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1. INTRODUCTION

In 2006, Mustafa and Sims [3] introduced G-metric spaces as a generalization of metric
spaces and proved the existence of fixed points under different contractions. In 2012, Sedghi,
Shobe and Aliouche [1] introduced a new concept called an S-metric space and studied its some
properties. They also stated that an S-metric space is a generalization of a G-metric space. But,
in 2014 Dung, Hieu and Radojevic [4] showed by an example that an S-metric space is not a
generalization of a G-metric space and conversely. Thus the class of S-metric spaces and the
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class of G-metric spaces are distinct. On the other hand, in 2011, H. Bouhadjera et al. [6]
introduced new concepts in metric spaces called subcompatibility and subsequential continuity
by generalizing occasionally weakly compatibility and reciprocal continuity respectively.

In this paper, we define subcompatibility and subsequential continuity in S-metric spaces and
establish two common fixed point theorems.

In the following, we present some definitions which are frequently used in this paper.

2. PRELIMINARIES

Definition 2.1. [1] Let X be a non empty set. Then we say that a function
S: X3 — [0,00) is an S-metric on X iff it satisfies the following for all &, B, yand 6 € X
P1) S(a, B, p)=0iff a =B = .
P2) S(a, B, 1). <S(at, @, 0)+S(B, B, 6)+S(7, 7, 0).
Here (X, S) is called an S-metric space.
Example 2.2. (X, S) is an S-metric space ,

O, forac=B=7y
where X = [0,1] and S(«, B, 7)= fora, B,y € X.

max{a, 3,7}, otherwise
Example 2.3. [2] (X, S) is an S-metric space ,

where X = R and S(a, B, y)=|oc — y|+|B — 7| for a, B, y € X.
Example 2.4. (X, S) is an S-metric space ,
where X = [0,4] and S(c, B, y)=max{|a —1v|,|B — 7|} for a, B, y € X.
Definition 2.5. [1] We say that a sequence () in an S-metric space (X, S) converges to some
o € X iff S(ay, o, ) — 0 as n — oo,
Lemma 2.6. [1] In an S-metric space (X, S), we have S(«, o, Y)=S(7, 7, o) for all a, y € X.
Lemma 2.7. [1] In an S-metric space (X, S), if there exist sequences (0,) and (f,) in X such
that lim o, = « and lim 3, = 3, then lim S(oy,, &0y, B)=S(e, a, B).

n—oo n—oo n—oo
Definition 2.8. We say that two self maps f and R of an S-metric space (X, S) are subcompati-
ble iff there exists a sequence (@;,) in X such that limR(¢,)=1im f(¢a,) = y for some y € X and

n—oo n—oo

lim S(fRoy,, fRay,, RfB,,)=0.
n—oo
Example 2.9. Consider an S-metric space (X, S),

where X = [0,%0) and S(a, B, 7)=|ct — y|+|B — 7| for &, B, ¥ € X.
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Define two self maps f, R on X by foo = o and Rar = 1 for & € X. Now consider o, = 1+ % for
n € N. Then foy, = 1 —|—% and Ra = 1 for all n € N. This will imply that

S(fat, for,, D=S(1+ 1,141 1)=2 and S(Rar,, Ry, 1) = 0 for every n € N. It follows that
fa,, — 1 and Ray, — 1, as n — oo. Note that (fR)a = 1 and (Rf)ax = 1 for o € X. This implies
that S(fRoy,, fRoy,, Rfey,)=S(1, 1, 1)=0— 0, as n — . Thus there exists a sequence (0,) in X
such that nlgrolo R(Otn):nli%n(}o f(o;) =1 € X and nlgl‘}o S(fRay,, fRay,, Rfay,)=0. Therefore f and R are
subcompatible.

Definition 2.10. [5] We say that a mapping f of an S-metric sapce (X, S) into another S-metric
space (Y, S') is continuous at a point & € X iff (f(a,)) converges to f(¢) in ¥, whenever any
sequence () converges to ¢ in X.

