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Abstract: In this paper, following works of Tyagi and Rizwi (1979), Kanna et al. (2018), a new class of second order
rotatable designs (SORD) using balanced ternary designs are suggested. Here we develop a method of balanced ternary
designs by combining the methods of Tyagi and Rizwi. Here we observed that the number of design point is lesser
than the other designs. Table 3 provides the complete idea regarding the smaller number of designs points when we
compare with the balanced incomplete block designs, Tyagi and Rizwi design points.
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1. INTRODUCTION
The concept of rotatability was proposed by Box and Hunter (1957). Das and Narasimham

(1962) constructed second order rotatable designs through balanced incomplete block designs.
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Tyagi (1964) constructed second order rotatable designs through pairwise balanced designs.

In this paper, following the works of Tyagi and Rizwi (1979), Kanna et.al (2018), second order
rotatable designs though balanced ternary design is suggested. Here we develop a method balanced
ternary designs by combining both Tyagi and Rizwi, Kanna et.al and also observed the variance

function of estimated response for different parameters of balanced ternary designs.

2. PRELIMINARIES
Method of construction of Second Order Rotatable Designs (SORD) using BIBD (cf. Box and
Hunter (1957), Das and Narasimham (1962)):

A second order response surface as D = ((Xiu)) for fitting

v v v
Yu=bo+ X bixyu+ X byxf + LU byxiuxj, + ey 2.1)
i=1 i=1 1<)

where xi, denotes the level of the i factor (i=1,2, ...,v) in the u-th run (u=1,2, ..., N=2n) of the
experiment, e,’s are uncorrelated random errors is said to be a SORD, if the variance of the
estimated response of Y, from the fitted surface is only a function of the distance,
(d% = Y x?) of the point (xq,, X2y, ..., Xyy) from the origin (centre) of the design.

Let (v,b,r.k,}) denote a BIBD, 2'® denote a fractional replicate of 2Xin +1 and -1 levels, in
which no interaction with less than five factors is confounded. [1-(v,b,r,k,A)] denote the design
points generated from the transpose of incidence matrix of BIBD. [1-(v,b,r,k,A)] 20 are the b2'®
design points generated from the BIBD by “multiplication” (cf. Raghavarao (1971), pp. 298-300),
(a,0,0, ...,0) 2! denote the design points generated from (a,0,0, ...,0) point set, and U denotes
combination of the design points generated from different sets of points. no denote the number of
central points.

Theorem (i): when r<3i

The design points, [1-(v,b,r,k,1)] 2@ U (a,0,0, ...,0) 2'U (no) will give a v-dimensional

SORD in N design points, with a* = (3A — r)2t®-1,

Proof: For the design points generated from the BIBD, simple symmetry conditions are true.
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Further we have the reduced conditions,

N
z xZ = r2'®™ + 232 = constant = NA, (2.2)
u=1

N

z xt = r2'® 4 2a* = constant = 3NA,, (23)
u=1

N
z xfx% = A2'®) = constant = N2, (24)
u=1

From (2.3) and (2.4) we get a* = (31 — r)2t®-1,

where, N=b2tK 4 2y,

Substitute ‘a’ value in (2.2) and (2.3), we get the A, and A, values.

Theorem (ii): when r=3A

The design points [1-(v, b, 1, k, )] 2® U (no) will give a v-dimensional SORD in N design points.
Proof: For the design points generated from the BIBD, simple symmetry conditions are true.

Further we have

N
Z x2, = r2t® = constant = N), (2.5)
u=1
N
Z x} = r2t® = constant = 3 NA,, (2.6)
u=1
N
xZx% =220 = constant = NA,, (2.7)
u=1

where, N = b2t

From (2.5), (2..6) and (2.7) we get A,,A, values.

Theorem (iii): when r>3.

The design points, [1-(v,b,rk,1)] 2@ U (a,a,a, ...,a) 21 U (no) will give a v-dimensional SORD
in N design points, with a* = (r — 332t -t-1,

Proof: For the design points generated from the BIBD, simple symmetry conditions are true.

