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Abstract. In this article concept of rectangular partial b-metric space have been introduced. It is shown that
rectangular b-metric can be achieved from rectangular partial b-metric. Moreover equivalence of completeness
of both the spaces have been achieved. An analog to Cantor intersection theorem has been established in such
spaces. A variant of Banach fixed point theorem and Kannan fixed point theorem are also proved in the language

of rectangular partial b-metric spaces.
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1. INTRODUCTION

A partial metric is a generalization of metric space by replacing the condition d(x,x) = 0
by the condition d(x,y) > d(x,x) for all x,y, introduced by S. G. Matthews [1]. Later many
generalization partial metric space appeared. In this sequel S. Shukla [3] defined partial-b metric
space, S. Souayah [6] defined partial S;-metric space, A. Gupta and P. Gautam [7] introduced
the concept of quasi partial b-metric space and they presented some fixed point theorems in
these spaces.
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R. George et. al [4] introduced the concept of rectangular b-metric space by replacing trian-
gular inequality by three term expression and proved some fixed point theorems and Bakhtin [8]
generalize the concept of metric space and defined b-metric space. In this paper we define rect-
angular partial b-metric space generalizing the concept of partial metric spaces and rectangular

b-metric spaces.

2. PRELIMINARIES

Lets begin with some definitions.

Definition 2.1. [4] A mapping d : X x X — [0,00), where X is a non empty set, is said to be
rectangular b-metric if whenever x, y, z € X the following conditions hold:
(D) x=y & dx,y) =0;
(2) d(x,y) = d(y,x);
(3) there exists a real number s > 1 such that
d(x,y) <sld(x,u)+d(u,v)+d(v,y)] Vx,y€ X andu,ve X\ {x,y}
Then d is called a rectangular b-metric and (X,d) is called a rectangular b-metric space with

coefficient s > 1.

Definition 2.2. [4] In a rectangular b-metric space (X ,d)
o A sequence {x,} in (X,d) is said to be convergent to x € X such that for any € >0, 3 a
positive integer N so that d(x,,x) < €Y n > N.
o A sequence {x,} in a rectangular b-metric space (X ,d) is said to be Cauchy sequence
if for any € > 0, 3 a positive integer N such that d(x,,x,) < € ¥V m,n > N.
e A rectangular b-metric space is called complete if every Cauchy sequence is convergent

therein.

3. MAIN RESULTS

Now we define

Definition 3.1. A mapping p}, : X x X — [0,00), where X is a non empty set, is said to be

rectangular partial b-metric if whenever x, y, z,w € X the following conditions hold:
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(1) x=y & p,(x,x) = p,(x,y) = p,(»,Y);
(2) p(x,y) = p,(3x);

(3) py(x,y) > pp(x,x);

(4) there exists a real number s > 1 such that

pr(x,y) < s[pp(x,2) + ppz,w) + pp(w,y) — py(2,2) — pp(w,w)] +
1—s
2

[Py (x,0) + PRy, zw € X \x,y
and the ordered pair (X, p}) is called partial rectangular b-metric space. The number s is called

coefficient of (X, py,).

Example 3.1. Let (X,d) be a rectangular metric space. Let p;(x,y) =d(x,y)? +k where g > 1.
Then p}, is a rectangular partial b-metric space with coefficient 39~. Conditions (1), (2), (3)

satisfied automatically. We now check (4).
pr(x,y) = d(x,y)+k
< (d(x,w)+d(w,z)+d(z,y)+k
< 31 Nd(x,w) T +d(w,2)? +d(z,y)7) +k

39N d(x, W)+ k+d(w,2)! +k+d(z,y)! +k—k) =237 k) + k

- 13471
< 3T (ph0rw) + pp(wn2) + Ph(a,y) + (P (x.0) + P (3.y)
Definition 3.2. (i) A sequence {x,} in a rectangular partial b-metric space (X, p}) con-

vergent to x € X y‘}g?opZ(xn,x) = pp(x,x) = ’}glgopZ(xn,xn).
(if) A sequence {x,} in (X,p}) is a Cauchy sequence if 1im pj(x,,x,,) exists.
n,m—o0

(iii) A rectangular partial b-metric space is said to be complete if every Cauchy sequence

{xn} in (X, p},) is convergent.