Definition 2.11. We say that two self maps f and R of an S-metric space (X, S) are reciprocal
continuous iff any sequence () in X such that ,}52, R(OC,,)=}}2130 f(ay,) = 7y for some y € X im-
plies r}ggofR(an)=fy and }EI}ORf( o,)=RY.

Clearly if f and g are continuous, then they are reciprocal continuous. Its converse in general
need not be true.

Definition 2.12. We say that two self maps f and R of an S-metric space (X, S) are subsequen-
tially continuous iff there exists a sequence (o) in X such that r}l_rg)lo R(Oa,,)=r}i_r>r°1<> f(oy,) = v for
some Y € X satisfying r}l_{r; fR(o,)=fy and nll_r>r°1° Rf(oy,)=RY.

Clearly if f and g are continuous or reciprocal continuous, then they are subsequentially contin-
uous. In general, its converse need not be true.

Example 2.13 Consider an S-metric space (X, S),

where X = [0,%0) and S(a, B,7)=|ac —y|+|B — 7| for o, B,y € X.

& for o € [0,1]
Now we define f, R:X — X by f(a)= and
4o —3, for o € (1,00)
&, for o € [0,1]
R(x)= for o € X.

3a—2, fora € (1,00)

Case(i): We first show that f and R are not continuous.
For this, consider o, = 1+ % for n € N. Then we have fo,, = 1+ % and Ro,, = 1+ % for

n € N. This will imply that S(@, @, 1) =2|a, — 1| = 2|1 41 — 1] — 0, as n — oo. This shows
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that o, — 1. Note that S(fet,, foy,, D=S(1+ 4,1+ %,1)=8 and SR, Ra,, D=S(1 + 2,1 +
3 1)=¢ for all n € N. This imply that f(a,) — 1 # }=f(1) and R(e,) — 1 # $=R(1). Thus there
exists a sequence (¢,) in X such that @, converges to 1, but f(¢,) does not converge to f(1) and
also R(a,) does not converge to R(1). This shows that f and R are not continuous functions on
X.

1
2n

for n € N. Then we have fa, = ﬁ and Ro,, = 3%1 for all n € N. Now look at S(fa,, fo,,0) = yon

Case(ii): Now let us show that f and R are subsequentially continuous. For this, consider o, =

and S(Ra,, Ray,;,0) = 3%1 for every n € N. This will imply that fo;, — 0 and Ra, — 0, as n — oo.
Also note that fRot, = 13- and Rfa, = 13- and S(fRay,, fR0t,,0) = & and S(Rfay,, Rfay,,0) = &
for every n € N. This will imply that fRo;,, — 0=f0 and Rfey, —+0=R0, as n — o. Thus there
exists a sequence (¢,) in X such that r}gl}o R(an)=’}i$§° f(0;) =0 € X for implies nlggo fR(o,)=£(0)
and nlgglo Rf(,;)=R(0). Therefore f and R are subsequentially continuous.

Case(iil): Finally, we show that f and R are not reciprocal continuous.

For this, let ¢, = 1 —I—% for n € N. By case(i), we have f(o,) — 1 and R(,,) — 1. Now look at
fR 0 = 1 4 5 and Rfat, = 1 + g-. This will imply that S(fRay,, fRat,, 1) = 2t and

S(Rfa,, Rfa,,1) = 18 for every n € N.  This imply that fRa, — 1 #f(1)=1 and
Rfoy, —>17éR1=%, as n — oo.  Thus there exists a sequence (@) in X such that
,}i_rgR(a"):,}i_r&f(a") =1€eX and nh_r>r°10fR(Ocn) #f(1) and nli_rggoRf(an) # R(1). Therefore f and

R are not reciprocal continuous.

