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1. INTRODUCTION

Nowadays, fractional differential equations have attracted a lot of attention due to its wide
range of applications in many practical problems such as in physics, engineering, economics,
and so on; see [1-5].

Impulsive sequential differential equations have extensively been studied in the past two
decades. Indeed impulsive differential equations are used to describe the dynamics of processes
in which sudden, discontinuous jumps occur. Such processes are naturally seen in harvesting,
earthquakes, diseases, and so forth. Recently, fractional impulsive differential equations have

*Corresponding author
E-mail address: mabuhammad @ gmail.com

Received August 4, 2020
2871



2872 AMER DABABNEH, B. SAMI, MA'MON ABU HAMMAD, AMJED ZRAIQAT

attracted the attention of many researchers. For the general theory and applications of such
equations we refer the interested reader to see [6] and [7-20] and the references therein. Based
on previous studies, in this topic we concentrate on the existence results of solutions of the

following problem:
1) (D 2°DPE)x(t) = £ (1,x(1)) 1 < By <2,k =0,1,..qit € T,
k k
Ax(tk) = Wk(x(tk))vml(tk) = Wlt(x(tk))ak =1,...,q,
q
x(0) = Y. Ad%x(n,) X'(0) = 0.
k=0 *
where ¢ Dtﬁ ¥ is the Caputo fractional derivative of order 3, € (1,2] and Ifi" is fractional Riemann-
k k
Liouville integral of order oy >0, f € (J xR,R), vy, y; €e C(RxR), A, e R,A e R, J =
0,T], ' =I\{t1,..tq}, 0=t <t; <+ <tyo.. <tq <tgp1 =T, Ax(tx) =x(t; ) —x (1, ) and
AX (1) = X (t,j) —x (tk_ ) . Here, respectively, the right and the left limits of x(¢) at t = t,j are
represented by x(7;") and x(z,").

2. BASIC MATERIALS

We introduce throughout this section preliminary facts that will be used in this paper. We fix

Jo=10,t1],Jk—1 = (tx—1,4), and k = 1,2,...,g + 1 withz, | = T and define the Banach space
PC(J)={x:J—=R|xeC(J'),and x(1]"),x(t, ) exist, and x(t;") = x(1),1 < k < g},
with the norm |[|x|| p» = sup {|x(¢)| : 1 € J}.

Definition 2.1. The fractional integral of order B with the lower limit zero for a function

f i [x,00) = Ris defined as

p —L t — )P f(s)ds
Lor6)= gy | =97 F(5)ds, 150, >0

provided the right side is point-wise defined on [x,), where I'(+) is the gamma function.

Definition 2.2. The Caputo fractional derivative of order B > 0, of a function f : [x,0) — R

can be written as

b __ L (4 —s)" P11 (s)ds n— n
0l s 0= i () [ 09 P s> 0n-1<p<n
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where n = [B] + 1(the notation [B] stands for the largest integer not greater than [3).

Lemma 2.1. For a given h € PC|0,T]| a function x € PC (J,R) is a solution of the impulsive

sequential fractional differential equation

cBi—1
) (CD2f+/I Dfif Yu(t) =h(t),1 < B, <2,k=0,1,2,....q,t € J,

3) Ax(ti) = Y (x(t)), AX' (1) = Wi (x(te) ) k = 1,..... g,

with boundary condition

“4) ZMIM M), X' (0) =0,
if and only if

( 6 —A(t— S)Iﬁo lh(s)ds-|—p,t€~]0§
— —S 1
[l r )ng h(s)ds

Lyt e ) [ J e M )

(5) f0=9 5 1
2 )~ 4w

el [%If}fflh(rj)+w,~<x<zj>>+%w;<x<rj>>

Tt € Jp,k= 17"'7Q7

where

q
+Y Y Ad%e )
k=0 j=1 k

N e“f”)lg’j“lh(s)ds =0 b - ()
q k
+Z Z Ak (e — 1) ;Llfg 1= h(t,-)+wj(x(tj))-l—%t/fj(x(tj))]}.