We define open ball in (X, pj) by B,y (x,€) = {y €X: p(x,y) < pj,(x,x) + €} and closed ball

by By [x, €] = {y €X: pj(x,y) < pj(x,x) + €}.
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3.1. Relation with Rectangular b-metric Spaces.

Lemma 3.1. Let (X, p}) be a rectengular partial b-metric space with coefficient s > 1. Then
dpr (x,y) =2pj,(x,y) — p}, (x,x) — p, (v, y) is a rectengular b-metric on X with the same coefficient

and a sequence {x,} is convergent to x in (X, py,) iff {x} is convergent to x in (X, dr ).
Proof.

dp,r,(x7y) = 2p,(x,y) — pp(x,x) — pp(3,¥)

VAN

2s[pp(x,2) + Ph(2,w) + Pp(W,) — P (2,2) — P (w, w)]
+(1=9)(pp(x,x) + P (%,¥)) = pp(x,x) = Py (v,¥)
= s[2p,(x,2) = pp(x,x) — pp(2,2)]
+5[2pp (2, w) = Pb(2,2) = ph (W, w)]
+s[2py(w,y) = pp(w, w) = P (1, )]
= sldpr (x,2) +dpr (z,w) +dpr (w,)]
Other parts can be easily proved. 0
Theorem 3.1. (a) A sequence {x,} is a Cauchy sequence in (X,p}) iff {x,} is a Cauchy se-

quence in (X, dyr).

(b) (X, p},) is complete if and only if (X ’dPZ) is complete.

Proof. Let {x,} be Cauchy sequence in (X, p}). So n}rilrgwpz (xn,xm) = 1. Let € > 0, then there
exists a natural number M such that
| (X, xm) =1 |< § foralln,m> M.
Now | dpr (Xn;Xm) | = | 24 (Xn, Xim) = Pp(¥ns Xn) = P (X Xm) |
= | 2pp(xn, Xm) — 21 — pp(Xn,xn) + 1 — pp(Xims Xm) +1 |
< | Py oy Xm) = L[+ [ Pp (X0, 2m) — 1|
+ 1 P (Cns20) = L[+ | Py (i, 2m) = 1|

< € forall n,m > M.
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So {x,} is a Cauchy sequence in (X,d,;).

Conversely let {x,} be a Cauchy sequence in (X ,dpg). Let € = %, then there exists ng € N
such that

dpg(xn,xm) < % for all n,m > ny.

= 2P} (X0, Xny) — P (Xng s Xng) — P (X, %) < %
= 1 (5 Xny) = P (g ) < 3.
Now P} (X, Xn) < Pl (XnsXng) < Pl (XngsXng) + 3-
So {p},(xn,x,)} is a bounded sequence in R. Hence klij&pz (XngsXn,) =11

Since {x,} is a Cauchy sequence in (X,d,;), for a € > 0, there exists n, such that
dpz(xn,xm) <& Vn,m>ng
Then for all n,m > ng

P (XnsXn) = b XmsXm) < Py (Xns Xm) — Py (Xim, Xim)

< dp}r)(xn,xm)
< E.
So {p}(xn,x,)} is a Cauchy sequence in R.
= ,}E}}oplra(xﬂ’xﬂ) =1.
Now | p,(xXn,xm) =l | = | P (XnsXm) — P (Xn, Xn) + Pl (X, Xn) — 11 |

< dPZ(xn7xm)+ | plr;(xmxn) - |

= nvgrgwplr)(xn,xm) =1.
So {x,} is a Cauchy sequence in (X, p},).

