that
|1 T"x = T"y[| < Ll}x =y, vx,y € C. (1.3)

T is said to be demiclosed at p if whenever {x, };_, is a sequence in C which converges weakly
tox* € Cand {Tx,};;_, converges strongly to p, then Tx* = p. It is well-known (see for example
[3,9, 27]) that if C is a nonempty closed convex subset of a real Hilbert space H and 7' : C — C
is an asymptotically nonexpansive mapping with a nonempty fixed point-set, F(T'), then (I —T)
is demiclosed at zero.

Let Pc : H — C denote the metric projection (the proximity map) which assigns to each point
x € H the unique nearest point in C, denoted by Pc(x). It is well known that z = Pc(x) if and
only if (x —z,z—y) >0, Vy € C, and that P¢ is nonexpansive.

In the iterative approximation of fixed points of asymptotically nonexpansive maps, the mod-

ified averaging iterative scheme of Mann:
X1 = (1 —y)xy + 0, T"xy, n > 1 (1.4)

and Ishikawa:
Xn1 = (1= 0ty)xn + 0, T"[(1 — Bp)xn + BT %], n > 1, (1.5)

where {a,} | and {f,};_, are suitable sequences in [0,1] have played pivotal role. These
schemes were first studied by Schu ([33, 34]) in 1991 and the schemes have played pivotal
roles in approximation of fixed points of maps with asymptotic type behaviours (see for ex-

ample [3, 6, 7, 17, 26, 27, 28, 31, 33, 34]). However, these two iteration schemes yield only



A NEW HALPERN-TYPE AVERAGING ALGORITHM WITH INERTIAL AND ERROR TERMS 1541

weak convergence usually obtained mostly from nlgl}o ||xn — Tx,|| = 0; and require “compact-
ness” assumption either on the operator or the domain of the operator or even both to yield
strong convergence. Even for nonexpansive maps, k-strictly pseudocontractive maps and other
generalizations that do not exhibit asymptotic behaviours, sometimes very strong conditions are
imposed on the fixed-point set, F(T') to obtain strong convergence using the usual Mann or the
Ishikawa iteration process (see for example [3, 5, 9, 29, 32, 40]). For instance in [32], the au-
thor required that F (7)) is finite where T is a continuous pseudocontractive-type self-mapping
of a nonempty convex compact subset of a Hilbert space, and in [40] the authors required that
the interior of F(T') is nonempty where T is a Lipschitz pseudocontractive self-mapping of a
nonempty closed convex subset of a Hilbert space. Thus many other schemes have been recently
studied by several authors to achieve relatively fast strong convergence with mild assumptions
on the operator, its domain, its set of fixed points and other necessary components (see for ex-
ample [1, 2, 8, 10, 11, 13, 14, 16, 18, 19, 20, 21, 22, 23, 24, 30, 36, 38, 39, 41]). In [35] the
authors introduced a Halpern-type algorithm with both inertial and error terms for approximat-
ing fixed points of nonexpansive mappings in real Hilbert spaces. They proved the following
main convergence theorem:

Theorem 1.1([35, Theorem 4.2]) Let H be a real Hilbert space and let 7 : H — H be a non-
expansive mapping with a nonempty fixed point set F(T). Let {x, } be the sequence generated

from arbitrary xo,x; € H by

n=Xn+6,(x,—x,_1),n>1
y ( n 1) (16)

Xpt1 = OpXp + ﬁnyn + ’}/nTyn +e,, n > 1;
where {0, },{B.}, {1} are sequences in (0, 1); {&,} is a positive sequence and {e,} C H is a
sequence of errors satisfying the conditions:
(i) lim o, =0, Y5> ; 0 = oo, &, = o(0t,), where &, = o(ct,) means lim 2 = 0.
n—oo n—yoo UM
(i) o+ B+ =1,Vn>1and lirginfﬁnyn > 0.
n—roo
o\ o o leall
(iii) Either ), |len|| < oo or nlggoa—n =0.

(iv) 8 € (0,1),0< 6, < 6, where

5 min{@,m},xn #xn_l

n
6, otherwise.
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Then the algorithm (1.6) converges strongly to z = Pr(7)Xo.

It is our purpose in this paper to consider a modified averaging Halpern-type algorithm with
both inertial and error terms suitable for a class of asymptotically nonexpansive maps. Our
strong convergence theorems extend the corresponding convergence theorems of [35] for non-

expansive maps to the much more general class of asymptotically nonexpansive maps.

