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Abstract. The purpose of this paper is to establish some fixed point theorems for mappings involving rational
expressions in the frame work of complete ordered dualistic partial metric spaces using a class of pairs of
functions satisfying certain assumptions. These results unify, extend and generalize most of the existing relevant
fixed point theorems from the literature. We give examples to explain our findings.
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1. INTRODUCTION

The Banach contraction principle is a classical and powerful tool in nonlinear analysis.
Banach contraction principle has been generalized in various ways either by using contractive
conditions or by imposing some additional conditions on the ambient spaces. Das and Gupta
[7] were the pioneers in proving fixed point theorems using contractive conditions involving

rational expressions. Following Das and Gupta [7], Cabrera et al. [5] proved a fixed point
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theorem in the context of partially ordered metric spaces. For more fixed point results, see
([91, [13], [24]). One of the most interesting and important space is partial metric space
introduced by Matthews (see [12]) as a part of the study of denotational semantics of
dataflow networks. In particular, he established the precise relationship between partial
metric spaces and the so-called weightable quasi-metric spaces and proved a partial metric
generalization of Banach contraction mapping theorem. After this remarkable contribution,
many authors focused on partial metric spaces and its topological properties ([3], [10], [17],
[22], [25], [26]). Ran-Reuring’s fixed point theorem [24] is a fixed point theorem in metric
space with a partial order. Existence of fixed point in partially ordered metric spaces has been
considered recently by many authors (see, [2], [5], [9], for example). In the same spirit,
O'Neill [23] introduced the concept of dualistic partial metric, which is more general than
partial metric and established a robust relationship between dualistic partial metric and quasi
metric. Oltra and Valero [11] presented a Banach fixed point theorem on complete dualistic
partial metric spaces. Valero also showed that the contractive condition in Banach fixed point
theorem in complete dualistic partial metric spaces cannot be replaced by the contractive
condition of Banach fixed point theorem for complete partial metric spaces. Following Oltra
and Valero [22], Nazam et al. [3] established some fixed point results in dualistic partial
metric spaces for Greghty [8] type contraction and monotone mappings and discussed an
application of fixed point theorem to show the existence of solution of integral equation. For
the fixed point results on dualistic partial metric spaces, the readers may refer to [14]
[15],[18],[20],[21].

Recently, Nazam et al. [16] studied behavior of a rational type contraction in context of
ordered dualistic partial metric spaces and investigated sufficient conditions for the existence
of a fixed point in this space. The main purpose of this paper is to present some fixed point
theorems for mappings involving rational expressions in the frame work of complete ordered
dualistic partial metric spaces using a class of pairs of functions satisfying certain
assumptions. We shall show that our results generalize Theorem 2 and Theorem 3 of Nazam

et al. [16] in many ways.

2. PRELIMINARIES
Throughout this paper the letters RE, R and N will represent the set of nonnegative real
numbers, set of real numbers and set of natural numbers, respectively. We recall some basics

definitions and results to make this paper self-sufficient.
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Definition 2.1 (see [12]) A partial metric on a non-empty set D is a function : © x D - R¢
complying with following axioms, for all o,¢,v € D

(m) o =¢ = n(o,c) =n(o,0) =n(¢);

(m2) n(o,0) <n(o,¢);

(3) n(o,¢) =n(s, 0);

(M) n(o,¢) <nlo,v) +nv,¢) —n(v,v)
The pair (D, n) is known as partial metric space.
O'Neill [23] introduced the concept of dualistic partial metric as a generalization of partial
metric in order to expand the connections between partial metrics and semantics via valuation
spaces. He did one significant change to the partial metric n by extending its range from R¢
to R. The partial metric n with extended range is called a dualistic partial metric, denoted
by n*.
Definition 2.2 (see [23]) A dualistic partial metric on a non-empty set D is a function
n*: D X D — R satisfying the following axioms, for all o,¢,v € D

(m) o =¢en*(a,¢) =n(g,0) =n"(¢);

(n2) n*(0,0) <n*(0,6);

(m3) n*(a,¢) = n"(¢,0);

M) n*(a,v) +1°(5,¢) <n*(a,¢) +n°(¢,v)
The pair (D, n") is called a dualistic partial metric space.
Remark 2.3 Each partial metric is a dualistic partial metric but the converse is false. To
prove this important fact, let ® = R and define n* on D as n*(o, ¢) = max{o,¢},Vo,¢ € D.
Clearly, n* satisfies (n7) — (n2) and hence n* is a dualistic partial metric on ©. Refer that n*
is not a partial metric on D because n*(0,¢) < 0 € R,V 0 < 0,¢ < 0. Unlike other metrics,
in dualistic partial metric n*(o,¢) = 0 does not imply ¢ = ¢. Indeed, n*(—2,0) = 0 and
—2 # 0. The self-distance n* (o, o) is a feature utilized to describe the amount of information
contained in a.The restriction of n* to R{ is a partial metric. This situation creates a problem
in obtaining a fixed point of a self-mapping in dualistic partial metric space. For the solution
of this problem, Nazam [16] introduced concept of convergence comparison property
(CCP) and established some fixed point by using CCP along with axioms (n7) and (3).
Definition 2.4 (see [16]) Let (D,n*) be a dualistic partial metric space and T be a self-
mapping on . We say that T has a convergence comparison property (CCP) if for every
sequence {vy, }nen in D such that v,, — v, T satisfies

n*(wv,v) <n*(@v,Tv). (2.1)
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Example 2.5

(1) Define n* as in Remark 2.3. Consider any sequence {v,} converging to v in (D,n").