Further we have



NEW CLASS OF SORD USING BTD

N
Z xZ =120 4 2tMa2 = constant = NA,
u=1

N

Z xt = r2t0 4 2tWa* = constant = 3NA,,
u=1

N

Z Xizuszu = A2t 4 2ta* = constant = NA,,
u=1

where, N=b2t& 4 2t()

From (2.9) and (2.10) we get a* = (r — 3)2td0-tM-1,

Substitute ‘a’ value in (2.8) and (2.9), we get the A, and A, values.

}\,4 v . . ..
2 > V+2(Non — singularity condition)

The variance and covariance of the estimated parameters are

A ¥+ 2,
v(B,) = 2
(5o) N[(v + 2)hs — 2]
A 1
V(bl) = N)\,Z 02
A 1
V(bij) = N7\,4 o

1 [(v+Dr— (v—=1D2A3
2NM [ (V4 2)h, — A5

2

v(by) =

o~ A Ao
Cov(bgy, by;) = — 2
OV( 0 H) N[(V+ 2)hy —Vk%]c
o 22—\
COV(bii, b”) = ( 2 4) 2

>0
2N, [(v + 2)hy - V23]
and other co-variances vanish.

Further,

V() = V(by) + [V(b;) + 2Cov(by, by;)]d? + V(b;;)d*

2535
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3. MAIN RESULTS
Construction of second order rotatable designs through Balanced Ternary Designs (c.f. Tyagi
and Rizwi (1979))

Let N be the incidence matrix of balanced incomplete block design with parameters (v, b,
r, k, 1) (assume91? = rA(v — 1)) and let N> = I, where I, is the identity matrix of order v. The
balanced ternary designs are derived by adding the elements of j row of N those rows of N
which contain unity in the j™ column, then vr blocks so formed constitute a balanced Ternary
Designs with parameters V=v, B= vr, R=(k+1)r, K=k+1 and n= A(k+2).

Replace the elements 2 with o and 1 with B, then associate each block with an appropriate
fraction of factorials (say 2¢®)) with levels +1 such that no lower order interaction effects are
confounded. Add n, (ny > 0) central design points (0, 0, ... , 0) to the resulting design, then
total number of design points are

N=vr 20+ n,.
For the design points generated from the balanced ternary designs, simple symmetry

conditions (2.2) to (2.6) are true. Further, from (2.2) to (2.6), we have,

N

Y x?, = 21D (ra? + A(v — 1)?) = constant = NA, (3.1)
u=1

N

Y xt = 2'k)(ra* + A(v — 1)B*) = constant = 3NA, (3-2)
u=1

N

Y xhxh = 2t&1) (20a?2B?) = constant = Ni, (3.3)
u=1

From (3.2) and (3.3), we can obtain
ra* + A(v — 1)B* — 6Aa?B2 = 0. (3.4)
Lett= a?/P?, then (3.4) can be expressed in the quadratic form as
rt?2- 6 At +A(v-1)=0 (3.5)
Solve (3.5), we get t and choose any real value for 3, then the real value of a can be obtained.

Substituting a?, 2 in (3.1) and (3.3), we get A, and A,.
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The variance of estimated response for different parameters of balanced ternary design is
calculated. The numerical calculations are appended in the Appendix in Table 1.
Example:

Consider a balanced incomplete block design (BIBD) with parameters (4, 4, 3, 3, 2). Let
Ni be the incidence matrix of balanced incomplete block design with parameters (v =4,b =

4r=3k=31=2)and N, =1,.

Plan of BIBD
1 2 3
1 2 4
1 3 4
2 3 4
Incidence Matrix N
1 1 1 0
1 1 0 1
1 0 1 1
0 1 1 1
N> is
1 0 0 O
01 0 O
0 01 0
0 0 0 1

The resulting balanced ternary design is with parameters

(V=4,B=12,R=12,K = 4,1t = 10).

