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Abstract. Indulal and Balakrishnan (2016) have put forward a new operation of graphs called Indu-Bala product.
In this paper we propose four new operations of graphs based on Indu-Bala product of graphs. We also establish

explicit formulas for Zagreb indices of the four newly proposed operations of graphs.
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1. INTRODUCTION

Let G be a graph and the set of vertices and edges of G be denoted as V(G) and E(G)
respectively. Throughout the paper we consider only simple finite graphs. The degree of a
vertex u € V(G) is denoted by dg(u), if their is no confusion we simply write it as d(u). Two
vertices u and v are called adjacent if there is an edge connecting them. The connecting edge is
usually denoted by uv. Any unexplained graph theoretic notions and symbols may be found in
[15].
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Topological indices are the numerical values which are associated with a graph structure.
These graph invariants are utilized for modeling information of molecules in structural chem-
istry and biology. Over the years many topological indices have been proposed and studied
based on degree, distance and other parameters of graph. Some of them may be found in
[6, 8]. Historically Zagreb indices can be considered as the first degree-based topological in-
dices, which came into picture during the study of total 7-electron energy of alternant hydro-
carbons by Gutman and Trinajsti¢ in 1972 [10]. But these indices are recognized as topological
indices much later (almost after 30 years, due to their completely different purpose of utility).
Since these indices were coined, various studies related to different aspects of these indices are
reported; for detail see the papers [5, 3,9, 12, 17] and the references therein.

The first and second Zagreb indices of a graph G are defined as

M(G)= Y dgw)= Y, (dg(u)+ds(v)), Ma(G)= ), dg(u)dG(v).
ueV(G) uveE(G) uveE(G)

The concept of the first general Zagreb index of a graph was introduced by Li and Zheng in
[16]. For a graph G this index is defined as
(1) MP(G) =}, d(v)%

veV(G)
where « is an arbitrary real number and « # 0, 1. Clearly, for @ =2, M¥*(G) is the first Zagreb
index i.e., MIZ(G) = M, (G). The above equation ( 1.1) can also be written as
ME(G)= ), (dw)* " +d»)*).
uveE(G)

In a molecular graph we consider atoms as vertices and the bonds between them as edges. But
the intermolecular forces do not only exist between the atoms of a molecule but also between
the atoms and bonds, so one should also take into account the relations (forces) between the
edges and vertices in addition to the relations between vertices. The four related operations of
a graph G viz., S(G), R(G), Q(G) and T (G) can capture these relations. For a connected graph

G, the four related graphs are as follows:

e S(G) is the graph obtained by inserting an additional vertex in each edge of G. Equiva-

lently, each edge of G is replaced by a path of length 2.
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e R(G) is obtained from G by adding a new vertex corresponding to each edge of G, then
joining each new vertex to the end vertices of the corresponding edge.
e O(G) is obtained from G by inserting a new vertex into each edge of G, then joining
with edges those pairs of new vertices on adjacent edges of G.
e 7(G) has as its vertices the edges and vertices of G. Adjacency in T(G) is defined as

adjacency or incidence for the corresponding elements of G.

More detail on these operations may be found in [2]. Different operations of graphs based on
these four related graphs were defined and studied in connection with Wiener indices [7] and
Zagreb indices [4, 5, 13, 14]. In this paper we propose four new operations of graphs based on
Indu-Bala product of graphs [11] and also establish explicit expressions for the Zagreb indices
of these newly defined graph products. The study of Zagreb indices of Indu-Bala products of
graphs are also found in the literature [1]. The rest of the paper is organized as follows. In
section 2 we define the four new operations of graphs. In section 3 expressions for the Zagreb

indices of the four new graph products are presented.

2. THE NEW F-SUMS OF GRAPHS

Here, we introduce four new operations of graphs based on the Indu-Bala product of two
connected graphs G| and G;: The join G = G| + G, of graphs G| and G is the graph union
G1 UG, together with all the edges joining V(G) and V(Gz). Let F = {S,R,Q,T}. The F-sum
of G| and G, denoted by G| V¢ Gy, is defined by F(G)VG,, where V is the Indu-Bala product
of graphs. The Indu-Bala product G{VG; of graphs G| and G is obtained from two disjoint
copies of the join G| + G, of G and G by joining the corresponding vertices in the two copies
of G3. So V(G\VrG;y) =V(G)UE(G1)UV(G,) and E(G|VFG,) = E(F(G,)VG,) \ E*,
where E* = {uv|u € V(F(G))\V(G)),v € V(G2)}.