Consider {Vn = :—n,n > 1} c®. We have lim v, = —1 € D. Define a self-

neN n—oo

map 7 on ® by T'v = expv. Forsuch v = —1, note that
n*(v,v) = -1 <exp(—1) =n*(Tv,Tv).
Hence T satisfies (CCP).
(2) Let © = (—0,0] and define the mapping n* by n*(o,¢) = |0 —¢| if 0 # ¢ and
n*(o,¢) =a Vg if o =g, then, (D,n*) is a complete dualistic partial metric space.

Define T:D > D by To =—1if 0 € (—o,—4] and To = 0 if ¢ € (—4,0]. Notice

that 7 has (CCP) . Indeed, if {an = - (Znn“)} L €D Here limo, =—2€
ne

n—-oo

D.For such 0 = —2, we have
n°(=2,-2) = (=2) v (=2) = -2 < 0 =7"(0,0) = 1" (T (~2),7(~2))
We present some examples to explain dualistic partial metric.
Example 2.6 (see [16], [23])

(@) If we take n*(a,¢) = d(o,¢) + b, where d is a metric on a nonempty set ® and b € R
is arbitrary constant, then it is easy to check that n* verifies axioms (n7) — (n2) and
hence (D, n*) is a dualistic partial metric space.

(b) Let n be a partial metric defined on a non empty set ©. The functionn*: D XD - R
defined by n*(o,¢) =n(o,¢) —n(o,0) —n(s,¢) satisfies the axioms (n7) — (1)
and so it defines a dualistic partial metric on ©. Note that n* (o, ¢) may have negative
values.

(c) Definen:Rx R - Rbyn*(o,¢) =|ocd—¢|ifoc #¢andn*(o,¢) = —pifo =¢and
B > 0. We can easily see that n* is a dualistic partial metric on R.

O’Neill [23] established that each dualistic partial metric n* on D generates a T, topology
7(n*) on D having a base, the family of n*-balls {B,- (o, €) loeDe> 0}, where
B, (0,€) = {g ED | n*(o,¢) <n*(o,0) + 6}.
If (D,n") is a dualistic partial metric space, then the function d,- : © x ® - Rg, defined
by
dy+(0,6) =n"(0,6) =1"(0,0) 22)
defines a quasi metric on © such that (") = =(d,,-) and

dp-(0,6) = max{d,-(o,¢),d,(5,0)} (2.3)
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defines a metric on A.
Definition 2.7 (see [22]) Let (D, n™) be a dualistic partial metric space.

1. Asequence {o,} © D converges to a pointg € D if 7113)10 n* (o, 0) =n*(o,0).

2. A sequence {o,,} © Dis called a Cauchy sequence if nlrilriloo n*(on, o) exists and is
finite.

3. A dualistic partial metric space (D,n*) is said to be complete if every Cauchy
sequence {o,} © D converges, with respect to 7(n*), to a point ¢ € D such that
1°(0,0) = lim_n’(op,0m).

Remark 2.8 For a sequence, convergence with respect to metric space may not imply
convergence with respect to dualistic partial metric space. Indeed, if we take f§ = 1 and
{o,} € R, where g, = 1;—" as in Example 2.6 (c). Mention that 111_r>r010 d(o,,—1) = —1 and
therefore, a,, » —1 with respect to d. On the other hand, we make a conclusion that g,, » —1
with respect to n* because ,Plﬂlo n* (o, —1) = 7113}10 n*lo, — (—1)| = 7111_{{)10 |1_Tn + 1| =0 and
n*(-1,-1) = —1.

Lemma 2.9 (see [22]) Let (D, n™) be a dualistic partial metric space.

(1) Every Cauchy sequence in (D, df’*) is also a Cauchy sequence in (D, n").

(2) A dualistic partial metric (D,n*) is complete if and only if the induced metric space
(D, d,-) is complete.

(3) A sequence {g,,} © D converges to a point ¢ € D with respect to r(d;}) if and only if
1°(0,0) = lim n*(04,0) = lim 1" (03, ).

Definition 2.10 (see [16]) Let (D, <) be a partially ordered set and 7: © — D, we say that
T is monotone non-decreasing if g,¢ € D,0 < ¢ = To < T%.
Definition 2.11 (see [16]) Let (D, <) be a partially ordered set and (D,n*) be a dualistic

partial metric space. A mapping 7: D — D is said to be a dualistic contraction of rational
type if there exist a, § = 0 with « + f < 1 such that:

"(6.T7¢) (141" (0,.T0) *
LTI CI)| 4 By (o, ¢)] (2.4)

n*(To,T¢)| < a 14+1*(0,6)

VYo,¢ € A= {(a,g) EDX D|a <¢An*(o,¢) = —1}.
The rational contractive condition (2.4) has some differences with rational contractive
condition (1) of Cabrera et al. [5]. Indeed, for a metric d, d(o,0) = 0,V € D, which ensures

that condition (1) of [5] holds for all o such that ¢ = o and conversely. However, in
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general, n*(g,0) # 0 for any o € D. For if To = g, then from (2.4) one can follow that
n*(o,0) = 0.So if Ta = o such that n*(ag,0) # 0, then but ¢ < ¢ does not satisfy (2.4).
Nazam et al. [16] studied the following fixed point theorems on dualistic contraction of
rational type.
Theorem 2.12 (see [16]) Let (D, <) be a partially ordered set and (D,n*) be a complete
dualistic partial metric space. If 7:D — D is a non-decreasing, dualistic contraction of
rational type satisfying the following conditions:
(1) there exists o, € D such that g, < T gy,
(2) if {o,} € Dis non-decreasing sequence such that a,, - v, thenag,, < v,vn € N.