2. PRELIMINARIES

We shall need the following results:

Lemma 2.1([3, 9, 35, 37]) Let H be a real Hilbert space. Then, the following well-known
results hold:

@) [lx+ % = [|x[> +2(x,y) + Iyl vx,y € H,
(i) e+ y[1* < [lx® + 203+ ), Vxy € H,
(iii) [|ox+By|? = a(a+B)|x|* +B(o+B) Iy — aBlx—yl?, Vx,y € H.

Lemma 2.2([3, 9, 27]) Let C be a nonempty closed convex subset of a real Hilbert space H
and let 7 : C — C be a an asymptotically nonexpansive mapping. Then I — T is demiclosed at
0.1e,ifx, = x€Candx,, — Tx,, — 0, then x = Tx.

Lemma 2.3([18]) Let {I',;} be a sequence of real numbers. Assume {I',} does not decrease
at infinity, that is , there exists at least a subsequence {I', } of {I',} such that I',, <T7, 4+ for

all k > 0. For every n > ny, define an integer sequence {7(n)} as

t(n) =max{k <n:Tj; <Tji i}

Then 7(n) — oo as n — oo, and for all n > ny,

maX{FT(n),Fn} < F‘E(n)+1-

3. MAIN RESULTS

We begin with the following important lemma which will play crucial role in the proof of our

convergence results.
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Lemma 3.1 Let {a,}>_|, {ca}o, {en} CRT =10,00), {bp}>_, € (0,1) and {d,}>_, C

R be sequences such that

ant1 <[l =by+cplan+d,+en, n>1. (3.1)

Let) > c,<coand )’ e, <oo. Then we have the following results:

(i) If d, < Mb, for some M > 0, then {a,} . _, is bounded.

@i1) If lgn b,=0; Y b, =0c0,and lim sup% <0, then lim a,, =0.
n—oo n

n—oo n—eo

Proof. Suppose (i) holds, then

an+1 S

IN - IA

IN

IN

[1—by+cplan+d,+ep

[1 —by+cplan+Mb, + e,

[1—=by+cp)[(1 =bp—1+cn—1)an-1 +Mby_1+e,_1] +Mb, +e,
[1—=b,+cp)[l = bu1 +cpn—tlan—1 +M[(1 = by, +cn)bp—1 + by)
+(1—=by+cp)en—1+en

[1—by+cp)[l =bp—1+cpn_1]an—1

+M[1 = (1 =by+cp)(1 =by14cp1)+ (1 =by+cp)cn1 +cy]
+(1=bu+ca)en 1+ e

(1= by +cn)[l = by1 + cni1] [(1 = bp—z + ch2)an—2

+Mby 2+ ep_2)

+M[1 — (1 =by+cp)(1 =by1+cp1)+ (1 = by +cp)cn1 +cy]
+(1—=b,+cn)en—1+ep

[1—=bp+cp)[1 =bu_1 +cn1][l =bp—2+cpslan—>

+M[(1 —bp+cn)(1 —bp—1+cn_1)bp—2
+1—(1=bp+cn)(1=by—1+cp—1)+ (1 —=by+cp)en—1+cu

+(1 — by +Cn)(1 —bp1 +Cn—1)en—2
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+(1 = by +ca)en 1 + e
= [I=by+cn)[l =by1+cu][l =bp2+cn2lan2
+M[1—(1—=by+cn)(1 —bp—1+cn—1)(1 —bp—2+cn—2)
+(1=bu+cn)(1 —bp1+cp1)cn—2+ (1 —by+cn)cn—1 + ¢4
+(1=by+cn)(1 =by1 +cn-1)en—

+(1 —by +Cn)en71 +en

n n
< [IG—bj+cpar+MA—T](1=bj+c;))
j=1 j=1
n n n
+M (1 +c)) Z 1+c, Z (3.2)
j=1 k=1 j=1 k=1
n n
< JJA+c¢j)ar+M1 -] —bj+c;))
j=1 j=1

—I—IEI](I—i—cj i H 1+¢j)[ iek (3.3)
= k=1 Jj=1

k=1

Since ) | ¢, < oo, then H 1(I+c¢j) <oo. Also Y~ e, < oo and hence it follows from (3.3)
that {a,} is bounded.

