Available online at http://scik.org
J. Math. Comput. Sci. 10 (2020), No. 5, 1687-1696
https://doi.org/10.28919/jmcs/4724

ISSN: 1927-5307

COMMON FIXED POINTS OF FUZZY MAPS UNDER NONEXPANSIVE TYPE
CONDITION

ANIL BAKHRUY", MANOJ UGHADE?, RICHA GUPTA?®

!Department of Mathematics, Sardar Vallabhbhai Polytechnic College, College of University of Technology of
Madhya Pradesh, Bhopal 462002, India

2Department of Post Graduate Studies and Research in Mathematics, Jaywanti Haksar Government Post Graduate
College, College of Chhindawara University, Betul, 460001 India

3Department of Engineering Mathematics and Research Center, Sarvepalli Radhakrishanan University, Bhopal

462026, India

Copyright © 2020 the author(s). This is an open access article distributed under the Creative Commons Attribution License,which permits

unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.
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1. INTRODUCTION

Fixed point theory plays a basic role in applications of many branches of mathematics. The term
metric fixed point theory refers to those fixed point theoretic results in which geometric
conditions on the underlying spaces and/or mappings play a crucial role. For the past twenty five
years metric fixed point theory has been a flourishing area of research for many mathematicians.

Although a substantial number of definitive results now has been discussed, a few questions
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lying at the heart of the theory remain open and there are many unanswered questions regarding
the limit to which theory may extended. The first important result on fixed points for contractive
type mappings was the well-known Banach contraction principle [1] appeared in explicit form in
Banach’s thesis in 1922, where it was used and established the existence of a solution for an
integral equation. In 1965, Zadeh [2] introduced the concept of a fuzzy set as a new way to
represent vagueness in everyday life. The study of fixed point theorems in fuzzy mathematics
was investigated by Weiss [3], Butnariu [4], Singh and Talwar [5], Mihet [6], Qiu et al. [7], and
Beg and Abbas [8] and many others. Heilpern [9] first used the concept of fuzzy mappings to
prove the Banach contraction principle for fuzzy mappings on a complete metric linear space.
The result obtained by Heilpern [9] is a fuzzy analogue of the fixed point theorem for
multivalued mappings of Nadler et al. [10]. Bose and Sahani [11], Vijayaraju and Marudai [12],
improved the result of Heilpern. In some earlier work, Watson and Rhoades [13], [14] proved
several fixed-point theorems involving a very general contractive definition. In this paper, we
prove a common fixed point theorem for sequence of fuzzy mappings satisfying a rational
contractive condition involving nonexpansive mapping. Our results extend and generalized the
corresponding results of Bose and Sahani [11], Vijayaraju and Mohanraj [12] and Rhoades [15],
[16], Saluja et al. [18] and Das and Gupta [19].

2. PRELIMINARIES
In this paper, we shall generally follow the notations of Heilpern [9]. We recall some
mathematical basics and definitions to make this paper self-sufficient.
Definition 2.1 Let (X, d) be a complete linear metric space and F(X), the collection of all fuzzy
sets in X. A fuzzy set in X is a function with domain X and values in [0,1]. If 4 is a fuzzy set and
x € X, then the function value A(x) is called the grade of membership of x in A. The a-level set
of A is denoted by

Ay ={x:A(x) = a} ifa € (0,1]

Ao = {x:A(x) > 0},

where B stands for the (non-fuzzy) closure of a set B.
Definition 2.2 A fuzzy set A is said to be an approximate quantity if and only if A, is compact

and convex for each a € (0,1] and supA(x) = 1, when A is an approximate quantity and
xX€EX
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A(xy) = 1for some x, € X, A is identified with an approximation of x,. From the collection
F(X), a sub-collection of all appropriate quantities is denoted as W (X).
Definition 2.3 The distance between two appropriate quantities is defined by the following
scheme. Let A,B € W(X) and a € [0,1],

D,(A,B) = xeAlnyEBa d(x,y);

H,(A, B) = distd(A,, B,) ;
H(A,B) =supD,(A,B);
a

wherein the “dist” is in the sense of Hausdorff distance. The function D, is called an a-distance
(induced by d), H, a a- distance (induced by dist) and H a distance between A and B. Note that
D, is a non-decreasing function of «.