As an example, P3VgPy, P3VRPs, P3V P, and PsVr Py are shown in figure 1.
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FIGURE 1. The four new operations of graphs based on Indu-Bala product
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Lemma 2.1. Let Gi, Gy be two graphs with |V(G;)| = n; and |E(G;)| = m;, where i = 1,2.

Then,
(a)
(dGI(u)Jrnz if ueV(G)
dG,vsG,() =<2 if ueV(S(G))\V(G)
| do, () +ni+1 if ueV(G).
(b)
(ZdGl(M)—i-l’lz if ueV(Gy)
de,vpG,() =1{2 if ueV(R(G))\V(G)
| do, () +m+1 if ueV(G).
(c)

(

dg,(u)+ny if ueV(Gy)

dG\v,G,() = { dg, (W) +dg, (W) if ueV(Q(G))\V(G))

\dGz(u)—Fl’ll +1 if ue V(Gz),

where in the second case u is inserted into the edge ww' € E(G)).

(d)

;

2dg,(u)+ny if ueV(Gy)

dG,v;6,(U) = { dg, (W) +dg, (W) if ueV(T(G))\V(Gy)

\d(;z(lxo +m+1 if ue V(Gz),

where in the second case u is inserted into the edge ww' € E(G)).

3. MAIN RESULTS

In this section, we put forward the first and second Zagreb index of the new F-sums of graphs.

3.1. Zagreb indices of G| VG>.
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Theorem 3.1. Let G| and G, be two graphs with |V (G;)| = n; and |E(G;)| = m; where i = 1,2.

Then
M(G1VsGr) =2|M(G1) +M;(G2) +nina(ny +ny+2)
+4(my+my) +4nymy +ny|.
Proof:
M\(GiVsGy)= Y, d*(u)

ueV(GVsGy)

(3.2) 2| ¥ dPw+ Y P Y W)

uevV(Gyp) uevV(Gp) uEV(S(Gl))\V(Gl)
Case I:
Y =Y, (dg (u)+n)?
uevV(Gp) uGV(Gl)
- Z [dél (1) 4+ 2n2dg, (u) +n%]
MEV(G])
3.3) =M, (Gl) +4nomy -l—nln%
Case II:
Y A= Y (dgtnm+1)?
uevV(Gs) uev(Gy)
= Y [dg,(w)+ (m+1)*+2(nm + 1)dg, ()]
uev(G,)
(34) :MI(GZ)—I—nz(nl—|—1)2+4m2(n1+1)
Case I1I:
(3.5) ) d*(u) = ) (2)? = 4m,
ueV(8(G1))\V(Gy) ueV(8(G1))\V(Gr)

Now, putting ( 3.3), ( 3.4) and ( 3.5) in ( 3.2) we get the result. [
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Theorem 3.2. Let G| and G, be two graphs with |V (G;)| = n; and |E(G;)| = mj, where i = 1,2.

Then

Mz(G1VSG2) :Ml(Gz) + (l’ll + 1){712(711 + 1) +4m2} +2[2M1 (Gl) + (nl + 1)M1 (Gz)
+M>(Go) +mo(ny + 1) +na(ng +1)(2my +nyno)

+2my(2my +nyny) + 4myny).

Proof:

My(G\VsGy)= ). d(u)d(v)
uw€eE(G1VsG,)

The edges of G;VsG, can be classified into four categories depending on the end vertices of

an edge.

Case I: uv € E(G1VsGy) s.t. uv is an edge in G,.

Z du)d(v) = Z (dg,(u)+n1+1)(dg,(v) +n1 +1)
uveE(Gy) uveE(Gy)

_ Z;. | [dG2<u)dG2 (v)+ (n1+ 1) (dg, (1) +da, (v))
uveE(Gy

+(m+17?]

(3.6) :Mz(Gz)—i—(l’ll+1)M1(G2)—|—m2(n1 —|—1)2
Case II: uv € E(G1VsGy) s.t.u € V(Gy) and v € V(Gy).