Then T has a fixed point.
Theorem 2.13 (see [16]) Let T:D — D be defined on (D,n", <) and satisfies conditions
assumed in Theorem 2.12. If there exists an element w € D such that it is comparable with
every fixed point of T, then 7" has a unique fixed point in D.
One of the most important ingredients of a contractive condition is to study the kind of
involved functions, like altering distance functions introduced by Khan et al. [11] as follows.
Definition 2.14 (see [11]) A function ¢: R¢ — R¢ is said to be altering distance function if

(@l) ¢ is monotone increasing and continuous,

@) k) =0=k=0.
Definition 2.15 (see [4]) The pair (¢,¢), where @, ¢: R - R{ is called a pair of
generalized altering distance functions if

(bl). ¢ is continuous;

(b2). ¢ is non-decreasing;

(b3). T{l_l)‘{)lo P(ky) =0= ,ll_rﬂo Kk, = 0.
The condition (b3) was introduced by Moradi and Farajzadeh [13]. The above conditions do
not determine the values of ¢(0) and ¢ (0).
Definition 2.16 (see [1]) We will denote by F the family of all pairs (¢, ®), where
@, p: Rt —» RY are functions satisfying the following conditions.

(F1). ¢ is non-decreasing;

(F2). if3 Kk, € R¢ suchthat ¢ (k,) = 0, then k, = 0 and ¢ ~1(0) = {0}.

(F3). if {a,},{Bn} c R{ such that,{a,} = A, {B,} = A satisfying 1 < {B,} and @(B,) <

(¢ —¢)(a,),¥neN,then1 = 0.

Definition 2.17(see [27]) A pair of functions (¢, ¢) is said to belong to the class &, if they

satisfy the following conditions:
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(c1). @, ¢p: R > RE;

(c2). ifk,u e RE, oK) < dp(u) then k < y;

(c3). if {k,}, {u,} € RE, lim k,, = lim p,, = § and @ (k) < ¢(u,),Vn € N, then § = 0.
n—>00 n—->oo

If (@, @) satisfies (F1) and (F2), then (¢, ¢ = ¢ — ¢) satisfies (c1) and (c2). Furthermore, if
(o, p = @ — ¢) satisfies (c3), then (¢, ¢p) satisfies (F3).
Remark 2.18 (see [27]) If (¢, ¢) € & and (k) < ¢(x), then k = 0, since we can take k,, =
Un = k,Vn € Nand by (c3), we deduce k = 0.
Example 2.19 The conditions (cl1)-(c3) of definition 2.17 are fulfilled for the functions
@, $: R - RY defined by

(1) (k) =In (5}31) and ¢(x) =1In (3’31), Vk € Rg.

(2) (k) =1n (ZKH) and ¢(x) = ln(

2
Example 2.20 (see [27]) Let S = {#:R{ - R} | e(k,) > 12 Kk, > 0}. Consider the pairs

K+1
2

),VKE]RZ;

of functions (1R3,{’(1R3)), where £ €S and £(1gs) is defined as (i’(lm)) (k) =

£(x)k, k € R} Itis easy to check that (1R3,£(1R3)) €.

Example 2.21 (see [27]) Let ¢: R — R{ be a continuous and increasing function such that
(k) =0 Kk =0. Let ¢:[0,0) — [0, 00) be a non-decreasing function such that ¢(x) =
0 & k =0and ¢ < ¢. We make a conclusion that (¢, ¢ — ¢) € §.

An interesting particular case is when ¢ is the identity mapping, ¢ = 1g+ and ¢: Rg > Rg
is a non-decreasing function such that ¢ (k) = 0 & k = 0 and ¢ (k) < k,V k € R{.
Remark 2.22 (see [27]) Let g : R{ — R is an increasing function and (¢,¢) € &.
Then(gop,g°¢d) €.

3. MAIN RESULTS

We state our main result as follows:

Theorem 3.1 Let (D, <) is a partially ordered set and suppose that (D,n*) is a complete
dualistic partial metric space. Let 7: © — D be a non-decreasing and satisfies (CCP) such

that there exists a pair of functions (¢, ¢) € ¥ satisfying

o (70,79 < max{p(n’ (0,9, ¢ (LA CID) )} (3.1)
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for all comparable elements g,¢ € A. Assume that either 7 is continuous or if {g,,} € D is
non-decreasing sequence such that a,, = v, thena,, < v,vn € N. If 3 g, € D such that g, <
T o,, then T has a fixed point.
Proof Let g, € D be an initial element such that o, < Ta, and let us define Picard iterative
sequence {o,} by T'o,,_; = 0, Vn € N. If there exists a positive integer n, such that g,, =
Ong+1, then o, = oy 11 = Toy,,. SO oy is a fixed point of 7. In this case, the proof is
complete. On the other hand, if a,, # 0,41, Vn € N, then ¢,, < 7,,,1. Indeed by o, < Tg,, we
obtain o, < ¢;. Since T is non-decreasing, o, < g; implies Ta, < Tg; and thus o, < 0;.
Continuing in this fashion, we get

00201=20,2032 20,120, X 0p41 X (3.2)
Since a,, < 0,41, applying contractive condition (3.1), we have

@(In"(Ons1, 001 = @(In* (T oy, T0n-1)1)

* N (0n-1,T0n-1)(1+1"(on,T 0o7)
< max {p (10" (0, 00 ), (|27 20 )

1+1*(0n,0n-1)

)}
)} (3.3)

= max {(11° (3, o)1), ¢ (|1 o2 onnes)

1+n*(on,0n-1)

Now, we can distinguish two cases.