Definition 2.4 Let A,B € W(X). Then A is said to be more accurate than B, denoted by A c B,
iff A(x) < B(x) for each x € X. The relation c induces a partial ordering on the family W (X).
Definition 2.5 Let Y be an arbitrary set and X be any metric space. F is called a fuzzy mapping if
and only if F is a mapping from the set Y into W(X). A fuzzy mapping F is a fuzzy subset of
Y x X with membership function F(y, x). The function value F(y, x) is the grade of membership
of x in F(y). Note that each fuzzy mapping is a set valued mapping. Let A € F(X),B € F(Y).
Then the fuzzy set F(A) in F(X) is defined by

F(A)(x) = sup (F(y, x) /\A(y)),x € X

yeEX

and the fuzzy set F~1(B) in F(Y) is defined by

FAB)) = supFO,0 [\ B,y ey

XEX

Lee [17] proved the following.

Lemma 2.6 Let (X,d) be a complete linear metric space, F is a fuzzy mapping from X into
W(X) and x, € X, then there exists an x; € X such that {x;} c F(x,).

The following two lemmas are due to Heilpern [9].

Lemma 2.7 Let x € X, A € W(X) and {x} a fuzzy set with membership function equal to a
characteristic function of {x}. If {x} c A, then D, (x, A) = 0 for each a € [0,1].

Lemma 2.8 Let A, B e W(X), a€[0,1] and D,(A,B) = xeAirllnyBad(x, y), wWhere A, =

{x: A(x) = a}, then
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Do (x,A) < d(x,y) + Do(y, A)

foreach x,y € X.
Lemma 2.9 Let H,(A, B) = dist(A,, B,), where ’dist’ is the Hausdorff distance. If {x, c A},
then D, (x,, B) < H, (A, B) for each B € W(X).
Rhoades [15] proved the following common fixed point theorem involving a very general
contractive condition, for fuzzy mappings on complete linear metric space. He proved the
following theorem.
Theorem 2.10 Let (X, d) be a complete linear metric space and let F, G be fuzzy mappings from
X into W(X) satisfying

H(Fx,Gy) < Q(m(x,y)) (2.1)
where

Dy(x,Gy) + Do(y, F x)}
2

m(x,y) = max {d(x, ¥), Do (x, Fx), Do (¥, Gy),
and Q is a real-valued function defined on D, the closure of the range of d, satisfying the
following three conditions:

a) 0 < Q(s) <sforeachs e D\{0}and Q(0) =0,

b) Q@ is non-decreasing on D, and

c) g(s) = s/s—Q(s) isnon-increasing on D\{0}.
Then there exists a point z in X such that {z} € Fz N Gz.
In [16] Rhoades, generalized the result of Theorem 2.10 for sequence of fuzzy mappings on
complete linear metric space. He proved the following theorem.
Theorem 2.11 Let g be a non-expansive self-mapping of a complete linear metric space (X, d)
and {F;} be a sequence of fuzzy mappings from X into W (X). For each pair of fuzzy mappings

F,, F; and for any x € X, {u,} c F;(x), there exists a {v,} c F;(y) forall y € X such that
D({w}, {vy}) < Q(m(x, ) 2.2)

Where

m(x,y)

d (g, g(vy)) + d(g(), g))
2

= max (g(X), g()’)): d(g(X), g(ux))f d (g (y)' g(UY)) 4

and Q satisfying the conditions (a)-(c) of Theorem 2.10. Then there exists {z} c N;Z,F;(z).
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3. MAIN RESULTS

Now, we give our first main result.

Theorem 3.1 Let g be a non-expansive self-mapping of a complete linear metric space (X, d)
and {F;} be a sequence of fuzzy mappings from X into W (X). For each pair of fuzzy mappings

F;, F; and for any x € X, {u,} C F;(x), there exists a {v, } c F;(y) for all y € X such that
d(g).9(vy))[1+ d(g(x),g<ux))]}>

1+d(g(x).9(»))

D({us}. {vy}) <@ <max {d(g(x),g(y)), (3.1)

and Q satisfying the conditions (a)-(c) of Theorem 2.10. Then there exists {z} € N, F;(2)
PROOF Let x, € X. Then we can choose x; € X such that {x;} € Fx, by Lemma 2.6. From the
hypothesis, there exists an x; € X such that {x,} € Fx; and since g is a nonexpansive self

mapping, from (3.1), we have

d(g(xl),g(xz))[l + d(g(xo), g(xl))]}>
1+d(g(x0), g(x1))

< max{d(g(xo), g(x1)),d(g(x1), g(x2))}

< max{d(xy, x1), d(x1,x5)}

D({x1},{x.}) < @Q (maX {d(g(xo),g(xﬂ),

Inductively, we obtain a sequence {x,,} such that {x,,,,} < F,,+,(x,) and

D ({xn}' {xn+1})

d(g(xn), g(xne1))[1 + d(g(xn_l),g(xn))]}>
1+d(g0e-1),90c))