Suppose (ii) holds. Let € > 0 be arbitrary and let N be a positive integer such that:

oo 8 oo
d, < eb,, Vn> N, ch<A—4; Zen<£,
n=N n=N

then it follows from (3.2) that

n n

ai1 < [[(1—bj+cj)ay+e(l—[](1—b;+c)) +H 1+¢)) Mch+Zek]
= k=N k=N

< (1=bj+cjay+e(1—[J(1=bj+c;)+2e[J(1+¢j). (3.4)
j=N j=N

=
~.
Il
2

N

T
=
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Observe that
n n
H(l—bj+cj) < H[(l—bj)(l—i—ch)],(since =5y < D for some D > 0)
j=N j=N ~On

n

n
< exp(D Z cj)exp(— Z bj) = 0asn— oo,
=N J=N

This together with (3.4) yields

limsupa, < 3€.
n—oo

Hence lim g, =0. ]
n—oo

Theorem 3.1 Let H be a real Hilbert space and let 7 : H — H be an asymptotically nonex-
pansive mapping with a nonempty fixed point set F'(7') and with a sequence {k, } C [1,o0) such

that Y>>, (k, — 1) <eo. Let {x,} be the sequence generated from arbitrary xo,x; € H by

yn:xn+9n(xn_xn—l)a n>1 (35)

Xn+1 = O‘nx0+ﬁnyn+7nTnyn+en7 n>1,

where {0, },{Bn}, {1} are sequences in (0,1); {&,} is a positive sequence and {e,} C H is a
sequence of errors satisfying the conditions:

(i) lim a, = 0, Y7 ; & = o, & = 0(a,), where €, = o(c,) means lim & = 0.
n—oo n n—so0 On

(i) o, + B+ =1,Yn>1and lirginfﬁnyn > 0.
(iii) Either Y°°_, [le,|| < o0 or ,}5‘90”3_” — 0.

(iv) 8 € (0,1),0< 6, < 6, where

5 min{@,m},xn #x,,_l

n
6, otherwise.

(vi) lim bzl —

n

Then the algorithm (3.5) converges strongly to z = Pp(7)Xo.
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Proof. Let p € F(T). Then

a1 =2l = l0wx0+ Buyn+ YT "yn +en —p||
= |[aa(x0 = p) + Ba(yn—P) + %(T"yn — p) + x|
< 0llxo — pll 4 Bullyn — Pl + %l T"yn — pll =+ lleal
< Oullxo = pll + Bullyn — Il + Yaknllyn — Il + [len]|
= llxo = pll+ (Ba+ %) lyn = Pl + Y (kn — 1) [[yn — Il + [ n]]

= [1 — Ot + Yu(kn — 1)]||)’n — pll + oallxo — p| + [[ex]|

< V=0 + (ke = D]{llxa = pll 4 Onlbn = xa-1[] + &ullxo = pl +[lex]

= [1 =+ Yalkn = D]f}xn = pll 4 [1 = 0 + % (kn = 1)]65 |60 — x-1]

+ 0t ||x0 — p|| + lenl|

0
< 1=+ Yalkn = D]llxn — pll + 0 [(1 — 0t + Y (kn — 1))a_n||xn — Xp—1]]
n
e
o~ pl + 1] (3:6)
On

If lim ”;—"” = 0, then there exists D > 0 such that

n—soo Gn

[leall

—| <D, Vn.
O

6,
[(1 — Oy ""}/n(kn - 1))a_onn — Xp—1 || + on —PH +
n
Thus we obtain from (3.6) that
[Xn+1 = pll < [1 = 0 + Y (kn — V][50 — pl| + M1 04y,

and it follows from Lemma 3.1 that {x,} is bounded.