Case 1. Consider

* *(0n—1,00) (141" (0n,0n41)
max{¢(|n (an,gn_1)|)’¢(|n On-1,0n) (147" (0n,0n+1))

1+0*(0n,0n-1)

)} = ¢(n*(on, 00— (3.4)
Due to inequality (3.3), we have

<P(|U*(0n+1,0n)|) < ¢>(|77*(0n' O-n—l)l) (3-5)
Since (¢, ¢) € &, we deduce that

|77*(0-n+1'0-n)| < |77*(0'n' Un—l)l
Case 2. If

max {qb(ln*(an, o)), b (|n*(an_l.an>(1+n*(an,anﬂ))

14+0*(0n,0n-1)

) - (et

1+n*(on-1,0n)

)

(3.6)
Then from (3.3), we have

@I @i, o)) < ([ )

1+n*(0n-1,0n)

) (3.7)

Since (@, $) € § we get

1 (0n-1,00) (147" (0n,0n41))
1+n*(0n-1,0n)

17" (0, Ons1)| < |
which implies that

|77*(O_n+1; Un)l < |77*(0-n; Jn—l)l



1899
PANDEY, UGHADE, VARMA, SINGH

From both cases, we conclude that the sequence {|n* (0,41, 0,,)|} is @ monotone and bounded
below sequence of non-negative real numbers, it is convergent and converges to a point £, i.e.

lim [n*(6p41,0,)| =L=0. If L=0. Then we have done. Let £L > 0 and denote A =
n—-oo

{n € N | n satisfies (3.4)} and B = {n € N | n satisfies (3.6)}. Now, we make the following
remark.
(1) If Card A = oo, then from (3.3), we can find infinitely natural numbers n satisfying

inequality (3.5) and since lim |n* (0,41, 0,)| = lim |n*(0,, 0,-1)| = L and (@, p) €
n—oo n—-oo

%, we deduce that £ = 0.

(2) If Card B = oo, then from (3.3), we can find infinitely many n € N satisfying
inequality (3.7). Since (¢, ¢) € & and using the similar argument to the one used in

n*(Un—l;Un)(l‘Hl*(Un;Un+1))
1+1*(on-1,0n)

case 2, we obtain |n* (0, 0p41)| < for infinitely many n €

N. On letting the limit as n — <o and taking into account that lim |n* (0,41, 0,,)| = £,
n—-oo

we deduce that £ < % and consequently, we obtain £ = 0.

Therefore, in both cases we have
lim |n*(0,,4+1,0,,)| = 0 and then lim n*(6,41,0,) =0 (3.8)
n—-oo n—oo
We use (3.1) to find the self distance n*(a,,, g,,), as follows:
e(n"(on, 0)D) = @(In*(Top-1,Ton-1)D

* n*(0n-1,70n-1) (140" (0n—1,T0n—1))
< max {¢ (1" (Gn-1, 02—, 6 (| e

)
e

= max {¢(|n*(0n—1;0n—1)|),¢) (|n*(an—1.an)(1+n*(an_1,an))

1+n*(0n-1,0n-1)

Put
C={neN|o(n (oo < dUn* (Gnr, Gn_s)]))
D = {n €N | o(n* (o, 0)]) < ¢ (|n*(an—1.an)(1+n*(an—1.an)) )}

1+n*(0n-1,0n-1)
By (3.9), we have Card C = oo or Card D = oo. If Card C = oo, then there exists infinitely

many n € N satisfying
@(In* (o, 0D < ¢ (In"(0n-1,0n-1)]) (3.10)
and since (¢, ¢) € &, we have

|77*(0-n» Un)l < |77*(Un—1' O-n—l)l
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Thus, {In*(on+1, )|} is @ non-increasing sequence of positive real numbers and arguing like

case of (3.8), we have lim |n*(a,, g,,)| = 0. On the other hand, if Card D = oo, then we can
n—-oo

find infinitely many n € N satisfying

* *(Tl—Jn)l *(n_‘n)
o(ln (O’n,o'n)l)gqf)(r? n-1,00) (140" (0p-1,00))

1+77* (O_n—l;o_n—l)

) (3.11)

and since (¢, ¢) € &, we infer

77*(Un—1,0n)(1+77*(0n-1,0n))
1+77* (O—n—l;o_n—l)

" (0n 00| < | (3.12)

taking the rlLl_ILlo on (3.12) and using (3.8), we obtain that 7lli_r)?oln”‘(crn,crn)l < 0 and then
Ailgoln*(an, o,)| = 0. Thus, in both cases, we infer that ,lil?oln*((’”' 0,)| = 0 and then
lim ° (0, 0) = 0 (3.13)
We deduce from (2.2) that
dy(On, On+1) = N7 (O, Ons1) — 17" (0n, 0p)
So using (3.8) and (3.13), we get
lim d,«(0y, 0p41) =0 (3.14)

n—-oo

Next step is to show that {c,} is a Cauchy sequence in (D, d;.). For this we have to show
that

m%,iflloo dp (O, Om) = ml,,iflloo max{dn*(an, Om), Ay (O, o)} =0

Suppose on contrary that {a,, } is not a Cauchy sequence, thatis lim d,-(ay,0,,) # 0. Then
m,