ORROR RO RR NN N

R OR RORNNNOR R
R RONNNROR RO R
NNN PR OR RO PP O
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Replace the elements 2 with o and 1 with £,

ta £ L 0]
ta + 0 =P
ta 0 =+ 2P
+8 +a 8 0
+f +a 0 £p

0 +a B =£p
+f +f ta O
+8 0 za =xp

0 *p ta =P
8 £ 0 +a
+f 0 Xf ta

L0 +f X ol

From (3.1), (3.2) and (3.3), we have

N

Y xZ =8 (3a% + 6B2) = N),
u=1

N

Y xi =8@Ba* +6B%) = 3N),
u=1

N

> Xizuszu =8 (40(2[32) = Ny
u=1

From (3.7) and (3.8), we can obtain
3a* + 6B* — 12a%p2% = 0.
Lett= a?/PB?, then (3.9) can be expressed in the quadratic form as
3t2- 12t +6 =0
Solve (3.10), we get t=2.4142 and t=-0.4142
For t=2.4142 and p>=1, then get o? = 2.4142

Substituting a?, 2 in (3.6) and (3.8), we getA, = 1.09217 and A, = 0.79644.

For n, = 1, non-singularity condition (2.11) is also satisfied.

The variance of estimated response is given by
V(y) = V(BO) + [V(Bl) + ZCOV(BO,Bii)]dZ + V(Bii)d4

=6.79176 6> -1.87957 ¢°d* +3.55320 o*d".

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)
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4. NEW CLASS OF SORD USING BALANCED TERNARY DESIGNS

Following Tyagi and Rizwi (1979), Kanna et.al. (2018), construction of second order
rotatable designs (SORD) through balanced ternary designs studied.

Let N; be the incidence matrix of balanced incomplete block design with parameters
(v,b,1,k, ) (r<3A)and let N> =2I,, where I, is the identity matrix of order v. the balanced
ternary designs are derived by adding the elements of j'™ row of N> those rows of N; which
contain zero in the j'™ column, then v(b-r) blocks so formed constitute Balanced Ternary
Designs with parameters V =v, B = v(b-r), R=(k+2)(b-r), K=k+2 and =t = (r-4)(k+3).

Replace the elements 2 with a and 1 with B, then associate each block with an
appropriate fraction of factorials (say 2¢®)) with levels +1 such that no lower order
interaction effects are confounded. Add n, (ny > 0) central design points (0, 0, ..., 0) to the
resulting design, then total number of design points are

N=v(b-r) 2¢®+ n,
For the design points generated from the balanced ternary design, simple symmetry

conditions (2.2) to (2.6) are true. Further, from (2.2) to (2.6), we have,

N

% xf =20 ((b—r)a? + (r — )(v — 1)B?) = constant = N, (4.1)
u=1

N

Y xi =2")((b—-r)at+ (r —A)(v— 1)B*) = constant = 3N}, 4.2)
u=1

N

Y xhxl, =20 Qv —K)B* + (b —V)a?B?) = constant = Ni, (4.3)
u=1

From (4.2) and (4.3), we can obtain
(b—v)a*+{(r—N)(v—-1)=-3Av—-Kk)}p*—3(b—-21Na?p? = 0. (4.4)
Lett= a?/P?, then (4.4) can be expressed in the quadratic form as

(b-r) t2- 3(b-Vt +H{(r —A)(v—1) =3A(v—-Kk)} =0 (4.5)
Solve (4.5), we get t and choose any real value for 3, then the real value of a can be obtained.

Substituting a?, 2 in (4.1) and (4.3), we get A, and A,.
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The variance of estimated response for different parameters of balanced ternary design is
calculated. The numerical calculations are appended in the Appendix in Table 2.
Example:

Let N be the incidence matrix of balanced incomplete block design with parameters (v =

4,b =4,r =3,k =3,A=2)and N, =2I,.

Plan of BIBD
1 2 3
1 2 4
1 3 4
2 3 4
Incidence Matrix N
1 1 1 0
1 1 0 1
1 0 1 1
0 1 1 1
N3 is
2 0 0 O
0 2 0 O
0 0 2 0
0 0 0 2

The resulting balanced ternary design is with parameters

(V=4,B=4R=5K=5m=6).