3. MAIN RESULTS

Theorem 3.1. Suppose in an S-metric space X, there are four self maps f, g, R and T on X
satisfying i) S(fa., for, gB)< ¢(S(Rex, Rax, TB)) for all o, B € X, where ¢ : [0,00) — [0,0) is a
continuous function such that ¢(0) =0 and 0 < ¢ (k) < k for every k > 0
i1) (f, R) and (g, T) are subcompatible
iii) (f, R) and (g, T) are subsequentially continuous.

Then f, g, R and T have a unique common fixed point.

Proof : Since (f, R) is subcompatible, we can find a sequence (o,) in X such that
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,}E‘LRO‘":}E‘EO‘" = ¥ for some y € X and Y}EEOS(fRan, fRa,, Rfa,)=0. Now (g, T) is sub-
compatible implies that there exists a sequence (f3,) in X such that nlgg gﬁn=’}g§o TB, = 6 for
some 0 € X and nlg{)lo S(gTay, gTa,, Tga,)=0. Since (f, R) is subsequentially continuous,
(for,) and (Roy,) converge to v, we have r}gl}o fRoy,=fy and r}gl}o Rfoy,=R7.Similarly, since (g,

T) is subsequentially continuous, (go,) and (To,) converge to 0, we have lim gTa,=gd and
n—yoo

lim Tga,=T§$.

n—soo

Now lim fRa,=fy, lim Rfo;,=R7y and lim S(fR,,, fRoy,, Rf o, )=0 imply that S(fy, {y, Ry)=0 and
n—oo n—oo n—oco

hence fy=Ry. Since nli_r)rgogTocn=g6, r}i_f){}ngaﬁTS and nli_r}r;S(gT(xn, gTay,, Tgoy,)=0, S(gd, g9,
T6)=0 and hence g6=T3J. For each n € N, we consider
S(fot,, £0,, gBn)< (S(Rety, Ravy, TPy)).
Letting n — o, we have
S, 7. $)< ¢(S(7, 7, 6))=0(0) = 0, since ¢ is continuous. This implies S(y, ¥, 0)= 0 and
hence y=8. Now let us show that fy=y. For each n € N, we consider
St £y, gBn) < 9(S(RY, Ry, TBy)).
Now letting n — oo, we have
S(fy, £y, 8) < ¢(S(RY, Ry, )
=0(S(7, 7, 5)).
Therefore S(fy, fy, 0) < ¢(S(fy, fy, §)). This will imply that S(fy, fy, y) < ¢(S(fy, fy, 7)),
since
y=96. If S(fy, fy, y) # 0, then by definition of ¢, S(fy, fy, ¥) < S(fy, fy, y)-contradiction.
Therefore, we must have S(fy, fy, ¥)=0 and hence fy = 7y.
Now we show that gy = 7. Note that S(fy, fy, gy)< ¢(S(Ry, Ry, Ty)). Since fy=RY, we have
S(ty, £y, gn)< ¢(S(ty, £y, g¥)). This will imply that Sy, 7, gV)< ¢(S(7, 7, g7)), since fy=y.
If S(y,7, gy) # 0, then S(y,7, gy) > 0. By definition of ¢, we have ¢(S(y, 7, g1)< S(¥, 7,
g7). This will imply that S(y, 7, gy) <S(7,7, gY) -contradiction. Therefore S(y, ¥, gy) = 0 and
hence gy = 7. Since fy=Ry and fy=7, then fy=Ry = 7 and hence 7y is a common fixed point of f
and R. Similarly, gy=y and gy=T7y imply that gy=T7y=Y and hence Y is a common fixed point of
g and T. Therefore Yy is a common fixed point of f, R, g and T.

Let us now show the uniqueness of common fixed point of f, g, R and T. For this, let 6 be



2312 PRASAD KANCHANAPALLY, V. NAGA RAJU

another common fixed point of f, g, R and T.Then {0=gf6=R60=T0=0 and fy=gy=Ry=Ty=y.
Now we consider S(8, 0, y)=S(f0, 10, gy) < ¢(S(RO, RO, Ty))=¢(S(6, 0, y)). If S(0, 6, 7)
# 0, then we must have S(6, 0, y) < S(8, 0, y)-contradiction. Therefore 6 = 7y and the result
is proved.