,N—00
given e > 0, we will construct a pair of subsequences {a,,, } and {o,, } of {a,,} such that n, is
smallest index for which for all n, > m; > k, where k € N
dp+ (O Omy,) = € (3.15)
It follows directly that
dn*(ank_l,amk) <e (3.16)
By (3.15) and (3.16), we have
€< dn*(ank, amk)
< dn*(ank, ank_l) + dn*(ank_l, amk)
< dn*(ank, ank_l) +e€
Taking ;lir?o on both sides in above inequality and from (3.14), we obtain
lim dp: (O, Om, ) = € (3.17)

Using triangle inequality, we have
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dn*(ank, amk) < dn*(ank,ank_l) + dn*(ank_l,amk)
< dn*(ank,ank_l) + dn*(ank_l,amk_l) + dn*(amk_l, O'mk)
and
dy(Ony-1, Omy-1) < dy (-1, 0n) + do (0 Oye—1)
< dy (Ony-1,9n,.) + dy (Onr Omy,) + A (Omyer Omy—1)
Taking the limit as k — oo in the above two inequalities and using (3.14) and (3.17), we get
111_{210 dn*(ank_l, O'mk_l) =€ (3.18)

Now applying contractive condition (3.1), for o,,, # oy, , We have

n*(Tank—l’ Tamk—l) |)

n" (om0 om)]) = @

< max{¢(|n*(ank_pamk_l)n,¢>(

o(

77*(Unk—lvTUnk—l)(l"'n*(Umk—erUmk—l))

1+7l*(0'nk—1’0'mk—1)

)
) e

"*(”nk—l"’nk)(””*(“mk—l'“mk))

1+7l*(0'nk—1’0'mk—1)

= max{ 8 om0

Let us put
E = {k € N|o(|n" (0w, om,)]) < $(11° (01, Omy-1) )}
" Onp-1.0n;, )\ 141" Omy—1,.0m
= feenloti oo 2o [t

By (3.19), we have Card E = oo or Card F = oo. Let us suppose that Card E = oo, then there
exists infinitely many k € N satisfying

§0( n*(o-nk’o-mk)l) = (rb( T]*(O-nk_l’ Umk—l)l) (3'20)
and since (¢, ¢) € &, by letting the limit as k — oo, we have

lim |T]*(O-nk’o-mk)| = ,}i_{glo|n*(0nk—1' Umk—l)l

k—oo

In the view of (3.17) and (3.18), we get € = 0 a contradiction. On the other hand, if Card F =

) (3.21)

oo, then we can find infinitely many k € N satisfying

0" (O Omy )|) < ¢(

and since (¢, ¢) € &, we infer

77*("nk—l"’nk)<1+’7*("mk—1"‘mk))

1+77*(Unk—1ﬂmk—1)

o(

TI*(Unk—lrank)(1+77*(Umk—lramk))

1+77*(0nk—1r0mk—1)

n*(ank' Umk)l =

Taking the limit as k — oo and in the view of (3.14) and (3.17), it follows that € < 0 and we

reach a contradiction. Therefore, in both the possibilities, we reach a contradiction and
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therefore m!}lrgw d,+ (0, 0,n) = 0. Similarly we can prove that mglrgoo d,+(om, 0,) = 0. Hence

lim dp.(0y,,0,,) = 0, which ensures that {a,,} is a Cauchy sequence in (D, df]) Since

m,n—oo
(D,n*) is a complete dualistic partial metric space, by Lemma 2.9(2), (Z), df]) is a complete
metric space. Thus, there exists v € (D,d;.) such that o, > v as n—co, that is

lim d,-(0y,v) = 0 and by Lemma 2.9 (3), we know that

n—00
n'(v,v) = lim n*(a,,v) = lim 1" (0p, o) (3.22)
Since, 711330 d,+(0,,v) = 0, by (2.2) and (3.12), we have
7 W,) = lim 0*(0,,v) = lim 7 (0, 0) = 0 (3:23)
This shows that {o,,} is a Cauchy sequence converging tov € (D,n*). We are left to prove

that v is a fixed point of 7. We have to deal with two cases:

Case 1. If T is continuous, then

v=limo, =limTo,_ =T (lim Un—1) =Tv (3.24)
n—oo n—-oo n—oo

Hence Tv = v that is v is fixed point of 7.

Case 2. If {g,,} € D is non-decreasing sequence such that a,, = v, then g,, < v,Vn € N. Now

applying (3.1), we have
ol @, Ta)D) < max (gl @, o), ¢ (|
Denote
G ={neN|o(n'@v,To)D) < ¢(In* (v, o))}

= {n €N | e(n*(Tv,Ta)) < ¢ (|n*(an'TUn)(1+77*(V,Tv))

1+n*(op,v)

n*(onTon) (147 (v, TV))
1 +TI* (Un:V)

)} (3.25)

))

We have Card G = oo or Card H = oo. If Card G = oo, then there exists infinitely many n €
N such that

e(n*(Tv,Ta,)D) < ¢(n* (v, o)1) (3.26)
and since (¢, ¢) € &, by taking the limit as n — oo, we have

lim |n*(Tv,Toy)| < lim [n*(v, 0,)
n—-oo n—-oo

To simplify our consideration, we will denote the subsequence by the same symbol {7 g,,}.