Y dwdv)= Y  (do,(u)+ni1+1)(dg,(v)+n)
MVGE(GIVSGz) MVEE(G1VSG2)

= Y [ded, () + naday () + (m + 1)dg, (v)
uveE(G1VsGy)

+ny(ny + 1)}

= Z Z dGz(u)dGl (v) + I’lz(l’llzmz) + (n1 + l)(n22m1)
ueV(Gy)veVv(Gy)

+ny(ny+1)(n1ny)

(3.7 =4dmmy + 2nnymy + (ny + 1) (np2my) +n1n%(n1 +1)
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Case III: uv € E(G1VsGy) s.t. uv is an edge in S(G).

Y, dwdv)= ) (dgu)+m)(2)

uweE(S(Gy)) wekE(S(Gy))
=2 Z dg, (u) + nZ]
'quE(S(Gl)) uveE(S(Gr))
MGV Gl)
(3.8) =2 M1(G1)+2m1n2]

Case IV: uu € E(G1VSG2) s.t.u e V(Gz).

Z d(u)d(u) = Z (dg,(u)+ny + l)2

MMEE(G1VSG2) MMGE(GIVSGQ)

= Y |dd, )+ 2dg, () (m + 1)+ +1)?
ueV(Gp)

(3.9) =M, (G2) +4my(ny +1) +ny(ny +1)?

From the graph G| VsG,, it is clear that we have to consider the Cases I-1II two times and

Case IV only once. Now combining all the five cases we get the result. [
3.2. Zagreb indices of G| V;G>.

Theorem 3.3. Let G| and G, be two graphs with |V (G;)| = n; and |E(G;)| = m;, where i = 1,2.

Then
M,(G1VrG») 22[4M1 (G1) +M1(G) +nina(ny +ny+2)
+4m2(n1 + 1) +n2(8m1 + 1) +4m1] .
Proof:
M(GiVrGy) = Y d*(u)
ueV(G1VrGs)

(3.10) =2 ¥ dPw+ Y P y A

ueV(Gy) uev(Gy) ueV(R(Gl))\V(Gl)
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CaseI:
Z dz(u) = Z (2dG1 (u> —|-l’l2)2
MGV(G]) uEV(Gl)
— Z [4dé1 (u) +4nadg, (u) + n%
ueV(Gp)
(3.11) =AM, (Gy) + 8nym +nyn3
Case II:
Y =Y (do(w)+nmi+1)°
uev(Gy) uev(Gy)
(3.12) =M, (G2) +na(ny + 1)> +4my(ny +1)
Case III1:
(3.13) Y d*(u) = Y (2)? = 4m,
u€V(S(G1))\V(Gr) u€v(S(G1))\V(Gr)

Now, putting ( 3.11), (3.12) and ( 3.13) in ( 3.10) we get the result. []

Theorem 3.4. Let G| and G, be two graphs with |V (G;)| = n; and |E(G;)| = m;, where i = 1,2.
Then

Mz(leRGz) =M, (Gz) +4m2(n1 + 1) —|—n2(n1 + 1)2 +2 2(112 —|—2)M1 (Gl)
~|—(n1—I—I)Ml(Gz)+4M2(G1)—|—M2(G2)+m2(n1+1)2

+ny(ny +1)(dmy +nyny) 4+ 2my(4my + nyny) +4mny +m1n%] .

Proof:

M2(G1VRG2) = Z d(u)d(v)
uve€E(G1VRGy)

There are five types of edges in G| VgrG», depending on the end vertices of an edge.
Case I: uv € E(G1VRG>) s.t. uv is an edge in G,.
Y dwdv)= ¥ (dg,w)+m+1)(de,(v)+m+1)
uveE(Gy) uveE(Gy)

(3.14) =M>(G>) + (1 + )M, (G2) +ma(ny +1)?
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Case II: uv € E(G1VRG,) s.t.u € V(Gy) and v € V(Gy).

Y dwdv)= ) (dg,(u)+n+1)(2dg, (v)+ny)
MVEE(G]VRGQ) MVGE(G]VRGQ)

- Y [2dG2(u)dG1 (v) + madg, (u) +2(ny + Ddg, (v)
ueE(G1VRrGy)

a(m +1)]
:2(2m2)(2m1) +n2(n12m2) +2(n1 + l)(n22m1)
+no(ny +1)(niny)

(3.15) =8mmy + 2nynpmy + 4nymy(ny + 1) +n1n%(n1 +1)

Case III: uv € E(G|VRgG)) s.t.u € V(Gy) and v € V(R(G1))\V(G)).