Corollary 3.2. Suppose in an S-metric space X, there are two self maps f and R on X satisfying
i) S(fa, fa, )< ¢(S(Ra, Ra, RPB)) for all a, B € X, where ¢ : [0,00) — [0,00) is a continuous
function such that ¢(0) =0 and 0 < ¢ (k) < k for every k > 0

i1) (f, R) is subcompatible

ii1) (f, R) is subsequentially continuous.

Then f and R have a unique common fixed point.

Proof : Follows from the Theorem 3.1 by taking g=f and T=R on X.

Corollary 3.3. Suppose in an S-metric space X, there are four self maps f, g, R and T on X
satisfying i) S(fe, for, gB8)< q(S(Re, Ra, TP)) for all ¢, B € X and for some g€ [0, 1)

i1) (f, R) and (g, T) are subcompatible

i11) (f, R) and (g, T) are subsequentially continuous.

Then f, g, R and T have a unique common fixed point.

Proof : Let ¢ : [0,00) — [0,00) be a function defined by ¢ (k) =gk for k € [0,00). Clearly it is
continuous function on [0, ) such that ¢(0) =0 and 0 < ¢ (k) < k for all k > 0. Therefore all
the conditions of Theorem 3.1 are satisfied and hence the result proved.

Corollary 3.4. Suppose in an S-metric space X, there is a self map f on X satisfying

i) S(fa, fa, )< q(S(a, o, B)) for all ¢, B € X and for some g€ [0, 1)

ii) (f, I) is subcompatible

iii) (f, I) is subsequentially continuous, where I is the identity self map on X.

Then f has a unique fixed point.

Proof : Let ¢ : [0,00) — [0,o0) be a function defined by ¢ (k) =gk for k € [0,0).Clearly it is
continuous function on [0,e0) such that ¢(0) =0 and 0 < ¢ (k) < k for all k> 0. Now we set
g=f and R=T=I on X in the Theorem 3.1 and hence the result proved.

Theorem 3.5. Suppose in an S-metric space X, there are four self maps f, g, R and T on X

satisfying
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1) (f, R) and (g, T) are subcompatible
i1) (f, R) and (g, T) are subsequentially continuous
iil) Y(S(fe, fa, gBN<¥(x(o,B))— ¢ (x(,B)) forall o, B € X, where ¢ : [0,00) — [0,00) is a
continuous function such that ¢(0) =0 and 0 < ¢ (k) < k for every k > 0 and ¥ : [0,0) — [0, o)
is a continuous function such that ¥(0) = 0 and
x (o, B)=max{S(Ra,Re,TB),S(Ret,Rae, fex),S(TP, TR, gB),S(Ra,Rax, gB),S(TB, TR, fax) }
for a, B € X.
Then f, g, R and T have a unique common fixed point.
Proof : Suppose that (f, R) is subcompatible. Then we can find a sequence (@) in X such that
,}EEORO"’:,}E&;O‘” = 7 for some Yy € X and r}i_r)rgoS(fR(xn, fRay,, Rfay,)=0. Now (g, T) is
subcompatible implies that there exists a sequence (f3,) in X such that nh_r& gﬁn=r}i_r>rgo TB, =6
for some 6 € X and r}l_{rolo S(gToy, gToy, Tgoy,)=0. Since (f, R) is subsequentially continuous,
(for,) and (Roy,) converge to ¥, we have nh_r& fRoy,=fy and r}l_{rolo Rfo,=Ry. Similarly, since (g,
T) is subsequentially continuous, (gf3,) and (Tf3,) converge to &, we have r}l_r}olo gTB,=go and
lim Tg3,=T$.
Nownli_r}olo fRoy,=f7, nh_rggo Rfoy, =Ry and r}l_rgolo S(fRa,, fRa,, Rfa,)=0 imply that S(fy, fy, Ry)=0
and hence fy=Ry.Since nlgrolo gTB,=go, r}l_rg)lo TgB,=TS and r}l_r)rgo S(gT By, gTB,, TgPn)=0, we have
S(gd, g6, To)=0 and hence g6=T0. Now we show that Yy = 8. For each n € N, we have