If Y, ||en]] < oo, from (3.6) we have that

nrr =pll < (1= 06+ Y (ke — D][}xn — |

0
‘Hxn[l — 0+ Yn(kn - 1)] an ”xn —Xn—1 “ + ||x0 _PH + ||enH
n

< [1=ap+ (ks —1)]||xn, — pl| + M, + ||en||, Vn and for some M > 0.
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It follows from Lemma 3.1 and inequality (3.7) that {x,} is bounded. Using Lemma 2.1 and
the fact that 6 € (0, 1) yields:

||yn_p||2 = ||xn+9n(xn_xn—l)_l7||2
<l =PI+ 6ullxn — xp1[|* + 26, (X0 — Xp1, %0 — p)
= |lxa — P>+ Oullxn — X1 [I* + Ba|[xn — PII* + %0 — Xn—1 1> = %=1 — pI*]

= % = pII* + 265120 — X1 > + Bullln — 11> = llxn—1 — pII*]. (3.8)
Furthermore,

”anrI_PHZ = HO‘nXO"’ﬁn)’n‘i‘YnTn}’n"’en_PH2

= ||O£n(x0 —p) +ﬁn()’n _P) + Yn(Tn)’n _P) +en||2

én n
= N0 = p+S2)+ B =)+ 1(T"3 = )P

. e
< ||Bn(yn_p)+7n(T )’n_p)||2+2<an(x0_l7+ a—”),xn_H _P>

n

= ﬁn(ﬁn + '}’n) ||Yn - P||2 + yn(ﬁn + Yn) ||Tn)’n —p) “2 - Bn'}’nHyrt - TnynH2

e
4204, {(x0 — p + En);anLl —p)

n

< BalBu+ )30 =PI + % (Ba+ V) knllyn — PI* = Butallyn — T"ul®
200 {(x0 = P o) st = p)

= (Bu+ %) 10— P>+ %(Bu+ 1) (k. — Dllya = P> = Buallyn — T"yall?
200 {(x0 = P o)1~ p)

< (Bt 1) lyn = PIP + 1 (Ba+ 1) (kn = Dllyn = PP = Baallyn — T"yul®

e
+206n<(X() —p+ En);xn—i-l _p>

n

= (1 - an)”)’n _PH2 + (11— O‘n)(kn - l)Hyrz _P)HZ _BnynHyrl - Tn)’n”2

e
+2(Xn<()€0 —p+ En)aanrl _p>

n

= (1= 04)[1+ Ylkn — 1)]||yn —PH2 — BuYullyn — Tn)’nHz

€n
+2an<(x0—p+g),xn+1 —p). (3.9)

n
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From (3.8) and (3.9), we obtain

et = pl? < (1= o)1+ %k — D[l = pl* + 6u(llxn = pII> = lxa—1 — pI*)
+zen||xn—xn_1||2]—ﬁnynuyn—T"yn||2+zan<<xo—p+;—p,xnﬂ—p>
— (1= &)1+ Yulka — D]t — p|?
+(1 = 0)[1 + Fakn — 1)]60([xn = pII? = a1 — pI)
—Baallyn — Tyl +26,(1 = ) [1+ Yo (ki — 1)] 60 — X1 |

e
+2an((x0—p+gn),xn+1 -p) (3.10)

n

Setting I, = ||x, — p[|* Vn > 1in (3.10) gives

Fivr < (1—o)[1+Ylky— D0 4+ (1 — o) [+ Yk — 1)]6,(T, — T p)
—Buullyn — T"ynH2 +26,(1 — 0t [1 + Yk — 1)] || X0 — X1 H2

€n
+206((x0 = P+ ") Xnr1 = ) (3.11)

n

We now consider the following two cases:
Case I: Suppose J an ng € N such that I, > T’ 1, Vn > ng, then lim I, exists and it follows

n—oo
from (3.11) that

ﬁnYn”)’n_Tnyn”z < Fn_rn+1+(1_an)[1+7n(kn_l)wn(rn_rn—l)
+29n(1_an)[1+?’n(kn_1)]||xn_xn71||2
€n
+2an<(x0_p+_);xn+l_p>
Oy
= [ =Tnp1+60u(1— ) [1+ Yk — D)](T — D)
+29n<1_an)[1+yn(kn_1)]||xn_xn—1||2+2an<(x0_l7>xn+l_P>

+2(en,Xn+1— D). (3.12)
It now follows from (3.12) that

Jim BT, — | = 0. (3.13)
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Since liminf 3,7, > 0, it follows from (3.13) that
n—roo
lim || T™y, — yu|| = 0. (3.14)
n—yoo
Observe that ||y, — x| = 60,]|x, — x4—1]| — 0 as n — oo. Furthermore,

||xn+1_yn|| = ||anx0+ﬁnyn+ynTnyn+en_ynH
e

= ||Ocn(x0—yn-|—a—n)-l—’}/n(T”yn—yn)H
n

< llxo—yut I+ BIT 50—yl > Oasn = oo
Thus ||y, — Yn—1l| < lyn —xn|| + ||%2 — yn—1|| = 0 as n — oo, and it follows that
Y0 =Tyull < llyn = T"yull + 1T"yn — Tynll
< yn =Tl +LIT™ 'y =y
< =Tl +LIT™ Y = Ty |+ LI T yuet — vl
< lyn =Tyl + LA+ L) lyn = yut |+ LTyt = yao1] = 0 as n — eo,