==t Tlout 1)
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Proof. Assume that x is a solution of (1). For any 7 € Jy, we have

(6) x(t) = /0 , e—“f—s)Igf]h(s)ds +e May +ay,t € Uy,

where a; and a, € R. Differentiating the obtained linear equation (6) on Jy, leads to
) — 2 / M1 () s + 19 () — AeMay

Ift € Jq, then

1
@®) x(1) = / e MBI () ds 4+ e HEpy 4y,
1

3]

t
X (1) =—A e*“f*S)Iﬁf]h(s)ds+1f;—1h(,) _ e Mi-n)p,

1] 1

for some b,br € R. Thus,

t
) x (1) :/]e A= Y)Iﬁo lh(s)ds—i—e*)“tlal—kaz,

Now, by the following impulsive conditions

(10) Ax(r) = x(1;7) —x(17) = w, (x(11)),
AX (1) =X (1) =¥ (17) = wi(x(n)),

we can get that

g _ 1.5._ 1
ah b= eI hds — 10 ) +e M — 3 via(a),

1 _g,— 1
by = 7162 h(n) - (x(1)) + 7 Vi) + ao.
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Consequently,

t t
x(1) = /t e P p(s)ds e M) [ /0 M= ) ds
1

1

1.p,— 1 1 g —
_Ilgg 1h(z1)—zw’l‘(x(t1))} + {Ilgg 1h(t1)

| _
SV ) + Vi) e Har +anr €
Ift € J,, then

t
(12) x(t):/ e_l(’_s)lff_lh(s)ds+e_)”(’_’2)c1+cz,
15

2 2

t
()= =4 [ eI h(s)ds + 1 h(r) — Ae M ey,

15 2

for some cy,cy € R. Thus,

15)
(13) x(17) = / e—M’z—S)Ifflh(s)dere—“fz—“)bl + by,
3|

1

1
.x/(tz_) = _)"/lze_l(tz_S)Iﬁrllh(s)ds-i-lf}llh(tz) _Ae—l(tz—ll)bh
1

1
x(ty) =ci+ca,

X (1) =—Acy.
Now, by the following impulsive conditions

(14) Ax(tr) = x(t) — x(t3 ) = Y (x(12)),

A (1) =X (1) =¥ (1) = w5 (x(12)),

we can get that

7] _ 1 _ 1
as)  a=| e ML () ds — ST R() oMby — 2y (x(02),
1

| a 1
o= Ilflg (1) + W (x(12)) 7 W3 (x(12) + b2,

2875
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Consequently,
t

1o ()= / e I p(s)ds e M)
o} 2

15
/ze—Mfz—S)If;‘lh( \ds —Ilfl Uh(ty)
1

1 %k

V)| + 1) + v (a()
1

+ IW;(X(Q)) _|_€—7L(l—11)b1 + by

t

= eil(t*s)llﬁf_lh(s)ds + e M)

153 2
15 _
|:/t 6—1(1‘2—3‘)1511 lh( )d —Ilfil lh(lz)
1
D)+ TP ) 1 v () + - v (x()
A 2 }L t+ 2 2, 2
t
_i_e*l(l*ll) [/Olel(tls)lg_elh( )d —Ilg_e 1]’1([’]) a{llfl( ( ))

L, _
+11§3 () 4y (x() + 7 W) e Mar +an,t € .

Repeating the process in this way, we get

t
(17) x(t):[ e_z’(l_s)lgzc 1 dS—f—Ze l lj
k
N a(t—s) g1 g 1,
x M MO s)ds — ()~ 2 wi()

+Z )+ )+ )

tedi,k=1,2,....q
Taking (6), (7) and (17) to the boundary conditions,

Za‘kl-&-x nk ():Oa
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implies a; = 0. For ¢ € J;, we have

k k

,
I?fx(t) = Itaf </z eil(rfs)lgf_ ) i Z Iak —A(t—t5)
k '7

. { /’f M s)ds — L1 ey - %‘l’j'(x(ff))}

fi1 j—1 A, )
ko(t—t)® [1 B, -1 -
jz' T(og+1) [7“171—11 h(tj)+wj(x(rj))+zwj(x(tj))]
(t—1)™" ar
C(og+1)7
q o 9q o r y B q )
(18) Y Ad%x(n,) = ZMU</ AP ) . Z’L 2000
k=0 Iy ) A t 1 L2

J=

G s B i1 1 B, -1 |
X {/z PG ‘)Ij ! h(s)ds—xltjll h(tj)—zl//j(x(tj))}

k=0 j=1
| [ eI )ds — P ) - L)
ljfle o= VET i D Vi

k PR/ o
Ly y Aelme )™ %If}f_ll 1h(tj)—l—l//j(x(tj))‘i‘%l//;(x(tj))}}.

k=0 j=1 (o +1)
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Substituting the value of a; (j=1,2) in (6) and (17), we obtain (5) . Conversely, assume
that x is a solution of the impulsive sequential fractional integral equation (5) ; then by a direct

computation, it follows that the solution given by (5) satisfies (4). This completes the proof. [J

We presented some estimations that used in the forthcoming theorems.

