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Abstract: A decomposition (Gaps Garayors Gaszaypr?s Ga+zayprds -+ Garm-nayprn-1) of G is said to be a
Arithmetico Geometric Decomposition (ACOGD) or (a, d, b, r, n) — Decomposable if each
G(a+(i_1)d)brz—1 is connected and \E(G(a+(i_1)d)bri—1)| =(a +({— 1) dbri=* forevery i =1,2, ..., n and

_ b(a-(a+(n-1)ad)r™) dbr(1-r""1)
1-r (1-r)?

a, d, b, r (>1) € N.Clearly, q , forevery n € N. In this paper, we seek

to find Arithmetico Geometric Decomposition of some graphs.
Keywords: arithmetico geometric decomposition; arithmetico geometric path decomposition; arithmetico
geometric star decomposition.

2010 AMS Subject Classification: 97K30.

1. INTRODUCTION

All basic terminologies from Graph Theory are used in the sense of Frank Harary[3]. Let
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G = (V, E) be a simple connected graph with p vertices and g edges. If Gy, Go,..., G,

are connected edge disjoint subgraphs of G with E(G) = E(G,)UE(G,)V... E(G,), then (G4,

G,, ..., Gp),is said to be a Decomposition of G. The one point union C,(lt) (n>3and t =

2) of t - copies of cycle C,, is the graph obtained by taking v as a common vertex such that any
t distinct cycles are edge disjoint and do not have any vertex in common except v. A caterpillar
tree is a tree in which every vertex has distance at most 1 from a central path. The central path of
a caterpillar tree is also called the spine of the tree and it is obtained by removing all endpoint
vertices in the tree. In this paper, Caterpillar tree is represented by

C(ly, Ly, ..., Ly),where [; isthe number of leaves attached to the node labeled with i on the
central path, for i =1, 2,..., m. In a Caterpillar, A vertex with degree atleast 3 is called a

junction. A vertex which is adjacent to k pendant vertices in a graph G is called a k-support.

2. ARITHMETICO GEOMETRIC DECOMPOSITION OF GRAPHS

Definition 2.1: A decomposition ( Gap » Garaypr » Gavzaypr? > Garsaprs > o
Ga+(n-1ayprn-1) 0f G 1s said to be a Arithmetico Geometric Decomposition (ACOGD) or
(a, d, b, r, n) — Decomposable if each G(a+(i_1)d)bri—1 is connected and

|E(G(a+(i_1)d)bri—1)| =(a +({— 1) d)brt=! forevery i =1,2,..., n and a,d,b,r (>1)

b(a-(a+(n-1)d)r") dbr(1—-r™"1)
1-r (1-1r)2

€ N. Clearly,q = , forevery n € N.

Theorem 2.2: A Graph G admits ACOGD(Gap, Gearayprs Gaszaypr?s -+ Glasm-1)ayprn—1)

b(a—(a+(n-1)d)r™) dbr(1-—r""1
1-r I (1-1r)2

if and only if q(G) =

, forevery n€ N.

b(a—(a+(n-1Dd)r™) + dbr(1-r"1)
1-r (1-r)?

Proof: Let q(G) =

, for every n € N. Now consider H;

(a—(a+(n-1Dd)r™b + dbr(1-r"1) _

is a subgraph induced by G - Gg4(n—1)a)prn-1 having — TEy

(a=(a+(n-1)d)r™)b
1-r

(a+ (m—1d)br™ " edges. Then H, = H; — Ggin-2yayprn-2 having

dbr(1-r"*1)
(1-7)?

+ (a+ (n—1)d)br™! — (a+ (n—2)d)br"2 edges. Proceeding like
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this, we get H,_, having an edge ab. Thus (Gap, Gatayors Gaszaypr?s Ga+sayprds o
Ga+mn-1yayprn-1) 1S a ACOGD of G.
Conversely, Suppose G admits ACOGD( Gap s Gatrayprs Geaszayprz s Gassayprs » -

Ga+n-nayprn-1)- Then g = ab +(a + d)br +(a +2d)br* +(a +3d)br® + ...