Since {x, };._, is bounded, there exists a subsequence {x,, }7- , of {x,};_, such thatx, — g€ H

and
limsup(xo — p,x, — p) = limsup{xo — p,xu, — p) = (X0 — P, — p)- (3.15)
n—oo k—>o0
Using y, = X, + 60, (xn — xp—1) gives [|yn — Xu|| = Onl[xn —x4—1]] — 0 as n — oo, (3.16)

Since x,, — q as k — oo, then y,, — g as k — oo, and it follows from the demiclosedness

property of (I —T') at zero that g € F(T'). Furthermore, from p = Pr(r)xo we obtain

limsup(xo — p,x, — p) <O0. (3.17)

n—o0

From (3.10), we have

I < (1 - O‘ﬂ)[l + Yn(kn - 1)]rn + (1 - O‘n)[l + Yn(kn - 1)]9n(rn _rn—l)

e
+26,, (1 — 0t [1 4 Y (ki — 1)] |30 — Xn—1 ||2 + 20, (x0 — p + a—n,an -p)

n

= (1 - (xn)[l + }/n(kn - 1)]rn + (1 - an)[l + 'yn(kn - 1)]011(Hxn _pH2 o Hxn—l —PHZ)

e
+20, (1 — o) [1 4 Y (k. — 1)] |20 — X1 H2—|—2an<xo —p+ a—n,xn+1 -p)

n
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= (1 - an)[l +7n(kn - 1)]Fn + (1 - O‘n)[l + Yn(kn - 1)]9n[(||xn —p|| - ||xn71 _pH)
X (|1xn = pll + n—1 = PID] +260(1 = 06)[1 + ¥ (ki — 1)] ||t — X1 ||

e
+204,(x0 — p+ a—”,xnﬂ —p)

n

IN

(1 —an)[1+ W(kn— 1)L,
(1 — 04) [1+ Y (ki = 1)]0u[ (|20 — P+ p — x0—1[]) (|20 — pI| + [[X2—1 — pI|)]

e
+26,(1 — O‘n)[l + Yn (ki — 1>]||xn —Xn—1 ||2 + 20, (x0 — p+ Enaxnﬂ -p)

n

IA

(1= ) [1 + Y (kn — DT+ (1= 06) [T+ ¥ (ks = 1)]6u b — 01 (VT + VT 1)

e
+26,(1 — O‘n)[l + Yo (kn — 1)]||xn —Xn—1 ||2 +205n<x0 —p+ gn?xnﬂ _P>

n

e
< (1= 0t)[1 4 Yalkn = 1)]Tn + Onl[xn — x0—1 || K1 + 200 (x0 — p+ a—",xn+1 —P), (3.18)

n

where K1 = sup{(1 — a,)[1 + %u(kn — 1)][VTn + VTt +2([x0 — x0—1 ]}

n>1
Since )7 |lexn|| < oo, then (3.18) gives

with u, :=2(x0 — p,Xy+1 — P), & := Ka||ex||, K2 > 0. Using Lemma 3.1 and conditions (i) and
(iii) of the Theorem we obtain I', = ||x, — p|| — 0 as n — oo.

From the fact thatlim HZ‘—”H =0, (3.18) gives
n—soo On

Tt < (1= )1+ Yk — DT + 0,10 — Xp—1 || K1 + 204518 (3.20)

Un = (X0 — p+ g Xnt1— D).

Observe from (3.18) that limsupu, < 0. Hence by Lemma 2.3 and conditions of Theorem
3.1 we obtain x,, — pasn — or?m

Case II: Assume that {||x, — p||} is not a monotone decreasing sequence.
Following the method of proof in ([18, 35]) we set I, = ||x, — p||*> and let T: N — N be a
mapping for all n > ng for some ng large enough by

t(n)=max{k e N:k<n, I} <Tjy}.