Now we prove that completeness of (X,d,) implies completeness of (X, py). Let {x,} be
a Cauchy sequence in (X,p}). Then {x,} is Cauchy sequence in (X,d,;). Since (X,d,;) is
complete there exists a point x € X such that r}l_r& dpr (xn,x) = 0 and by Lemma 3.1 (X, pp) is
complete.

Now we prove the converse. Let (X, p} ) be complete. We will show that (X, d PZ) is complete.

Let {x,} be a Cauchy sequence in (X,d,;). Then {x,} is Cauchy sequence in (X, pj}). Since
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(X, p},) is complete there exists y € X such that

Tim ph, (xa, y) = pp(,y) = 1im pp (o, %)
Now Lemma 3.1 implies limd,r (x,,y) = 0. Hence (X,d,r) is complete. O
n—soo b b

Lemma 3.2. Let (X, p};) be a rectangular partial b-metric space with the coefficient s > 1 and

suppose that {x,} and {y,} are convergent to x and y respectively. Then we have % py(xy) <

’}gfgoiﬂfplr,(xm)’n) < ’}grgosuppZ(xn,yn) < spp(x,x).
3.2. Cantor Intersection Theorem.

Lemma 3.3. Let (X,p}) be a rectangular partial b-metric space and A be any subset of X.

Then pj(A) < sp;(A)

where p}(A) = sup{p}(x,y) — pj(x,x) : Vx,y € A}.

Proof. Let x,y € A, then there exists {x,}, {y,} in A such that {x,} converges to x and {y,}

converges to y. i.e.,

Tim pf (10,) = p(x6,) = 1im pf (5, 30)

r

and lim py (v, ) = pp,(y,y) = 1im pj, (v, n)-
Let pj; (x,x) > p,(3,y)

Now

Pp(x,y) = pp(x,x) < s[py(x,x0) + P (X, ) + Py (Vs Y) — P (Xns %) — i (Vns Yn)]
1_

= [Ph e, ) + P} (03] = P (.2)

+

IN

s[pp (x,%0) + P (Xns yn) + Py (V) = Py (X, Xn) = Pp (Vs Yn)]
0]~ phx.)
Taking limit n — o< in the above equation we get

Pp(6,y) = pp(x,x) < s[pp(x,X) + ph(A) + Py (v,7) — P (%, %)]

+pp(3,¥) = sPp(1,¥) — Pp(x,X)

= sup{p} (x,y) — pj,(x,x) : Vx,y € A} < spp(A).
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= pp(A) < spj(A).

Similarly if pj(x,x) < p};(y,y) we can show that p} (A) < sp}(A). O

Theorem 3.2. A ractangular partial b-metric space (X, p}) is complete if and only if for every
sequence {F,} of closed sets in (X, p}) satisfying:

(a) F,»1 C F,Vn € Nand

(b) pj(Fn) — 0 asn— oo.

Then () F, is singleton.
1

n=
Proof. Let {x,} be a Cauchy sequence in (X,p}). Then lim p}(x,4p,x,) = . ie. for any
n—oo
€ > 0, 4 a natural number v such that
| plrg(xn—l—paxn) - |< % Vn >v.

Let F, = {xpyp—1:pEN}. Then F, 1 CF, = F1 C F,. Now

| P (npsXn) = Pp(nsn) | < [ P (Yt ps Xn) = @ [ | ppyonsn) — 0 |
E €

< i i
2+2
= & Vn>w
Also
| P (ntps Xn) = Pp(ntpsXntp) | < | Pp(nsp,Xn) — & | + | Pl (xnsp,Xntp) — O |
< 8+8
2 2
= & Vn>w

So r}glgo[pZ(xn—O—paxn) - max{plr,(xnaxn)ap2<xn+paxn+p)} . vxn—i—paxn € Fn] =0.