P (S(Eot, fon, gB)< (X (0, Bn)) — ¢ (X (G, Bn)), where
X (0, Bn)=max{S(Ro,,,Re,, TPy),S(Roy, Roy,, for,),
S(T B, TBns2Bn), S(ROu, RO, 2Bn), S(TBu, Ty, f0t) }

for every n € N. Now letting n — oo, we have
lim ¥ (0, B))=max{S(v,7,6),5(,7,7),5(8,8,8),5(v,7,6),5(5,8,7) }=S(7,7,6). Then we
have
Y(S(y, v, 6)< W(S(Y, 7, 0) )-0(S(Y, 7, 0)). This will imply that ¢(S(y, 7, 8)) < 0 and hence
¢(S(7, 7. 6))=0.
By definition of ¢, we must have S(7, ¥, 6)=0 and hence ¥ = 8. Now let us show that fy = 7.

For each n € N, we have

W(S(fy, fy, gBN< W (x (7, Br)) — ¢ (x(7,Bx)), where
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X (7, Ba)=max{S(Ry,Ry,TB,), S(RY,RY.fy),
S(TBn, TBn, &Bn), S(RY,RY, &Bn), S(TBy, TP, 1) }

for every n € N.Now letting n — oo, we have
lim (7, Bp)=max{S(Ry,Ry,7),S(RY,RY,fY),S(v, %, ), S(RY,RY, ), S(1, v, 1)}

=max{S(fy,fy,y),S(fy, 7. y),S(v. 7, 7), S(E7:£7,7), S(v, 1, £7) }=S(£7, 7, 6).
Then we have W(S(fy, fy, )< W(S(fy, fy, ¥) )-9(S(fy, fy, ¥)). This will imply that ¢(S(fy, fy,
7)) < 0 and hence ¢(S(fy, fy, y))=0.By definition of ¢, we must have S(fy, {y, ¥)=0 and hence
fy = y=Ry. Now we show that gy = y. For this, we have

WSE, fy, g)<¥(x(1,7)) — (X (1, 7)), where
x (v, Y)=max{S(Ry,RY,Ty),S(Ry,Ry,fy), S(Ty, T, £7),S(Ry,Ry,27),S(Ty, Ty, fy)}
=max{S(y,7,2¥),S(1,7,7), S(7.27,27),S(7,v,27),S(gV: 27, 1)} =S(g¥: 2V, 7).
Therefore W(S(ty, fy, g7))< W(S(gY, gV, 1) )-¢(S(gY, g7, ¥)). This will imply that
WS, 7, gv)< W(S(gY, g7, V) )-9(S(gY, g7, 7)) It follows that ¢(S(gy, g7, ¥))< 0. This
implies that ¢(S(g7, g7, ¥))=0 and hence gy = y=TY.
Now let us show the uniqueness of common fixed point of f, g, R and T. For this, let p € X be
another common fixed point of f, g, R and T.Then fp=gp=Rp=Tp=p and fy=gy=Ry=Ty=y.
Note that W(S(y, v, pN< W (x(v,p)) — 9 (x(7,p)), where
x(1,p)=max{S(Ry,RY,Tp),S(RY,RY,fy),S(Tp,Tp,gp),S(RY,RY, gp),S(Tp, Tp, fy)}
=max{S(y,,p),S(1,1,7),5(p:p:p):S(v,7,P),S(P: . V)}=S(1.7.P)-
Therefore W(S(7, 7, p))< F(S(¥. ¥, p) )-9(S(7. ¥, p)). This will imply that ¢(S(7. 7, p))< 0
and hence ¢(S(y, v, p))=0. Then by definition of ¢, S(y, v, p)=0 and therefore y = p. Hence
the result is proved.
Corollary 3.6. Suppose in an S-metric space X, there are three self maps f, g and R on X
satisfying
i) (f, R) and (g, R) are subcompatible
ii) (f, R) and (g, R) are subsequentially continuous
iii) ¥(S(fa, fo, gB)N)< ¥ (x (e, B)) — o (x (e, B)) forall o, B € X, where ¢ : [0,00) — [0,0) is a
continuous function such that ¢(0) =0 and 0 < ¢ (k) < k for every k > 0 and ¥ : [0,0) — [0, )