(a-(a+(n-Dd)r™b dbr(1-r""1)
1-r a-rnz

+ (a+ (n—1)d)br™ 1. Therefore, q =

for every n €N.
Theorem 2.3: The Wheel graph W, is (a, d, 2j, r, n) - Decomposable if and only if
1

:2[

Proof: Let v and vy, v,, v, ..., v, be the central vertex and rim vertices of W,. Assume

b (a—(a+(n—1)d)rn)+ dbr(1-r"*1)
1-r (1-1)2

| where a, d, b, j, 1, n € N.

that the Wheel graph W, is (a, d, 2j, r, n) - Decomposable. By theorem 2.2,

q(G) =

_1 [b(a—(a+(n—1)d)rn)] + dbr(1-r™*1)
T2 1-1 (1-1)2

b(a-(a+(n-1)d)r™) + dbr(1-r"* 1)
1-r (1-1)2

, forevery n€ N.Since q(W,) =2y, we have

1

ol

b(a-(a+(n- 1)d)rn)+ dbr(1-r"1)
1-r (1-1r)2

Conversely, assume that y = ].If n =1, then

Gagp = War. If n > 1, then K;, is rooted at v. Also K;, = Kiap U Kiasa)pr U

2

Kl,(a+2d)br2U .o U Kl,(a+(n—2)d)brn‘2 U Kl (a+nd)rn+ dr™ [Z;r]_(Zdrn_lﬂl)l ar®  ar
’ 1-r a-n2Zflar 1-r  2(1-1) 2(1-71)?
Therefore Kuy = K fwmiwt a (os) (sartag) e ar i decomposed into Ggp,
L 1-r T(1—r)2][?] 1-r 2(-7) 2(-1r)2
Ga+raypr » Garzaypr? s Gassayprs s - Gasm—2)a)prn-2 ). Consider the cycle C:
vy, V2, V3, ..., Uy . Therefore, C U K1 (@i . @ \2=r] (@dr"l4a) | @t ar
[ 1-r T(1—1~)2][?] 1-r ' 2(1-1) 2(1-1)2

Ga+(n-1ayprn-1- Hence W, is (a, d, 2j, r, n)— Decomposable.
Theorem 2.4: The Double wheel graph DW), admits ACOGD(Gap, Garayprs Ga+zaypr2s
Ga+3ad)br3s - Gasm-1ayprn-1) if and only if b is divisible by 4, where a, d, r, n € N.

Proof: Assume D W), admits ACOGD( Gap , Garaypr » Gatr2aypr? s Gassayprs » -
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b(a-(a+(n-1)ad)r™) , dbr(1-r"~1)

Ga+(m-1ayprn-1)- By theorem 2.2, g(DW,) = 4] - o ]. Then
— — n _n—1
b[(a (a+(171r1)d)r ) 4 dr&_:)z )] is a multiple of 4. Therefore b is a multiple of 4. Thus b

is divisible by 4. Conversely, assume that b is divisible by 4. Let u be a vertex such that

d(u) = A in DW,. If n =1, then Gy = D Wa . If n > 1, then

4

S 1 ba—a+m-vay™ , abra—r"h) is a star rooted at u.

2 1-r ' (1-1)2
Let G* = Sl b(a—(a+(n-1)d)yr™) | dbr(1i-r"*~1) T Sb(a—(a+(n—z)d)rn-1), dbr(1-r"~2)
2l 1-r T (-2 1-r ' (1-1)2
=S (a+nd)r™ dr™ ][z;r] (2dr"14+a)  ar dr
1-r (1-n2]lar 1-r "2(1-1) 2(1-1)2
Now, § (a+tnd)r™ dr ][z;r] (2dr"14a)  ar™ dr U Gl[b(a—(a+(n—1)d)rn)l dbr(1—rn—1)] =
1-r ' (a-nZ|lar 1-r "2(1-1) 2(1-1)2 2 1-r " (a-n)?

Ga+(n-1ayprn-t - Therefore, D W), is decomposed into Ggp, Garaypr » Geaszaypr? »

G(a+3d)br3 IR G(a+(n—1)d)brn‘1)'

Remark 2.5: The Double wheel graph DW,, is (2i, 2j-1, b, 2k, 2t) — Decomposable if

[

b(a—(a+(2t-1)d)r?t) = dbr(1-r?t-1)
1-r (1-1)2

and only if y = ,where t, b, i, j, kK € N.
y J

1
4

3. ARITHMETICO GEOMETRIC PATH DECOMPOSITION OF GRAPHS

Definition 3.1: A decomposition ( Gap , Gavayor » Gaszayprz + Gassaypr® + -+

Ga+m-nayprn-1) Of G is said to be a Arithmetico Geometric Path Decomposition

(ACOGPD) or (a, d, b, r, n) - Path Decomposable if
) G admits ACOGD

i) Each G\ _1yaypri-1 1s@pathforeach i =1,2, .., n and

a, d,b, r (>1) € N.

Theorem 3.2: One point union of t - copies of cycles with order ab, (a + d)br, (a +2d)br2,
(a+ 3d)br®, ..., (a+(n—1)d)br™" admits ACOGPD( Gap, Garayrs Gea+2aypr? -
Ga+3ayprds> - Gasm-1ayprn-1), where a, v, d, b € Nand n # 1.