= p,(Fn) — 0 as n — oo,

= p},(Fn) — 0 as n — oo [using Lemma 3.3.]
So NF,#¢.Letxc NF,=x€F, VneN. Alsox, € F, CF,.
n=1 n=1

Then 0< pj (x4, x) — pj,(x,x) < pp(Fp).

Taking limit and using Sandwitch theorem we get

(1) lim p} (x,,x) = pj,(x,x).

n—oo
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Similarly we can show that 0< pf, (x,x,) — p}, (Xn,%2) < pj(Fy).
Using Sandwitch theorem we get

2) lim py (X, X,) = p,(x,x).

n—yoo

From (1) and (2) we have
1im i (x0,x) = ph(x.2) = lim pj(vr.x,).
Hence (X, p}) is complete.

Conversely let (X, p}) be a complete rectangular partial b-metric space satisfying condition
(a) and (D).
Let us consider x, € F;, Vn € N. Since F,.1 C F, = x,, € F, Vm > n. Now
0< pj, (Xn,Xm) — Pp,(Xns Xn) < pp(Fn)
and 0 < py (Xm,Xn) — P (Xm, Xm) < pj(Fp).
= 0 < 2p}, (%0, Xm) — P (Xn,Xn) — Pl (Xm, Xm) < 2}, (Fn)
=0< dPZ (XnsXm) < 2p) (Fy)
Using condition (b) and by Sandwitch theorem we have {x, } is a Cauchy sequence in (X, d, ).
Since (X, py,) is complete by Theorem 3.1 we can say that (X, d,y ) is complete. Hence 3 x € X
such that dyy (x,x) — 0 as n —» co. This implies {x,} converges to x in (X, pj). Therefore
x € F,as Fyisclosedin (X,p;). Thusx € F, Vn € N. Lety € ﬁ]Fn =yeF, VvneN.

n=

=0 < py(x,y) — pp(x,x) < pp (Fy). Taking limit and using Sandwitch theorem we get p} (x,y) =

p,(x,x). Similarly we can get pj (x,y) = pj,(y,y). Hence pj(x,y) = pj,(x,x) = p,(y,y) = x = .

Thus we have proved () F;, is singleton. UJ
n=1

3.3. Fixed Point Theorems.

Theorem 3.3. Let (X,p}) be a complete rectangular partial b-metric space with coefficient

s>1and T : X — X be a mapping satisfying the following condition
3) pp(Tx,Ty) < Apy(x,y) Vx,y € X, A €0,1).

Then T has a unique fixed point u € X with pj (u,u) = 0.
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Proof. First we show that the fixed point of T is unique and if u be a fixed point of T then
pp,(u,u) = 0. Let u,v be two distinct fixed point of T. i.e., Tu =u and Tv = v.

pp(u,v) = pp(Tu,Tv) < Apy(u,v) < pp(u,v).
Hence p} (u,v) = 0 = u = v. Therefore T has a unique fixed point.

Since A € [0, 1), we can choose 19 € N such that for a given 0 < &€ < 1, we have A" < £.

Let 7" = F and F¥xy = x; Vk € N, where xy € X. Then for all x,y € X,

) pp(Fx,Fy) = pj(T™x,T"y) < A" pj,(x,y)

For any k € N, we have

Pp(xir1,xk) = pp(Fxp, Fxg_p)
< A" pp (X, xk—1)

< Akmopr(xy,x0) — 0 as k — oo,

Similarly, p} (x¢42,%) — 0 as k — eo. So we can choose / € N such that

py(x,x41) < 5 and pj(xy,x42) < g
We show that if z € By [x;, 5] then Fz € By [x1, 5].
Let A= {y € X : ypx;}. Since x; € By [x1, 5], Byr [x1, 5] # ¢.

Let z € By [x;, 5] Then

pZ(FxlanZ) < A‘nop;;(xlaxz)

€
< —pZ(XZ,XZ)

8s
E €

< g[E‘FPZ(XI,XI)]
€

< =1+ pyx,x)].