is a continuous function such that ¥(0) = 0 and
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x (o, B)=max{S(Roa,Rct,RB),S(Ra,Rex, fox),S(RB,RB, gB),S(Ret,Rex, gB),S(RB,RB, fax) }
for o, B € X.
Then f, g and R have a unique common fixed point.
Proof : Follows from the Theorem 3.5 by taking T=R.
Now we give examples in support of main results.
Example 3.7. Consider an S-metric space (X, S),

O, foroc=B=7y
where X = [0,1] and S(a, B, 7)= forall o, B,y € X.

max{a, 3,7}, otherwise
Define four self maps f, g, , R and T on X as follows:

For a € X, fa = ¢, ga = &, T = o and R = 5. We also define ¢ : [0,00) — [0,00)
by ¢(a) = 5§ for o € [0,00). Clearly ¢ is continuous on [0,0) satisfying ¢(0) = 0 and
0<¢(a)<aforall ¢ >0.Let ar, B € X. Now consider the following cases.
Case(i): Let a < B. Then we have
S(fa, for, gB)=max{¢, g, %}: % max {o, o, B, } = %
and (S(Ra, R, TB)=1S(Rat, R, TB)=14 max{%,%,B} =&, since & < £ < B.
Therefore S(fa, for, gB)< ¢(S(Ra, Rax, TPB)).
Now consider the case o > f. This will imply that
S(fa, fo, gB)=max{¢, &, %}: % max {a,o,B} = ¢
and ¢(S(Ra, R, TB))=1S(Ra, Ra, TR)=1 max{%,%,B}.
subcase(i) : Let 5 > 8. Then we must have
#(SRa, Rat, TP))=5(%) = ¢ > S(Rax, Rax, TP).
subcase(ii) : Let ¥ < B. Then we have
d(S(RRa, Ra, TB))=§ > &=S(Ra, Ra, TP). From both cases, we conclude that
S(fa, fa, £B)< ¢(S(Rax, Rex, TB)) for all &, B € X.
Case(ii):Consider ¢, = % forn € N. Then fa, = % and Roy, = ﬁ for n € N. This will imply that
S(fa, fa,,0)=max{a-, &,0} = & and S(Ray,, Ry, 0)=max{5-, 5-,0} = 5- for n € N. This
shows fo, — 0 and Ray, — 0, as n — . Now look at fRa;, = lé—n and Rfa, = ﬁ forn € N.
It follows that S(fRa,, fRa,, Rfa,)=0 for all n € N. This will imply that S(fRa,, fRo,, Rfoy,)

— 0, as n — oo. Thus there exists a sequence (¢,) in X such that li_r>n R(Ozn)=li_r>n fla,) =0€X
n—roo n—o0
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and lim S(fRo,, fRa,, Rfo,)=0. Therefore (f, R) is subcompatible.
n—yo0
Also note that fRa;, —(0)=0 and Rfa,, —R(0)=0. Thus there exists a sequence () in X such
that limR(oy,)=1imf(0;,) = 0 € X and also lim fR(¢,)=f(0) and lim Rf(a,)=R(0). Therefore
n—oo n—oo n—oo n—oco
(f, R) is subsequentially continuous.
Case(iii):Now we show that the pair (g, T) is both subcompatible and subsequentially continu-

ous. For this, we consider o, = . for n € N. Then ga, = and Ta, = 1 Pt forn € N.