Theorem 2.1. For any h € PC([0,T],R) with ||h|| = sup,c[o 71|k (?)[, we have

(i)
. k
e \GtB—1
et .
(o) T (By)
(i)
/t —A(t—s)Iﬁk 1h( )ds| < M (1—e_)‘(t_t")> ||7|
) 7 = AT(BY "
(i)
L Bj_i—1
/tj e ) as| < L) (1= 070 e
tio1 -1 AT (ﬁj 1)
(iv)
PR B -1
[ =) yas| < ==
= F<B '71_1> ( f*1>
(v)
M A (M=) Prtau—1 < (nk_tk)ﬁk+ak_l — _l<nk_t+>
/tk . Ik h(s)ds| < AT (B ) (1 e k )HhHPC
(vi)

n - OCk—l - Oy
/ ke—l(nk—s) (nk S) h(S)dS < (le ) ||h||PC
Tk

Ik
I (o) ~ I'(o+1)

Proof. Obviously
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(i)
IZf ( /, eMHHfflh(s)ds) (M)
k

k

(Mx)

< 1%
I

/t e*’l(rfs)lffflh(s)ds
k

k

< /"" (e —r) %!
Ik

" (o)
g

ro s s(s_u)ﬁk_z
/tke A )</zk mh(u)du)ds)dr

(= 1)P " (e =™ e
= TBY </ Clag ¢ )M

(nk—tk)“"_l (nk—fk)ﬁk_l (/nk —A(m— )
< e AN g ) |1k
STl TB) \k e

(e — 1) P!

I (o) T (By)

L s(s_u)ﬁk_z
/tke A( )</tk —F(Bk_l)h(u)du)ds

([ )

(t — )P
= AT By

1Al pc-

(i)

t
/ e_’l(t_s)lg"_]h(s) ds

Ik

(1= e, h € PCULR).

v e M(ti—s) ’ —(S_M)Bjil_z u)du | ds
/t'1 A (/r1r<[3jll)h( )d)d

j—

_ - ?(51[; o ( [ Mws)ds) Il

J
< (t—1-0)"

non

(1= 26=50) bl h € PC(,R).

(=
< |2llpc,h € PC(J,R).

)




2880 AMER DABABNEH, B. SAMI, MA'MON ABU HAMMAD, AMJED ZRAIQAT
v)

n _
/tkel(”ks)lfj‘+a" 'h(s)ds
k

k

M B s (s_u)ﬁkﬂxk*z
A(Mg—s) hdu ) d
le <zkr<ﬁk+ak—1> ey ) s

_ ﬁk‘f“ak*l n
< (N — 1) (/ "e—/'t(nk—s)ds> [P
Tk

T(Bi+ o)
(g — 1) P! A (-
1 — e AM—t) ,he PC(J,R).
<A F g (e ) Il e PCUR)
. A (mees M nems) (Me—=5) """
1% g~ (1)) :/ A=) e =S) = v g
(vi) e A e e (s)ds
(M — 1) ™
< ——h he PC(J,R).
— F<ak+1) H HPC? € ( ’ )
The proofs is completed. 0

3. MAIN RESULTS

This section deals with the existence and uniqueness of solutions for the problem (1). Before

stating and proving the main results, we introduce the following hypotheses.

(H;): there exist a nonnegative function a(¢) € L(0,T) such that
[f(t.x)| <a(t)+E 1,0 >0,

where {are nonnegative constant.

(Hy): there exists a constants Ly and Ly~ such that
(W (0)] < Ly, lwi(x)| <Lyt €J, x€Rk=1,2,...q.

(H3): the function f : J x R — R is jointly continuous

(Hy): there exists a constant Ly > 0 such that

|f(t,x)=f(t,y)| <L¢lx—y|, te€l, x,yeR.