2 1 1 1
1 2 1 1
1 1 2 1
L1 1 1 2
ta £ B Xp
+8 +a 1 1B
B B ta £P
[+ B B ta
From (4.1), (4.2) and (4.3), we have
N
Y xZ =8(a?+3B%) =N\, (4.6)

u=1
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N

Y xi =8 (a* +3B%) = 3N\,
u=1

N

D xizuszu =8 (2B* + 2a%B?) = N\,
u=1

From (4.7) and (4.8), we can obtain
at — 3p* — 6a?B2 = 0.

Lett= a?/P?, then (4.9) can be expressed in the quadratic form as

t%-6t-3 =0
Solve (4.10), we get t=6.4641 and t=-0.4641
For t=6.4641 and B?=1, thena? = 6.4641.
Substituting a?, 2 in (4.6) and (4.8), we getA, = 2.2943 and A, = 3.6190.
For ny = 1, non-singularity condition (2.11) is also satisfied.

The variance of estimated response is given by
V() = V(by) + [V(b;) + 2Cov(by, by)]d? + V(b;;)d*

=1.00000% — 0.198105%d? +0.0147c%d*.

2541

4.7)

(4.8)

(4.9)

(4.10)

APPENDIX
Table 1:
Balanced
Balanced Ternary
Incomplete Block ny | N V(@)
Design
Design

(3,3,2,2, 1) (3,6,6,3,4) 1 25 0.9999¢62 — 0.51826%d? + 0.09555d*

4,4,3,3,2) (4,12,12,4,10) 1 97 | 6.79186 — 1.87966%d* + 3.55320%d*

4,6,3,2,1) (4,12,9,3,4) 1 49 | 162-0.958352d* + 0.30216%d*

(5,5,4,4,3) (5, 20, 20, 5, 18) 1 321 | 0.99906% - 0.11295%d* + 0.24636%d*
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Table 2:
Balanced
Balanced Ternary
Incomplete Block ng | N V()
Design
Design
(3,3,2,2,1) (3,3,4,4,5) 1 13 | 1.00000” - 0.214462d> + 0.02256%d*
4,4,3,3,2) 4,4,5,5,6) 1 33 | 1.0000c2 - 0.1981c%d* + 0.0147c%d*
4,6,3,2,1) (4,12, 12,4, 10) 1 49 | 1.00000° - 0.12060%d* + 0.28360%d*
(5,5,4,4,3) (5,5,6,6,7) 1 81 | 1.00020? - 0.18045%d? + 0.01035°d*
(5,10,6,3,3) (5, 20, 20, 5, 18) 0 160 | 0.08850? - 0.01566%d? + 0.002352d*
(6,6,5,5,4) (6,6,7,7,8) 1 97 | 1.00005? - 0.16156%d* + 0.008506%d*
(6, 10,5,3,2) (6, 30, 25, 5, 18) 0 240 | 0.03070? - 0.00366%d? + 0.001662d*
(7,7,4,4,2) (7,21, 18, 6, 14) 0 336 | 0.027367 - 0.00300%d? + 0.0011c%d*
(8,14,7,4,3) (8, 56, 42, 6, 28) 0 896 | 0.007162 - 0.000362d? + 0.000562d*

Table 3: Comparison of design points

BIBD BTD (Tyagi & Rizwi) BTD (New Class)

Parameters | n, | N | Parameters ny | N | Parameters ng | N
3,3,2,2,1) |0 | 18| (3,3,2,2,1) | 1 |25 3,3,2,2,1) 1|13
(4,4,3,3,2) |0 | 40| (4,4,3,3,2) | 1 |97 4,4,3,3,2) 1 |33
(4,6,3,2,1) |0 |32]|(4,12,9,3,4) | 1 |49| (4,12,12,4,10) | 1 | 49
(5,5,4,4,3) |0 |90 | (5,5,4,4,3) | 1 |49 (5,5,4,4,3) 1 | 81
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