< max{d (g (Xp—1), g(xn)), d(g (xn), g (xn+1))}

< Q <max {d (g (xn—l)» g(xn));

< max{d (xn—ll xn): d(xn» xn+1)} (32)
Since D({x,,}, {xn+1}) = d(xp, xp41) it follows from (3.2) that
d(xn'xn+1) < d(xn—l'xn)- (3-3)

Using this fact back in (3.1), we obtain that d(x;,, x,+1) < d(x,_1,x,). Substituting into (3.2)

we obtain
d(xnr xn+1) < Q(d(xn—ltxn)) < Qz(d(xn—z'xn—l)) << Qn(d(xO:xl)) (3-4)
From Lemma 2 of [17], lim Q"(d(xo,xl)) = 0. To show that {x,,} is Cauchy, choose N so large
n—oo
that Q”(d(xo,xl)) < G)n foralln > N. Then, form >n > N,

d(xn' xm) < d(xnrxn+1) + d(xn+1'xn+2) + -t d(xm—l'xm)
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= El d(x]-,xj+1) < El Qj(d(xo’xl)) = Til (%)J
j=n J=n o
< (%)n—l (35)

and {x,} is Cauchy, hence convergent. Call the limit p. Let E, be an arbitrary member of the
sequence {F;}. Since {x,} c E,(x,,_1), there exists a v,, € X such that {v,,} c E,(p) for all n

and applying (3.1), we have

g(vn))[l + d(g(xn—l)' g(xn))]}>
1+ d(g(xn-1), 9(®))

d(g®), g(w))[1 + d(g(xn_o,g(xn))]})
1+d(g01),9®)

< 0 (max {d(xy, p), S22 sl (3.6)

1+d(xpn-1,p)

(g,
D(fxa), () < 0 (max {d(g<xn_1>,g(p>), (9®)

<Q (max {d(g(xn-l),g(p)),

Suppose that lim v,, # p. Taking the limit as n — oo yields, since Q is continuous (Lemma 1 of
n—-oo
[13]

limsupd(p,v,) < Q (limsup d(p, vn)> < limsup d(p, v,)

n—oo n—-oo n-—-oo

This is a contradiction. Therefore, lim v, = p. Since E,(p) € W(X), E,(p) is upper semi
n—-oo

continuous and therefore, limsup|[FE,(p)](v,) < [E,.(p)](p). Since {v,} c E,(p) for all n,

n—-oo

[F,,(p)](p) = 1. Hence {p} c E,,(p). Since E,, is arbitrary, {p} c N;Z, F;(p).
Theorem 3.2 Let g be a nonexpansive self mapping of acomplete linear metric space (X, d) and

{F;} be a sequence of fuzzy mappings from X into W (X). For each pair of fuzzy mappings F;, F;
and for any x € X, {u,} c F;(x), there exists a {v,} ¢ F;(y) forall y € X such that

(9. 9(v,))[1+ d(9(x). g (”x))]}

1+d(g(x),g)

9@).g(vy))l1+ d(g<x>.g<ux))]}>

1+d(g(x).g())

D(fu,}, {vy}) < max {d(g(x),g(y)),

—-wW <max {d(g(x),g(y)),d( (3.7)

for all x,y € X,w:R* —» R™ be a continuous function such that 0 < w(r) <r for all r > 0.
Then there exists {p} c N;Z, Fi(p)., i.e. p is a common fixed point of the sequence of fuzzy

mappings.
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Proof. Let x, € X. Then we can choose x; € X such that {x;} € Fx, by Lemma 2.6. From the
hypothesis, there exists an x; € X such that {x,} € Fx; and since g is a nonexpansive self

mapping, from (3.7), we have

) d(g(x1), 9(xz))[1 + d(g(xo),g(xl))]}
’ 1+d(g(xo), g(xy))

) d(g(x), g(x))[1 + d(g(xo)'g(xl))]b
’ 1+ d(g(xo)' g(x1))

= max{d(g(xy), g(x1)), d(g(x1), g(x2))}
—w(max{d(g(x0), g(x1)),d(g(x1), g(x2))})

< max{d(xg, x1), d(xq, x)} — w(max{d (xo, x1), d(x1,x;)})

D({x1},{x;}) < max {d(g (%0), 9(x1)

—Ww <max {d (g (%0), g(x1)