(Hs): there exist a positive constants Ly,Ly+ such that |y (x) =y, (y)| <

Ly |x =yl [wi(x) =i ()| < Ly lx—yl.
Define an operator .% : PC (J) — PC(J) by
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20) Fx(1)= / t eI f(s5,x(s) ) ds

k f _
+ Y e M) [/J e M )Iff" fls,x(s))ds
t

j=1 j-1 J1
1 1
T f@wﬂwﬁ—zwﬂﬂmﬂ

X[ )+ v+ )|

Jj=

o -1
z Mg — ) ’
(B )

zq:/lkla"/ A=) lf(hs‘,x(s))als

/—’H

Ly y Ml (1) { / 7 P (s ()
k=0 j=1 1j—1 j—1
—%@;Vm,<» Vi)
P TR L ) e i)

For convenience, we will give some notations:

o, |—1
o A
k=0 F(ak+1) ,
q+1 ti—1ti ﬁjflil 9 (t:—t: ﬁjflil q A —t o +B—1
AIZZ(/ ]1) 7A2:Z(j J ) A3:Z k(];':’(ka)]i—)‘(ﬁ) ,
= ar(Byy) = ar(B;y) =0 T (By
& Ak (M —n)™ (fj—tfl)ﬁj’rl L Ap (M — 1)
A= A= L T arn)
k=0 /IF(ak+l)F(Bj_1) = Tlo+1)

T 1 1 1
Theorem 3.1. Suppose that (H3), (Hy) and (Hs) hold. If

1) Ly <1
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then the equation (1) has a unique solution on J.
Proof. Show that .% : PC (J) — PC (J) is a completely continuous operator
t
Fa0) < [ M |f(5,x(s))ds
17 k

k Zj -1~
+Ze’l(’*’j) [/ e_l(l"_s)lzﬁfl 1|f(s,x(s))]ds

[jfl j—1

# [ 1+ 7| [wee)]
# 3 [[F epl+ en] + 1| v
= 2 tjt] ] J j J A j J
¢ A (1) -1
+ 1_,;0 kr(%ﬁ)

9 Nk ,
R [ s § a0
J

B;

[ eIl g <»wvﬂ%1

‘Wﬂmxmwhﬁiwﬁ@m»”

R U il | L T T | ERES
L L a1 | R T e P ]| }
_\Bi—1
2x(0] <L
+iea(”,) L (tj_tjl)ﬁjl_lJrL (tj_tjl)ﬁjl_lJrL o
& Tar(pn) 7 oar(sl) A
a (¢ —t—1)ﬁj7171 1 { A (i — 1) P!
L J J L Ly — AL .
+j_21 f lF(ﬁjq) Tl "’A]Jr fZ (o) T (By)
Loan Ak (g — 1) ™ -L ) N VS =) (N |
+/§o,~:1 T (o +1) _f AT (B, ) o AT(B,1) T
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Bi_1—1
(t—1 k)ﬁ (t—1)) tjfl) ’
| Fx(t)| <Lp~——="——+Ls Ze i)
AT (B AF(ﬁj71>
o1,y et U —ff%)ﬁ"*‘_l )
; 2
j=1 AT (BH) =
k 4 1[3]‘—1 1 k )BT
+Lf2 =) +ZLV,+ ZLI,, +A{Lf2 L k)(ﬁ)
+ i i A(ng —1)™* _(tj_lj—l)ﬁjllL +L (lf_tj—l)ﬁjilil + 1 A (g — )™
ftLy > v
= R Y (7 ar(g,) A TletD

q+1 . Bj_1—1 q _ Bl q . Bji—1
Fxt) <,y Wy Ty g )
= ar(ﬁj,l) = Ar(ﬁj,l) = zr(ﬁ )
qT q 4 g (g — ) P!
+ L Lyt qly+ Ly, +AL L
A lv byt gLy {fk:ZO (@) L (B

q kA (e — )% (£ — 1. )BTt a kA, — )% (1 —1. P!
+LfZZ k(nk tk) (tj t] 1) L ZZ k(nk tk) (t] J 1)

: f
k=0j=1 lF(akJrl)F(Bj,l) k=0j=1 lF(akJrl)F(ijl)
B, -1
& & Ax (e —1)™ He(tj—t1jq)"
+ = Ly +LfZ Z
)vk;)j_z’l C(a+1) k=0 j— ?tF(ak+l)F(ﬁj,1>
A (Mg — 1 ¢ A (M — )™
+ L + = A
Lt e L
qT q
<Le{(14+q) A1 +qTA+qT A2} + TL"’* +qLy + ILW*
A {LfA3 +qLAs+qLrAs + %A5Ll,,* +gLyAs+gAsLy + %A;,—Lw* } ,