1
6(n+1)
1

6(n+1) and

This will imply that S(got,, ga, )—max{6 rEmyE 6(n+1 ,0} =
S(Tey, Tozn,O):max{m, 1+_n70} = m for n € N.T his shows goy,, — 0 and Toy, — 0. Now
look at gToy, = ( 1 and Tgoy, = ( D for n € N. It follows that S(gTa,, gTa,, Tgo,)=0
for all n € N.This will imply that S(gTa,, gTa,, Tga,) — 0, as n — co. Thus there exists a
sequence (@) in X such that r}i_r}rgog(an)ili_r)roloT(an) =0€Xand nli_r&S(gTocn, gTay,, Tga,)=0.
This shows that (g T) is subcompatible. Also note that gTco;, —g(0)=0 and Tgo,, —T(0)=0.
Thus there exists a sequence (o) in X such that nh_rg; T(a”)=,}i_r>§o g(a,) =0 € X and also
nh_r>r°10 gT(o;)=g(0) and r}l_I)IOIO Tg(0y,)=T(0). Hence (g, T) is subsequentially continuous.Therefore
the hypothesis of the Theorem 3.1 is satisfied and f, g, R and T have a unique common fixed
point, namely zero.

Example 3.8. Consider an S-metric space (X, S),

where X = [2,13) and S(a, B, Y)=|oc — y|+ |B — 7| for o, B,y € X.

2,fora € {2} U(3,13)
Now we define f, g, R and T:X — X by f(a)= ,
8, for a € (2,3]
.
‘ 2, foro=2
2,fora € {2} U(3,13)

g(a)= »R(a@)= ¢ 9, for o € (2,3] and
|3, fora e (2,3]

\O‘TH, for a € (3,13)
(

2, forax =2

T(a)= {7, for a € (2,3] for o € X.

o—1, fora € (3,13)
Also we define ¢,'¥ : [0,00) — [0,00) by ¢ (k) = 2k and (k) = % for k € [0,%0). Note that
x (e, B)=max{S(Ra;,Ret, TB),S(Rex,Rex, fer), S(TB, TP, gB), S(Rex,Rex, gB),S(TB, TP, fex) }
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for ar, B € X. Clearly ¢ and W are continuous satisfying ¢ (0) =0 ="¥(0) and 0 < ¢ (k) < k for
every k > 0. Now consider the following cases.

Case(I):Consider the first sub case for & = 3 = 2. Then we have
W(S(fa, for, gB)) = ¥(S(2,2,2)) = 0 < ¥(x (. B)) — ¢ (x (e B)) = 2x (. B) — Fx(t, B).
Subcase(ii) : Let « =2 and f € (2,3]. Then ¥(S(fa, fo,gf)) = 2S(fex, fa,gf)) = 4 and
x (o, B)=max{S(2,2,7),5(2,2,2),5(7,7,3),5(2,2,7),8(7,7,2)}=2|2— 7| = 10. This will
imply that ¥(y (a, B)) = 2(10) =20 and ¢ (x (e, B)) = 2(10). Therefore
W(S(fo, fa, gB)) =4 < 20— 2 =¥ (x(a, B)) — #(x(x, B)).
Subcase(iii) : Let o« =2 and 8 € (3,13). Then we have
\P(S(fOC,fOC,gﬁ)) = lP(S(2 2 2)) =0< lP( (O‘:B)) - d’(%(a?ﬁ)) = 2%(06,[))) - %X(aaﬁ)
Subcase(iv) : Let o € (2,3] and § = 2. Then
W(S(fa,fa,gB)) = 2S(fa, fa, gB)) = 25(8,8,2) = 24 and