) d(u)d(v) = ) (2dg, (u) +n2)(2)

uv€E(R(G1))\E(G) uv€E(R(G1))\E(G1)
=212 Z dg, (u) + Z nz}
uv€E(R(G1))\E(G) uv€E(R(G1))\E(G)
:2[2 Z dél(u)—i—nz(Zml)]
uGE(Gl)
(3.16) :2(2M1(G1)+2m1n2)

Case IV: uv € E(GVRG>) s.t. uv is an edge in Gj.

Y dwd(v)= Y, (2dg,(u)+n2)(2dg,(v)+na)

uveE(Gy) uveE(Gy)
=4 Y dg,(wde,(v)+2ny Y, (dg,(u)+de,(v))+ Y. m
uveE(Gy) uveE(Gy) uveE(Gy)
(3.17) =AM, (Gy) +2noM; (Gy) +myn3

Case V: uu € E(G1VRG2) s.t.u¢€ V(Gz).

Y, dwdw)= Y = (de(u)+m+1)

uu€E (G VgGs) uu€E(G1VRGy)

(3.18) :MI(G2)+4m2(n1+1)—|—n2(n1+1)2
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We have to consider the Cases I-IV two times and Case V only once. Now, combining all the

six cases we get the result. [

3.3. Zagreb indices of G,V G,.

Theorem 3.5. Let G| and G, be two graphs with |V (G;)| = n; and |E(G;)| = m;, where i = 1,2.

Then
M, (G1VQG2) =2 [Ml (Gl) + M, (Gz) —|—2M2(G1) —|—M13(G1>
+nny(ny+n+2)+np(dmy+1)+4my(ny +1)].
Proof:
M1 (G1VQG2) :2[ Z dz(u)]
ueV(GiVgGy)
(3.19) 2| ¥ dlw+ Y P y  dw)
ueV(Gy) uevV(Gy) MGV(Q(GL))\V(Gl)
Case I:
Y dw= Y (dg(u)+m)
MEV G]) uEV(Gl)
(3.20) =M, (G\) +4nym; +nyn3
Case II:
Y &= Y (do(u)+n+1)
ueV(Gp) MGV(GQ)
(3.21) =M, (G2) +ny(ny + 1)> +4my(n; +1)

Case III: Let u be inserted in ww' € E(G)

Z dz(u) = Z (dGl (W) + dGl (W/))z

ueV(Q(G))\V(Gy) ww'€E(Gy)
= Y (W +de,(wW)+2 Y de (w)ds, (W)
ww/€E(G)) ww'€E(G)
(3.22) =M (G1)+2M(G)

Now, putting ( 3.20), ( 3.21) and ( 3.22) in ( 3.19) we get the result. []
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Theorem 3.6. Let G| and G, be two graphs with |V (G;)| = n; and |E(G;)| = mj, where i = 1,2.
Then

M (G 9Gr) =M1 (G2) +4ma(ny + 1) +na(ny + 1)* +2[200M1 (Gy) + (n1 + 1)M; (G)
+M(G2) + %(Mﬁ(Gl) +M{(G1))+ (m + 1) {ma(ns +1)

+ny(2my +nynp)} +2my(2my +nyny) + Z Yuwdc, (u)dg, (w)
uweV(Gy)

+ Y dw Y dg(v)],
uev(Gy) veV(Gy),
uveE(Gy)

where Y, is the number of common neighbors of u,w € V(Gy).

Proof:

M>(G1VGs) = Y, dwd(v)
MVEE(G1VQGQ)

CaseI: uu € E(G1VQG2) st.u€ Gy
Y dwdw= Y () tm 1)
MMEE(G1VQGQ) MMEE(G]VQGz)

(3.23) =M (G3) +4my(ny + 1) +ny(n; + 1)2

CaseIl: uv € E(GVGy) s.t. uv is an edge in G».

Y dwd)= L (e +m+ 1) (de, () b+ )
MVGE(G1VQG2) MVEE(GQ)

(3.24) =M>(G2) + (m + 1)M;(G2) +ma(ny +1)*

CaseIll: uv € E(G|VpG,) st.u e V(G,) andv € V(Gy).