<L {((1+q) A1 +29T A2) + A(A3+3qA4)}

T 1 I 1
+ (14+AAs) gLy + (;t +7L + <)L +/I)AA5) gLy
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which implies

T 1 I 1
| Fx(t)| <WLf+ (1+AAs) gLy + <A+l+(l A)AA5>qLW

which implies that .#x € B. Thus .# B C B. On the other hand, for any ¢ € J;,0 < k < g, we

have

Lt — s)ﬁk*z
i D(Br—1)

-+Z[/”el@sh?””vwx@nﬁ
=1L -

-1

(F2 @) <4 [ M (o) s+ f(s.x(s) | ds

1 4 (fj —S)Bj*li2
+_ -  Z
Ayt <ﬁj_1 — 1)

t N t (1 — ¢)Pk2
S A{Lf e*l([*b)[ﬁ{( ]dS+Lf %
Iy k I k™~

. 4 Bj-1-2

q t ) 1 rti (t:— j=1 1

+ Z Lf/j e*l([j*S)Ifijfl lds+L ! %d‘g_}__llw* ,
j=1 fj-1 i1 ‘2 tj-1 F(Bj_l - 1) A

<Ly [% ((1 —e*“’*’k)) + 1)

NEPUERY RS
b [l (=) )

Flsxlo)las | pviia(e) |

ds

_|_

+ Lly*

ki

A
=Z.
Hence, for 71,7, € J; with 7; < 75 and 0 < k < g, we have

2
|(Fx) (12) = (Fx) (71)] S/ [(Zx) (s)]ds < Z (12— 1)
7]
This implies that .# x is equicontinuous on all Ji,k = 0,1,...,g. Consequently, Arzela-Ascoli
theorem ensures the operator .# : PC (J,R) — PC (J,R) is a completely continuous operator.

Next show that the operator .7 maps B into B. For that, let us choose R > max {2;,L, (2Ls) o }
and define a ball B = {x € PC(J,R) : ||x|| <R}. For any x € B, by the conditions (H;) and
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(H>), we have

Zr)]< [ M als) + [ (5)] ds

Tk

+ze | [N N )+ £ 617 as

j—1

1  fat+ £ )]+ | i)
+Z[A 02 o)+ £ )]+ witete)] + |5 *-<x<rj>>]]

{— i A (M — fk)ak

+
) F(Oék+ 1)

{szl /, P a(s) + & [x(5)[°] ds

+ z‘l,’ il Itxk (et [/J e /l(tj_s)lﬁrj_l—l [a(s)—l—é |x(s)]0} ds
k=0 j=1 ti1 j-1
1 ot + £ @)+ | i)
ﬂéi% 310 fato) 2 ) ]+ [watatop| + 7 et }

_+\Bi—1 k
| Zx(0)] < [lall +& [%1°] (fl WL ¥ )

F(ﬁk) j=1
s Bt o \Bd
 { Dl & ] S0 g ] ) +1L"”‘]
AT (1) AT (B;1)

+i [llall + & 1xI1°] Gt)? L,
= AT (B;1) v

ot B—1 k e \O%
+A{[||a||+5||x||"}i“<”k WLy y A

k=0 F(ak)r(ﬁk> k=0 j=1 F<ak+1)

—)f o (1=t )P ™!

c (tj l «
x| [llall +& [lx[|°] /II“(BJ-,J + [llall + & [Ix°] /IF<BJ;1> +1Lw]

& A (N — tk } e (l‘j—l‘j—l)ﬁjilil . lL *
+k26121 N [U | +& IIx]|°] lr(ﬁj_1> +Ly+ Ly | o
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T 1 11 -
<Wla||+(14+AAs)gLy+ | =+ =+ | =+ 5 | AAs | gLy +. W& [|x]|° .
A A A A
< p(a)+PE x|
Thus,

R
2

[ Zx ()] < p(a) + W& [|x]|” < =R.

i
2

This implies .% : B — B. Hence, we conclude that .% : B — B is completely continuous. it is
follows from the Schauder fixed point theorem that the operator .% has at least one fixed point.