Clearly, {7(n)} is a non decreasing sequence such that 7(n) — oo as n — oo and

0< 1—‘1(”) < Fr(n)+l Vn > nyg. (3.21)
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With similar arguments as in (3.19), we easily obtain

,}i_f>{1°||TT(")yr(n) = Ye(ll = 0, T [Tyz) =yein [l = 0, im [y —xe(mll = 0,

fim || 7"y (n) — Xz || = 0. (3.22)

n—oo

Using the boundedness of {x,}_,, {y»};_, and assumptions and conditions of Theorem 3.1

we have that

er(n—i-l)_xr(n)H < Oy “x()_xr H+BT Hy?:(n)_x’c(n)H

Ve IT"Ye(m) = Xe(m) |+ e | = 0as n— oo (3.23)

Since {x;(,)} is bounded, there exists a subsequence {x(,,)} of {x;(,)} such that {x; )}

converges weakly to ¢ € F(T). Similar to Case I above, it can be shown that limsup(xp —

n—soo
PsXz(n)+1 — P) < 0. Using (3.18) we have that
A lemy < (1= Q) Vo) (Ke(ny = D x(n) + O X2 () — Xz —1 1K
er
+20(z) (X0 — p+ 2 Xo(n)+1 = D)- (3.24)
af(n)
Thus
(kg(my— 1) )
iy < (=0, L) + Xz(n) — Xe(n)—1|I1K
() (1= Qe(n) Yern) oy ) af(ﬂ)l! 2(n) — Xz (n)—1 1K1
C1(n)
+2{xo—p+—— — 3.25
(xo—p . Xe(n)+1— D) (3.25)

From (3.25) we obtain Jg?°|]xr(n) —pll= ,}E‘LFT(") = 0 and it follows that ,}EI,}OHXT(")“ —pl||=0.
Clearly I'y < I'(,)44 for n > ng. We note also that 7(n) < n for n > ngp, and consider the
three cases namely: 7, =n,7, =n—1, and 7(n) <n— 1. Obviously I'y < Ty, for t(n) =
nand 7(n) =n— 1. For 7(n) < n—2 and for any integer n > ny, it follows from the definition
of 7(n) that I'; > [y, for T(n) +1 <i<n—1. Hence I';(;;)11 > Tyy0 > - > 01 2 T
Thus for all sufficiently large n we obtain 0 <I', <I';(,), from which it follows that r}glgo I',=

0. Thus {x, }>*_, converges strongly to p. O
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For arbitrary 8 € (0, 1), we can consider the following algorithm:
Algorithm 3.2 With {a, },{&,},{en},0,{6,} and {6,} as in Theorem 3.1, let {x,} be gen-

erated from arbitrary starting points xp,x; € H by
Xn+1 = OpX0 + (1= 0) T ) (X + O (X0 — Xn—1)) + €n, (3.26)

where Tig .y = (1= B)I +BT".

We obtain the following Corollary:
Corollary 3.1 Let H be a real Hilbert space and let T : H — H be an asymptotically nonexpan-
sive mapping with a nonempty fixed point set F(7') and with a sequence {k,} C [1,o0) such that
Y (ky—1) <eo.Let {x,} be the sequence generated from arbitrary xo,x; € H by Algorithm

3.26. Then the algorithm (3.26) converges strongly to z = Pr(7)Xo.

Proof. With y, = x, + 6,,(x, —x,_1), we obtain

Xpnt1 = OpXo+ (1 - an)T(ﬁ,n)Yn + ey,
= X0+ (1 =) (1= B)yn+ (1 — ) BT "y, + e
= anxO“‘Bnyn +’YnTn)7n+en7

where B, = (1 —oy,)(1 — B) and ¥, = (1 — o) B. Since o, + B, + ¥, = 1 and lirginfﬁnyn =
B(1—B) > 0, then the results follows from Theorem 3.1. O

4. NUMERICAL EXAMPLES

Example 4.1 Let X denote the real Hilbert space ¢, and B the unit closed ball in X. Define
T:B— Bby