Y  dwd()= Y (dg,(u)+ni+1)(dg, (v)+n2)

MVEE(G]VQGQ) MVEE(G1VQ62)

(3.25) =4dmmy + 2nynymy + 2npmy(ny + 1) +n1n%(n1 +1)
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Case IV: ue € E(G1VgG,) s.t. u € V(Gy) and e € V(Q(G1))\V(Gy). Let e be inserted in
uv € E(Gl)

Y dwde)= Y | w)+n)(de, () +dg,(v)

ue€E(GVGy) uveE(Gy)
+ (day (1) +da, (v))(dg, (v) +n2)|

= ¥ | (o) +da, (v))(dg, (u) +dg, (v) +22)
uveE(Gy)

= ), (dgw+dgm)+2 Y dg (u)dg,(v)

uveE(Gy) uveE(Gy)

+2m Y (dg,(u) +dg, (v))
uveE(Gy)

(3.26) =M; (G1) +2My(G1) + 2noM, (Gy)

Case Vief € E(G1VGy) s.t.e, f € V(Q(G1))\V(Gy).
Let e be inserted in uv € E(Gy) and f be inserted in vw € E(Gy). Y, be the number of

common neighbors of u and w in Gj.

Y, dledf)= Y (de(u)+dg (v))(dg,(v)+dg, (w))

ef€E(G1VGr) uvyweE(Gy)
= ¥ |d8,0)+dc, (W)dc, (w) +dg, () (da, (u) +dc, (w))
uvyweE(Gy)
dg, (u)
= Y ( 1 )dél(uH Y. Yawdc,(u)dg, (w)
ueV(Gy) 2 uweV(Gy)
+ Z dg,(v)(dg,(v) — 1) Z d(u)
veV(Gy) ueV(Gy),uveE(Gy)

:%(Mf(cl )=M;(G1)) =2My(G1)+ Y. Yuwdg, (u)dg, (w)
u,weV(Gy)

+ ), dg(v) ), do(u)
veV(Gy) ueVv(Gy),
uveE(Gy)

Clearly, we have to consider case I only once and the Cases II-V two times. Now, by com-

bining all the cases we get the result. [
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3.4. Zagreb indices of G;V7G,. We can see that the degree of a vertex in G{V7G» can be
written in terms of degree of a vertex in G| VRG; or G1VGo, which is as follows.

¢

dGIVRGz (M) ifue V(Gl)

dG,v;G, () = dg,v,G,(u) ifu eV (G)

\dGlVQGZ(u) ifueV(GIVrG)\(V(G,)UV(Gy)).
Now, based on these relations we can easily obtain the Zagreb indices of G{V7G, and hence

the following theorems are proposed.

Theorem 3.7. Let G| and G, be two graphs with |V (G;)| = n; and |E(G;)| = m;, where i = 1,2.
Then
M1(G1V7Ga) =2 [4M1(Gr) + My (Gs) +2M2(G1) + M3 (Gy)
+mna(ny+ny+2)+n(8my+1)+4my(n; +1)|.

Theorem 3.8. Ler G| and G, be two graphs with |V (G;)| = n; and |E(G;)| = m;, where i = 1,2.
Then

Mz(leTGz) =M, (Gz) +4m2(n1 + 1) —|—n2(n1 + 1)2 + 2[4n2M1 (Gl) + (n1 + I)Ml(Gz)
1
+6M(G1) +Ma(Gs) + 5(3M13(G1) +M{(Gy))+ (1 + 1) {ma(n + 1)
+ny(2my +nynp) } + 2my(2my +nyny) —|—n%m1

+ Z Yudel dG] + Z dGl Z dGl (V)} )
uweV(Gy) ueV(Gy) VGV(GI)7
uveE(Gy)

where Y, is the number of common neighbors of u,w € V(Gy).

4. CONCLUSIONS

In this paper we define four new operations of graphs based on Indu-Bala product of graphs.
Then we also establish expressions for the first and second Zagreb indices of the operations

of graphs. In future work we will study the adjacency spectrum of the four new operations
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and other topological indices like forgotten topological index, hyper- Zagreb index will also be

studied in connection with these new operations of graphs
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