Since To, =0,,, and o, >v€ED, this means that limsupn*(v,0,) =0 and

n—-oo

consequently lim a,,,; = v. We infer |[n*(Tv,v)| < 0 and then [n*(Tv,v)| = 0.0n the other
n—-oo

hand, if Card H = oo, then we can find infinitely many n € N such that
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ol @, To)) < ¢ ( ) (3.27)

Since (¢, ¢) € &, To, = 0,4, and lim a,, = v, on letting limit as n — oo, we have
n—-oo

n” (V'TV)(1+U*(Un;TUn))
1+n*(op,v)

n*(on.T o) (1+1* (v, TV))
14+n*(opn,v)

lim |n*(Tv, 0,,41)| < lim | (3.28)
n—oo n—»oo

In the view of (3.8), arguing like above, we conclude that |n*(Tv,v)| = 0. Therefore, in both
the cases, we obtain [n*(Tv,v)| = 0 and then n*(Tv,v) = 0. Since T has (CCP), we get

0=n"(,v) < kn*(Tv,Tv). (3.29)
On the other hand, by axiom (n;) we have n*(v,v) < n*(v,7v) + n*(Tv,v) —n*(Tv,Tv)
which implies that

n*(Tv,Tv) <0 (3.30)
The inequalities (3.29) and (3.30) imply that n* (v, 7v) = 0. Thus
n*(Tv,Tv) =n*(v,v) =n*"(v,Tv) (3.31)

By using axiom (n7), we have 7v = v and hence v is a fixed point of 7. This finishes the
proof.
Note that in the above result fixed point may not be unique, in order to prove uniqueness of
the fixed point, we need some more conditions and for this purpose, we have following
Theorem.
Theorem 3.2 Let (D,n*, <) be an ordered complete dualistic partial metric space. Let
T:D — D be a mapping satisfying all the conditions of Theorem 3.1. Besides, if for each
o,¢ € D, there exists w € D which is comparable to both o and ¢. Then 7 has a unique fixed
point.
Proof Following the proof of Theorem 3.1, we are only left to prove the uniqueness of the
fixed point. Let v* be another fixed point of T, then 7v* =v* and n*(v*,v*) = 0. We
distinguish two cases:
Case 1. v and v* are comparable.
Suppose v < v*(the same argument works for v* < v). By applying the contractive condition
(3.1), we get

eUn"(v,vID = @n*@Tv,Tv)])

< max {¢(|TI*(V'V*)D' ¢ (|

n* (v Tv) (147* (v, 7))

1+n*(v,v*)
= max {¢(In" (v, v, & ( )}
= max{g(In" (v, v")]), $(0)} (3.32)

))

n* (v v (147 (V)
1+n*(v,v*)
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If max{¢(|In"(v,v")I), ¢(0)} = ¢(In*(v,v)I), in this case from (3.32), ¢(In*(v,v")|) <
o(In*(v,v)]) . Since (p,¢) € F and by Remark 2.18, we deduce that |[n*(v,v*)| =0.
Similarly, if max{¢(|n*(v,v*)|),$(0)} = ¢(0), then from (3.32), ¢(|n*(v,v*")]) < ¢(0).
We infer that |n*(v,v*)| < 0 and then |p*(v,v*)| = 0. Hence in the both possibilities,
In*(v,v*)| =0 and then n*(v,v*) =0. Thus n*(v,v*) =n*(v,v) =n*(v*,v*), by using
axiom (n7), we have v = v* and hence v is a unique fixed point of T".

Case 2. v and v* are not comparable.

Then there exists w € D which is comparable to both v and v*, that is, w < vand w < v*.
(3.1), we have

o(In"(T"w,v)) = @(In*(T"w, T™v)])

Since w < v, the non-decreasing character of " gives us 7"w < T™"v = v,V n € N. By using
n*(Tn‘lv,Tnv)(1+17*(Tn‘lw,ﬂ"nw))
1+n* (T 1,71 1y)

)
)

= max{¢(In"(T" " w,v)]), $(0)} (3.33)

< max {(I’(In*(T”‘lw,T”‘W)I),(P(

1" )(147* (T 10,7 "w))
1+n* (T 1w,v)

= max {cp(ln*(ﬂ""—lw, V)D;(f’(

Suppose

I={neN|pn @) < ¢l @, 7" 0}

J={neN|oln T o, < ¢(0)}
We have Card [ = oo or Card J = oo. If Card I = oo, then there exists infinitely many n € N
such that @(|n*(T"w,v)|) < ¢(In*(T" tw,v)|) and since (@, ) EF , we have
n*(T"w,v) < |n*(T" 1w,v)| . On letting limit as n —» o and by (3.26), we have

Aijgom*(T"w'VN = 0. If Card ] = oo, then there exists infinitely many n € N such that
o(In*(T"w,v)]) < ¢(0). Since (¢, p) € §F, taking Alj{}o and by Remark 2.18, we infer that
rlli_r)goln*(ﬂ"”w, v)|=0 . In both cases, we have Tlli_rgoln*(ﬂ"”w, v)|=0 and then
rlll_I)Tolo n*(T"w,v) = 0. Similarly, we can show that Tlll_rgo n*(T"w,v*) = 0. By axiom (n;) we