Tx= T(X] s X2, X3, .. ) = (O,X%,A2X2,A3X3, .. .),

where A, is a sequence of numbers such that 0 <A; <1 and []2,A; = % Then T is Lipschitzian
and ||Tx—Ty|| <2|[x—y||, Vx,y € B. Furthermore, ||T"x —T"y|| < 21", A;||x —y|| = kn||x —
y||, forn=2,3,.... Since r}gl}o k, = 1, we have that T is asymptotically nonexpansive. If x =
(%,0,0,0,...) and y = (%,0,0,0,...), then ||Tx —Ty|| = 15—6 > ;11 = ||x — y||. This example has
served as standard example for various works on asymptotically nonexpansive maps and its

generalizations.
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-1
i2 9

o= VR 2y B = -

fixed vector. Choosing x; = (%,0,0,0, c)y Xp =

In particular we can take A; = i > 1. Then k, = 2] ,A;, and we further choose

an_l)agn:(nl—l)zyen:;

(n+1)2°
(3,0,0,0,...), 6 =0.5,and c = (},0,0,0,...)

where ¢ € H is any

in H, algorithm (3.5) and algorithm (3.26) with B = 0.5 and 0.9 converge to zero as shown in

Figure 1 and table 1 below:

——Algorithm 3.5
—— Algorithm 3.26 with p =0.5
Algorithm 3.26 with p=.9

I L I I L I I L 1
5 10 15 20 25 30 35 40 45 50
Number of iterations

FIGURE 1. Graph showing the convergence of iterative algorithms

Number Algorithm 3.26 Algorithm 3.26
of Algorithm 3.5 with with
Iterates B=0.5 B=0.9
2 0.1 0.1 0.1
3 0.149702 0.1497 0.1558
4 0.151111 0.1485 0.1957
5 0.0538255 0.0553 0.0578
29 0.00116518 0.0003 0.0001
30 0.000983747 0.0002 0
31 0.000830058 0.0002 0
32 0.000699556 0.0001 0
57 0.000010828 0 0
58 0.000010008 0 0
Elapsed time | 0.155271 seconds | 0.471473 seconds | 0.430826 seconds.

TABLE 1. Showing the numerical values of the iterates for the two algorithms
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Example 4.2 Let R denote the reals with the usual norm and define 7 : ® — R by

—3x, x € (—o0,0]
Tx =
0, x € (0,0).
Then
1+v2
kn: \/Q_I, = 1’
I,n>2

and we can choose o, = vk, — 1+#, Br="= %(# —Vky—1), & = ﬁ, en = m,
where ¢ € H is any fixed vector. Choosing x; = 0.6, x, =2.5, 6 = 0.5, and ¢ = 0.9 in H, then
the algorithm (3.5) and algorithm (3.26) with B = 0.5 and 0.9 converge to zero as shown in

Figure 2 and table 2:

Algoritm 3.26 with f = 0.9
—+—Algorithm 3.26 with p = 0.5
——Algorithm 3.5

I | L I !
10 20 30 40 50 60 70
Number of iterations

FIGURE 2. Graph showing the convergence of iterative algorithms
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Number Algorithm 3.26 Algorithm 3.26

of Algorithm 3.5 with with
Iterates B=0.5 B=09

1 1.9 1.9 1.9

2 2.8844 2.8844 1.1021

3 1.611 1.1711 0.375

4 0.7984 0.5198 0.5427

5 0.0142 0.0252 0.2027

27 0.0002 0.0002 0.0001

28 0.0002 0.0002 0.0001

29 0.0002 0.0002 0

33 0.0001 0.0001 0

34 0.0001 0.0001 0

35 0.0001 0.0001 0

Elapsed Time | 0.169970 seconds | 0.496013 seconds | 0.483270 seconds

TABLE 2. Showing the numerical values of the iterates for the two algorithms

5. CONCLUSION

Two Halpern-type averaging algorithm (algorithms 3.5 and 3.26) with both inertial and error
terms were introduced and studied in this paper. Both algorithms were employed in the approx-
imation of fixed points of asymptotically nonexpansive maps in real Hilbert spaces. Asymp-
totically nonexpansive maps are more general than nonexpansive maps and as such the results
presented here generalize and extend some existing results in this area. Strong convergence
results were obtained for both algorithms. The validity of the algorithms is illustrated using nu-
merical examples in both finite and infinite dimensional real Hilbert spaces. From the numerical
experiment, algorithm 3.5 converges faster than algorithm 3.26. Although algorithm 3.26 has
fewer number of iterations, it took more time than algorithm 3.5 to complete the iterative pro-
cess. In practical application of the results to real world problems, it is advisable to implement

algorithm 3.5.
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