8s
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Therefore

py(x,Fz) < slpp(x, Fxpp1) + pp(Fxi1,Fxp) + py(Fx;, Fz) —

Py (Fxpp1,Fx1) — pp(Fxp, Fxp)]

1—s
+T[p,r,(xl,x1) +p,(Fz,Fz)]

€ E
7= 4 =
< 4 8s+ 8s

€
< 5 +p,§(xl,xl).

(14 pp(x1,x1))]

Hence Fz € By [x;, 5] and consequently Fz € A. Since x; € A therefore Fx; € A. Repeating this

above process F"'x; c AVneN.ie.,x, €A Vm>1 Letm>n>1landn=1[1+4i. Then

pZ(xnaxm) = pZ(Fxn—lanm—l)

< )Vnop}r,(xnflvxmfl)
S Aznoplry<xn—2axm—2)
S )“inopli;(xn—iyxm—i)

< pZ(XZ,xm,i)

S
< 5 +plr,(x1,x1) < €.

Thus {x,} is a Cauchy sequence in (X, p; ). By completeness of (X, p}) there exists u € X such
that

) lim pf (6r,10) = Lim_ph (. ) = pi(1t,0) = O

n—oo n,m—»co
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Forall n € N,

plry(u7Fu> < S[pZ(MrXH)+p[};(xnaxn+1)+pl};(xn+laFu)
_pZ(xnvxn) _pZ(xn—H;xn—i-l)]

< S[p2<”7xn) +plrg(xnaxn+1) +An0p2(xna M)]

Using equation(4) and (5) we have pj} (1, Fu) = 0. Hence Fu =u. i.e., T"0u = u. Since {T"u}

is a Cauchy sequence with lirg Py, (U, um) =0, we have Tu = u. O
n,m—roo

Example 3.2. Let X = {0,1,2,3} and define p; : X x X — [0,0)by

(

X ifx=y#0
22 +y%) ifx,y¢ {23}, x#y
+yr ifxye{23hx#y

& ifx=y=0

pu(x,y) =

Then (X, p}) is a rectangular partial b-metric space with coefficient s = 2. Define T : X — X
byTO0=0,T1=0,T2=1,T3=1. Then T satisfies the condition of Theorem 3.3 and 0 is the
unique fixed point of T.

Theorem 3.4. Let (X, p;) be a complete rectangular partial-b metric space with coefficient

s>1and T : X — X be a mapping satisfying the following condition

(6) Po(Tx,Ty) < Alpy(x, Tx) + p, (3, Ty)]

1

forall x,y € X, where A € [0, ;1

). Then T has a unique fixed point u € X with pj (u,u) = 0.

Proof. Let xp € X and define a sequence x,; = Tx, Vn € NU{0}.
Let py = p},(Xn,Xu+1). From condition (6) it follows that

Py (s Xnt1) = Py (Toxn—1,Txn) < App,(Xn—1,%n) + P (%n Xn-41)]
= Pn < Apn—1+pal
= Pn < 12 Pt = kpu_1 where k = 2.

Proceeding in this way we have

Pn < knpO
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Now,

Py(nsXni2) = py(Txp—1,TXp11)
< Alpp(n—1,Txn—1) + pp(Xn+1, Txn41)]
= Alpp(Xn—1,%n) + Pl (Xnt1,Xn42)]
= Alpn—1+Ppnt1]
< A" po+ k" p]
= K" IA[1+ & po
= k" p.