have
n*w,v) <, T"w) +n*(T"w,v*) =" (T"w, T"w)
<, T"w) + " (T"w,v*) =" (T"w,v) =" (v, T"w) + n*(v,v) (3.34)
Letting n — oo, we obtain that n*(v,v*) < 0. Again by axiom (n3), we have
0=n"(v,v) <n*"(v,v) +n°(v,v) —n*(v",v") (3.35)
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which implies that n*(v,v*) = 0. We infer that n*(v,v*) = 0. Therefore n*(v,v*) =
n*(v,v) = n*(v*,v*) and by using axiom (n7), we have v = v*. This completes the proof.
From Theorem 3.1 and Theorem 3.2, we obtain the following corollaries.
Corollary 3.3 Let (D, <) is a partially ordered set and suppose that (D,n") is a complete
dualistic partial metric space. Let 7: © — D be a non-decreasing mapping and satisfies (CCP)
such that there exists a pair of functions (¢, ¢) € & satisfying

e(n*(To,T9)) < ¢(In*(o,6)D (3.36)
for all comparable elements g,¢ € D. Assume that either 7 is continuous or if {g,,} € D is
non-decreasing sequence such that a,, - v, then g, < v,vn € N. If 3 g, € D such that g, <
To,, then T has a fixed point. Besides, if for each o,¢ € D, there exists w € D which is
comparable to both ¢ and ¢. Then 7" has a unique fixed point.
Corollary 3.4 Let (D, =) is a partially ordered set and suppose that (D,n*) is a complete
dualistic partial metric space. Let 7: © — D be a non-decreasing mapping and satisfies (CCP)

such that there exists a pair of functions (¢, ¢) € & satisfying

o' (T, 7)) < ¢ (

for all comparable elements g,¢ € D. Assume that either T is continuous or if {o,} € D is

n*(6T5)(1+n*(0,79))
B s ) (3.37)

non-decreasing sequence such that a,, - v, then g, < v,vn € N. If 3 g, € D such that g, <
To,, then T has a fixed point. Besides, if for each o,¢ € D, there exists w € D which is
comparable to both o and ¢. Then T has a unique fixed point.

Taking into account Example 2.21, we have the following corollary.

Corollary 3.5 Let (D, =) is a partially ordered set and suppose that (D,n™) is a complete
dualistic partial metric space. Let 7: © — D be a non-decreasing mapping and satisfies (CCP)

such that there exists two functions ¢, ¢: R¢ — R satisfying

P T Tl = max {‘p(ln*(a, Ol = (@, 9D). 0 <|"*“’T‘)(“"*<"'“>> .

1+1*(0,6)
a

for all comparable elements o,¢ € A, where ¢ is an increasing function and ¢ is a non-

n* (676 (1+n*(0,70))
s ))} (3.38)
decreasing function and they satisfy ¢@(k) = ¢(x) =0 if and only if k=0 and ' is
continuous with ¢ < ¢. Assume that either T is continuous or if {o,,} € D is non-decreasing
sequence such that g,, = v, thenag,, < v,vn € N. If 3 g, € D such that g, < Tg,, then T has
a fixed point. Besides, if for each a,¢ € A, there exists w € D which is comparable to both

and ¢. Then T has a unique fixed point.
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Corollary 3.5 has the following consequences.
Corollary 3.6 Let (D,<)is a partially ordered set and suppose that (D,n") is a complete
dualistic partial metric space. Let 7: © — D be a non-decreasing mapping and satisfies (CCP)
such that there exists two functions ¢, ¢: R —» R satisfying the same conditions as in
Corollary 3.6 such that

on* (T, TN < o(In* (0,91 = ¢Un*(a,9)D) (3.39)
for all comparable elements g,¢ € D. Assume that either T is continuous or if {o,,} € D is
non-decreasing sequence such that a,, = v, theng, <v,vn € N. If 3 g, € D such that g, <
To,, then T has a fixed point. Besides, if for each o,¢ € D, there exists w € D which is
comparable to both ¢ and ¢. Then 7" has a unique fixed point.
Corollary 3.7 Let (D, <) is a partially ordered set and suppose that (D,n") is a complete
dualistic partial metric space. Let 7: © — D be a non-decreasing mapping and satisfies (CCP)
such that there exists two functions ¢, ¢: Ry — R{ satisfying the same conditions as in

Corollary 3.6 such that

" (6T (1+n"(0,T0)|
1+n*(0,5) ¢ (

n*(6T5)(1+n*(0,79))
B )) (3.40)

e(n*(To,TOD < ¢ (

for all comparable elements o,¢ € A. Assume that either 7 is continuous or if {g,,} € D is
non-decreasing sequence such that a,, = v, theng, < v,vn € N. If 3 g, € D such that g, <
To,, then T has a fixed point. Besides, if for each o,¢ € D, there exists w € D which is
comparable to both o and ¢. Then T has a unique fixed point.

Remark 3.8 The main result of [16] is Theorem 2.12. Notice that the rational contractive
condition appearing in this theorem

n*(¢.7¢)(1+n*(0,70))
1+n*(0,5)

" (7o, T9)| < | |+ BIn* (0,91

forany o,¢ € D, where ¢, = 0and a« + § < 1 implies that

6T+ (0 TD))| |
et AUNCOT)

n*(6T¢)(1+n*(0,79)) .
2 @+ Bln* (0,9l

[*(@0,76)| < (a + B) max{

< max{(a + B)

This condition is a particular case of the contractive condition appearing in Theorem 3.1 with
the pair of functions (¢, ¢) € § given by ¢ = 1g+ and ¢ = (a + B)1gs . Therefore,
Theorem 2.12 is a particular case of the following corollary and considered as an extension

and generalizations of Theorem 2.12 in the setting of complete dualistic partial metric spaces.
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Corollary 3.9 Let (D,<)is a partially ordered set and suppose that (D,n") is a complete
dualistic partial metric space. Let 7: © — D be a non-decreasing mapping and satisfies (CCP)
such that

n*(c,fc)(1+n*<a,fo))| (@ + B)n*(o,¢) I} (3.41)