That is problem (1) has at least one solution in B.

Theorem 3.2. Assume that there exist a nonnegative function W € C (J,R™))and nonnegative

constants M ,Z such that

‘f(l,X)—f(l,y)‘ SW(t) |x_y’7 IGJ, xvyERv

Wi () = v < Mx—=yl, wp(x) —wi ()] < Z[x—yl,

fort € J,x,y e Rand k= 1,2,..,q. furthermore, the assumption W (W) < 1 holds. then the

equation (1) has a unique solution on J.

Proof. For x,y € B and for each t € J, we have

(P00~ (PN @] < [ M f(5,(5)) ~ 5, v(5)lds

Ik

k lj . =
LY en) [/ eI (s (5)) = fs,v(s)) s
j=1 !

j—1

A G ) =l )]+ i) - w0

1| [t - wio)|

+

% If}f—ll_l |F (2,2 (1)) = (2,3 (1)) | + ’V’j(x(tj))_ V/j(y(tj)))

_|_
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oy A

{Zm / I fs,x(5)) = £ (5.3 (5)) | ds

=0 I'(op+1)
k j -
3 Y daatte 2o | 7 I () - sy (6)ds
k=0 j=1 k tj-1
1 Bl 1 * *
7|5, \f(fj»X(fj))—f(fj,y(fj))}+‘I‘(ll/,-(x(h'))—wj(y(fj))”

1

+iz OCk+1) HI

j=1

Ifjgl‘l £t (1)) = f (11,5 (1))

v = v 0|+ 7wt - wion] |},
< {‘P||W|| +(1+AAs) gLy + (; +;1L -+ (;L ;) AAs) gLy } [lx=yll.

=1 W) lx—yl-

As pu (W) <1,wehave |(Zx)(t)— (Zy)(t)| <|lx—yl| . Therefore, .Z is a contraction mapping
on PC(J,R) due to condition (21). By applying the well-known Banach’s contraction mapping
we see that the operator .# has a unique fixed point on PC(J,R) . Therefore, the problem (1)
has a unique solution. This completes the proof.

Example (1) consider the impulsive sequential fractional deferential equation 0

e'sin [3)5 () + e<%)x(t)} cos (2t +5)

cyBx cnBi—1 _ c
D+ 2D (0 = 2+x4(t) Y er x(1)|°,
22) 0<t<lt7é k=0,1,...q;
3 o (1 13 ‘x(%)‘
Ax(-)=11 ) A () = —— 24
(4) Sin x<4), (4) 2(1+‘x(%)’)7

1
zuw M) +5:4(0) =0.

€[0,1),let Bp=3,8;=1,B =

that

U\IOO
||

1 5 2 3 1 4
3,01 =73,,A0=%,A1=35,1| = 5,N, =5. Observe
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1

e’ sin [3X () + e(j)x(t)] cos (2t +5)

1,x,y)| = + x(1)|°
(13) S ol
< ¢ N 1 o
—+—=x|o.
Clearly, a(t) = % ¢ &= leV = 11,Ly+ = %, and the conditions of Theorem 4 hold. Thus,

by Theorem, the impulsive sequential multi-orders fractional boundary value problem (22) has

at least one solution.

Example (2) consider the impulsive sequential fractional deferential equation

¢! sin | 2x () + e(2)30)
(Cij"+chz+"_l)x(t) _ [ (t) + } [(cos (2t—|—5) arctan x(t)) |x(t)\G] |

2424 (1) JTEa2(0) /21t
(22) 0<t§1,t7§%,k=0,1,...q;
AN [ (3)|
Ax(=)=1l1sin x(—),Ax( ) ,
3 30 201+ (3)))

IG[O 1] letBO_47ﬁl_1 ﬁ g :%7(11:%MA‘O:%a)*l:%vnl:%?nZ:

Observe that

e’ sin [2x cos arctan? x
()] = &4( 2114) et (t>>|x<r>|"]

2+ x2 VItx(t)  /24x@)

el‘

—+—|x|6

< /3
CONCLUSION

In this paper discussed a new impulsive sequential multi-orders fractional differential equa-
tion with boundary condition. The existence and uniqueness result are obtaind for a nonlinear
proplem with fractionL integral boundary condition applying standard fixed point theorems. So

the present work is a useful contribution to the existing literature on the topic.
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