Where ¢ = A[1 +k%]. Now we show that lim p} (x4,X.+p) = 0. Here we consider two cases.
n—soo

First when p is odd, say p =2m+ 1. Then

A

Pp(Xns Xnt2mi1) < 8[pp (%0, Xn1) + Pp(Xnt1,%042) + Pp(Xn12, Xn2m+1)

_plr; (Xn1:Xn41) — plr; (xn+2,xn+2>]

1—ys

+T [PZ (xnaxn) + plrp (xn+2m+1 y Xn+2m+1 )]

IN

S[Pp (X, Xng 1) + P (Xt 1,X042) + P (X2, Xnt2mr1)]

IA

S[pZ(xn,xn+1) +P2(xn+l ,Xn+2)] +

52 [P) (Xn+2,Xn43) + Pp(Xn13, Xn+4) + Pp(Xnt4, Xnt2m+1)]

IN

S[pn 4 Pnit] + 52 Pnso + Puss) + 52 [Puid + Puss] + ...

m
+s Pn+2m

IN

S[kn+kn+l]p0—|—52[kn+2—|—kn+3]p()—|—53[kn+4—|—kn+5]p()+...

+ §" kn—|—2m Do

IN

sk [1 4 sk? + s%k* 4 .| po + sk U1 + sk> 4+ s%k* + .. po

1+k

= K 1—si2P0
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Thus

1+k
1 —sk?

Py (Xn, Xntoms1) < sk Po

Now let p is even. i.e., p =2m

plr; (xnyxn+2m) < S[pz (xnvanrl) + plr; (anrl »xn+2) +plr, (xn+27xn+2m)

=D (Xnt1:Xn41) — Pp(Xng2,Xn42)]

1—s

+T [pl};(xmxn) + pZ(xn+2m7xn+2m)]

IN

S[Plra(xmxnﬂ) +Plr;(xn+17xn+2) +Plr;(xn+2,xn+2m)]

IN

s[pl’;(xnvanrl) + plr;(anrl »xn+2)] +

s* [Plra (Xn42,Xn43) + PZ (Xn43,Xn+4) + Pzr; (Xn+4+Xn12m)]

IN

S[pn+ Pui1] + 52 [Pus2 + Pui3] + 8 [Pusa + Puys] + .

+5™ ! PZ (xn+2m—2 y x2m)

IN

s[k”+k”+l]p0+s2[k”+2+k”+3]po+s3[k”+4+k”+5]po+...

+Sm—1 [k2m—4 + kZm—3]p0 +Sm_]tk2m_3p()

IN

SK'[1 + sk? 4+ 2k 4 .. po + sk [1 + k> + 524 + .. po

+Sm71tk2mf3p0
1+k

= sk" 1_—sk2po + Sm—lthm—SpO
Thus
+k B B
pZ(xn;XrH_zm) < sknl_Sk2p0+sm ltkn+2m 3]7()

Hence 1113 P (Xn,xm) = 0. ie., {x,} is a Cauchy sequence in (X, p;). By completeness of
n,m—yoo

(X, p},) there exists u € X such that

) lim pf (r,10) = Lim_ph (. ) = pi(1t,0) = O

n—oo n,m—»co
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Finally we show that u is a fixed point of T'.

pp(u,Tu) < s[pp(u,xn) + pp(Xn, Xnt1) + Py (Xn1, Ttt) — pp (X, %n)

1—ys

—Dp (Xt 1:Xn41)] + > [Py, (u,u) + pl,(Tu, Tu)]

s1pp (s x0) + P (ns Xns1) + Py (T%n, Tat)]

IA

IN

s[pp (%) + ly (ns Xn 1) + Aphy (u, Tw) + A ply (%0, T x|

Taking Limit we have pj (u, Tu) = 0. Hence Tu = u. The uniqueness of the fixed point u follows

from the contraction principle. 0

4. CONCLUSION

There are some mappings which fails to form a metric for assuming nonzero values in its
diagonal of domain or not satisfying triangular inequality. Motivated by the study of S. G.
Matthews, 1. A. Bakhtin, S. Shukla for these types of mappings an attempt have been made
to generalize both the concept of partial metric spaces and rectangular b-metric spaces and
introduced the concept of rectangular partial b-metric spaces. A connection with rectangular b-
metric spaces have been pointed out. Moreover analog to Cantor intersection theorem, Banach

and Kannan fixed point theorem have been studied in the defined spaces.
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