In*(To,T¢)| < max{(a + ) v

for all comparable elements o,¢ € A, where @, = 0and a + f < 1 Assume that either T is
continuous or if {o,} € D is non-decreasing sequence such that g, - v, theng,, < v,vn €
N. If 3 g, € D such that g, < Tg,, thenT has a fixed point. Besides, if for each o,¢ € D,
there exists w € Dwhich is comparable to both ¢ and ¢. Then 7" has a unique fixed point.
Observations 3.10

“(6.T¢)(14+n" (0. T0) *
TEIIMTCIN) |- (g,6)]} =

1. If in Corollary 3.9, we put « + 8 = c and max{| rwer

In* (o, ¢)|, then we get Corollary 1 of Nazam et al. [16] and Theorem 2.3 of Oltra and
Valero [22].

2. Usually the range of a dualistic partial metric n* is R but if we replace R by R¢, then
n* is identical to a partial metric n and hence Theorem 3.1 is applicable in the setting
of partial metric space. The Theorems 3.1 and 3.2 also generalizes the results in [18]
and [27].

3. Ifwesetn*(og,0) = 0in Theorems 3.1 and 3.2, we retrieve corresponding theorems
in metric spaces (see [2], [5], [7], [8], [26]).

Taking into account Example 2.20, we have the following corollary.
Corollary 3.11 Let (D, X) is a partially ordered set and suppose that (D,n*) is a complete
dualistic partial metric space. Let 7: © — D be a non-decreasing mapping and satisfies (CCP)

such that there exist £ € S (see Example 2.20) satisfying
e(n*(To,T¢)]) <

% * “(6.T7¢) (141" (0,.T0)
max {£(1n* (o, )DI* (0, )1 ¢ ([ ELLLL T

n*(c,7¢)(14n*(0,T0))
S } (3.42)

for all comparable elements o,¢ € A. Assume that either 7 is continuous or if {g,,} € D is
non-decreasing sequence such that a,, = v, theno, <v,vn € N. If 3 g, € D such that g, <
To,, then T has a fixed point. Besides, if for each o,¢ € D, there exists w € D which is
comparable to both o and ¢. Then T has a unique fixed point.

Following Corollary is a generalization of Theorem 2.3 of Oltra and Valero [22], Corollary

2.9 of Nazam et al. [15] and main result of Geraghty [8].
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Corollary 3.12 Let (D, <) is a partially ordered set and suppose that (D,n") is a complete
dualistic partial metric space. Let 7: © — D be a non-decreasing mapping and satisfies (CCP)

such that there exist £ € S (see Example 2.20) satisfying

e(In*(To, TN < £(n*(a,9)DIn" (0,9 (3.43)
for all comparable elements g,¢ € D. Assume that either T is continuous or if {o,} € D is
non-decreasing sequence such that a,, = v, theng, <v,vn € N. If 3 g, € D such that g, <
To,, then T has a fixed point. Besides, if for each o,¢ € D, there exists w € D which is

comparable to both ¢ and ¢. Then 7" has a unique fixed point.

4, EXAMPLES

In this section, we give an example in support of our main result.
Example 4.1 Define n* on (=, 0]” as n*(x,y) = max{oy, ¢, }, where x = (gy,¢;) and y =
(02,62). It is easy to check that ((—o, 0] 01°,7 *) is a complete dualistic partial metric space.
Define T: (—ox, O] - (—oo, 0] as Tx =3,Vx € (—oo, 0] . In (—oo, O] , we define the
relation < in the following way: x < y if and only if 0; < ¢;, where x = (04,¢;) and y =
(03,62). Obviously, < is a partial order on (—oo, 0]° and T is a non-decreasing mapping.
Moreover, o, = (—1,0) € (=, 0] and g, < g,. Since
max{or, ¢:} < max{%, %} = 1" (0y) < 0" (T%,79),V %,y € (=20, 0]’

Hence T satisfies (CCP) with respect to <. Define the function ¢, ¢: Ry — R¢ as follows:

9() =In (£2) and () = In (2

Clearly, (@, ) € &. We shall show that for all x,y € (—o, 0] with x < y, (3.1) is satisfied.

3k+1

), Vi € RS,

For this, consider V o, < ¢4,

. o shraxTyieny (S L s 1
wﬂn(T%7WN)—IHC——T;———)—IH< £l )-—m(;wg|+—0
On the other hand,
3" (x,y)[+1 3l¢q]+1 3 1
$(n" (e, y)) = In (LE2ED) = g (A28 = 1 (2,1 + )
2+%)
¢ ( )

(145 >=¢(

1+C1
C1(2+tf1)
< a(14¢1) ) —1In (3|C1(2+01)|+4|1+§1|)

61(2+07)
4(1+¢y)

1+7*(x,y)

7" (v, 7y)(1+7* (x,Tx)
( >)=¢<

12 24

Combining the observations above, we get
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* 5
o TxTy)) =1n(Z eyl +2) < n (el +2)

< max {ln (% lg1| + %) ,In (3IC1(2+01)|+4|1+§1|)}

= max{(In" o 7)1, ( )}

Thus all the conditions of Theorem 3.1 are satisfied. Hence T has a fixed point, indeed v =
(0,0) is a fixed point.

7*(¥,7y) (147 (x,Tx))
1+n*(x,y)
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