The last inequality gives

d(x1,x2) = D({x1}, {x2}) < max{d(x,x1),d(xq,x2)} — w(max{d(xo, x1), d(x1,x2)})
which implies that

d(x1,x;) < d(xg,x1) — w(d(xo,xl)) (3.8)
Similarly
d(xz,%3) < d(xy,x5) — w(d(xq, %)) (3.9)
Inductively, we obtain a sequence {x,,} such that {x,,,,} © F,,+,(x,) and
d(n, Xn41) < d (o, %) — w(dCtng, %)) (3.10)

Adding (3.8)-(3.10), we obtain

n

D (A xi40)) < Ao, 1) = A, Xn12) < dCx,%1)

i=0
Therefore

n

Z W(d(xi:xi+1)) <, Lifgow(d(xn'xnﬂ)) =0

i=0
Now suppose that {x,} is not a Cauchy sequence, then there is an & > 0 such that for each
positive even integer 2k, there exists positive even integer 2m > 2n > 2k such that
d(Xan, Xom) = € (3.12)
Also, for each 2k, we may find the least 2m exceeding 2n such that
d(Xon, Xom—2) < € (3.12)
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Since {d(x,, x,+1)} is a decreasing sequence of non-negative terms, it converges, call the limit

z. Suppose that z > 0. Then, since w is continuous, lim w(d(x,, xn41)) = w(z). But
n—-oo

lim w(d(xy, x,41)) = 0. Hence w(z) = 0, which is a contradiction to the fact that 0 < w(p) <

n—-oo

p. Hence z = 0 and then

7lqi_r){.lO d(Xp, Xps1) =0 (3.13)
Now
€ < d(xap, X2m) < d(Xan, Xam—2) + d(Xam—2, Xam-1) + Ad(X2m—1, X2m) (3.14)
Using (3.11)-(3.14), we obtain
d(Xypn, Xom) > €aSk - © (3.15)

Note that
|d (x2m, Xon+1) — d(Xam, Xon)| < d(Xzn, X2n41)
|d(X2m+1, X2n+1) — Ad(Xam, Xon+1)| < d(Xom, Xam1)
|d(X2m, Xon+2) — d(Xam, Xon+1)| < d(Xon41, X2n42)
ld(X2m+1, Xon+2) — d(Xam1, Xons1) | < d(Xont1, Xon42)
which implies that as k — oo,
d(Xom) Xan41) 2 &, d(X2m+1, Xon+1) = &
d(Xm) Xo2n+2) = & A(Xami1, Xons2) = € (3.16)
Again applying (3.7), we get
d(Xam+1, X2n+2) = D{Xam41} {X2n+2})
d(g(x2n+1)fg(x2n+2))[1 + d(g(me)'g(x2m+1))]}
1+ d(g (me)f g(x2n+1))
d(g (X2n+41)) Q(X2n+2)) [1 + d(g(XZm)r 9(X2m+1))]}>
1+ d(g(me)rg(x2n+1))
d(Xan41, Xon+2) [1 + d(me'x2m+1)]}

< max {d(g (x2m), g(x2n+1))'

—w (max {d(g (x2m), 9(Xan+1)),

1+ d(x2m) X2n+1)

d(Xan41, Xon+2)[1 + d(me'x2m+1)]}>
1+ d(Xm, X2n+1)

Using (3.13), (3.16) and taking the limit as k — oo, we get

< max {d(xzm, Xon+1)s

—W (max {d(me, x2n+1):

& < max{¢, 0} — w(max{g, 0})
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which gives a contradiction. Thus {x,} is a Cauchy sequence and since X is complete, it
converges to some p € X.
Let F, be an arbitrary member of the sequence {F;}. Since {x,} c F,(x,_1), by Lemma 2.6,
there exists a v,, € X such that {v,,} c E, (p) for all n and applying (3.7) again, we have

d(xn, ) = D({xn}, {vn})

d(g(p), g(wa))[1 + d(g(xn_l),gm))]}
1+ d(gCtn-1),9))

d 9w )1+ d(g(xn_t), glxn
ot pro el gl

d(p' Un) [1 + d(xn—l: xn)]
1 + d(xn—ll p)

d(p,va)[1+ d(xn-1,%n)]
1+ d(xn—lﬂ p) })

< max {d(g(xn—l)» ) (p))»

< max {d(xn-l, p),

—-—W (max {d(xn—ll p):
Suppose that lim v,, # p. Taking the limit as n — o« yields
n—-oo
d(p» vn) < d(pr vn) - W(d(p' vn))
Since w is continuous, we get a contradiction. Therefore,lim v,, = p. Hence {p} c E, (p). Since
n—-oo

E,, is arbitrary, {p} € N2, F;(p).
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