x(, B)=max{S(9,9,2),5(9,9,8),5(2,2,2),5(9,9,2),5(2,2,8)}=2|9— 2| = 14. This will
imply that ¥(y(a,B)) =2(14) =28 and ¢ (x(, B)) = 2(14) = 4.
Therefore W(S(fo, for,gf)) =24 <28—4 =¥ (x(a,B)) — o (x(c,B)).
Subcase(v) : Let o, € (2,3]. Then ¥(S(fe,fa,gf)) = 2S(fo, fa,gB)) = 2S(8,8,3) =20
and ¥ (a, B)=max{S(9,9,7),5(9,9,8),5(7,7,3),5(9,9,3
imply that ¥(x (o, B)) =2(12) =24 and ¢ (x (., B)) =
Therefore ¥(S(fa, fa, gf)) =20 < 24 — 2 = ¥(x(at, B
Subcase(vi) : Let @ € (2,3] and 8 € (3,13). Then
W(S(fa,fa,gB)) = 2S(fa, fa, gB)) = 25(8,8,2) = 24 and

x(a, B)=max{S(9,9,B — 1),5(9,9,2),S(B — 1,8 — 1,2),5(9,9,2),S(B — 1, — 1,8)}=20.
This will imply that ¥(x (e, 8)) = 2(20) =40 and ¢ (x (e, B)) = 3(40) = . Therefore
W(S(fo, fa, gB)) = 24 < 40— 7 =¥(x (. B)) — 9 (x (e, B)).
Subcase(vii) : Let o € (3,13) and B = 2. Then we have
‘P(S(fa,fa,g[j’)) = T(S(27272>) =0< ‘P(X(OC,B)) - ¢(%(avﬁ)) = 2)((06,[3) - %X(aaﬁ)
Subcase(viii) : Let o € (3,13) and B € (2,3]. Then we have
Y(S(fa,fo,gB)) =2S(for, fa,gB)) =2S(2,2,3) =4 and

x (o, B)=max{S(4F3, &£ 7),S(%F, %13 2),5(7,7,3), (452, 45 .3),5(7,7,2)}=12.  This

~—

,S(7,7 8)} 2|9 — 3| = 12. This will
12) =

¢(%(0€,l3))-

Il\)

(
) -

~
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will imply that ¥(x (o, 8)) =2(12) =24 and ¢ (x (o, B)) = 3(12) = Z*. It follows that
P(S(fa for, gB)) =4 < 24— 2 =P (x(a. B)) — 9 (x (. B))-

Subcase(ix) : Let o, B € (3,13).Then we have

W(S(fa for, gB)) = ¥(S(2,2,2)) = 0 < ¥(x (e, B)) — ¢ (x (e B)) = 2x (. B) — Fx(, B).
From all sub cases, we conclude that

W(S(far, for, ) < W(x (¢t B)) — 9 (x(et, B))) for all t, B € X.

Case(Il):Now let us show that the pairs (f, R) and (g, T) are subcompatible. For this, we choose
o, =2 for all n € N. Then we have fa;,, =2 and Rey,, = 2 for all n € N. Also we have fRo,, =2
and Rfoy, = 2 for n € N. This will imply that fa;,, — 2 and Roy,, — 2 and also

S(fRa,, fRoy,, Rfa,)— 0, as n — oo. Thus there exists a sequence () in X such that

,}E}o R(an)=}glgo f(o,) =2 € X and nlgl}o S(fRey,, fRoy,, Rfa,)=0. Therefore (f, R) is subcompat-
ible. Similarly, we can easily show that the pair (g, T) is also subcompatible.

Case(IlI):Now we show that the pairs (f, R) and (g, T) are both subsequentially continuous.
Clearly fRoy;,, —f(2)=2 and Rfo;,, —R(2)=2 and also fa;,, — 2 and Roy, — 2, as n — oo. Thus
there exists a sequence (@) in X such that ,}1_2}0 R(Oc,l)=nli_r>rolo f(o) =2 € X and nh_r)rgo fR(o,)=f(2)
and nh_r>r°10 Rf(a,,)=R(2). Therefore (f, R) is subsequentially continuous. Similarly, we can show
that the pair (g, T) is subsequentially continuous. Therefore the hypothesis of the Theorem 3.5

is satisfied and f, R, g and T have a unique common fixed point, namely 2.
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