Proof: Let u be a vertex with degree A. Let C;, C,, C3, Cy,..., C; be the cycles with order
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ab, (a + d)br,(a +2d)br?, (a+3d)br3, ..., (a+(n —1)d)br™ 1. Let Gy =(C, - e; ) U

{ ey}, where e; is an edge in C; which is incident to u and e, is an edge in C, which is
incidentto u. Alsolet Gayqypr =(C, - €2 ) U { ez}, where e, isanedgein C, whichis
incident to u and es is an edge in C3 which is incident to u. Proceeding like this, we get
Ga+m-vayprn-t = (Gt - e, ) U { e}, where e; is an edge in C; which is incident to u
and e; is an edge in C; which is incident to u. Hence one point union of t - copies of cycles
admits ACOGPD(Gap, Gea+ayprs Gear2ayor?s Geatsayorss - Gatm-1ayprn=1)-

b(a-(a+(n—-1)d)r™) n
1-r

Remark 3.3: Let Cy, C,, C3, Cy, ..., C; be the cycles with g = [

_n—1
% ]. Then C; U C, U (C3U...U C(; is a connected graph which admits
ACOGPD(Gap, Garayprs Garzaypr?s Garsayprss - Ga+m-1ayprn-1), Where a, v, d, b

€ Nand n # 1.

4. ARITHMETICO GEOMETRIC STAR DECOMPOSITION OF GRAPHS.

Definition 4.1: A decomposition ( Gap , Garaypr s Gaszaypr? + Gassaypr® + o

Ga+m-nayprn-1) Of G is said to be a Arithmetico Geometric Star Decomposition

(ACOGSD) or (a, d, b, r, n) - Star Decomposable if
() G admits ACOGD

(i) Each Giyq—1yaypri-t isastarforeach i =1,2,.., n and

a, d,b, r (>1) € N.
Theorem 4.2: Let C((1+ d)r— 1,0, (1 +2d)r?— 2,0, (1+3d)r3— 2,0, ...,0,
(1+(n—=1)d)r™ 1 — 1) be a caterpillar with a =b =1, r isevenand d is odd. Then
C(1+ dyr— 1,0, (1+2d)r?-= 1,0, (1+3dyr3>—1,0,...,0, (1+(n—-1)d)r"*1-1)

admits ACOGSD(G1, Gutayrs Gaaay?s Ga+szayss - Ga+m-nayn-1) With the orgin or

terminus of G, is incident with any one of the non supports in the spine path s* of
C(1+ dyr—1,0,(1+2d)r?2— 2,0, (1 +3d)r®>— 2,0, ...,0, (1 + (n=1)d)r* 1 =1) if
and only if (i) There are n junction supports in C((1 + d)r — 1,0, (1 +2d)r? — 2,0,
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(1+3d)r3—= 2,0, ...,0, (1 + (n—1)d)r™?*— 1) (ii) There is only one junction support is
odd.
Proof: Assume that C((1 + d)r— 1,0, (1 +2d)r> — 2,0, (1 +3d)r3— 2,0, ...,0,

(1 + (n - 1) d ) T'n_l - 1) admits ACOGSD( G1 , G(1+d)7" , G(1+2d)1"2 , G(1+3d)7"3 s eees

Ga+m-1ayn-1)- Given a =b =1, r is even and d is odd. Let uy, uy, us,..., Uzp-3 be

the vertices of a spine path. Then uq, us, us,..., u,,_3 are the vertices in C((1 + d)yr — 1,
0,(1+2d)yr? — 2,0, (1 +3d)yr®>— 2,0, ...,0, (1 +(n—1)d)r™ 1 —1) with degrees (1 +
d)r, (1 +2d)r?, (1 +3d)r3, ..., (1 + (n —1)d)r™ 1. Therefore u;, us, us, ..., Uy,_3 are
distinct and supports. In caterpillar C, the degree of each non support is 2. Suppose G; is
incident with one of w;, i =2,4,6,...,2n — 4. Then that w;, i =2,4,6, ...,2n — 4 must
be a junction support and the degree is odd. It is clear that the spine path s* having n -
junction support. Since a =b =1, r is even and d is odd, then each junction support of
u;, 1 =1,3,5, ..., 2n - 3 have even degrees. But one of u;, i =2,4,6, ..., 2n - 4 must
have an odd degree 3. Conversely, the proof is obvious.

Remark 4.3: Let C(ab — 1,0,(a + d)r =2,0,(a +2d)r? — 2,0,(a +3d)r® =2,0,...,
0,(a +(n —1)d)r™ ! —1) be a caterpillar with b isevenand a (>1), b, r, d € N. Then
C*(ab — 1,0,(a + dyr — 2,0,(a +2d)r?> — 2,0,(a +3d)yr® — 2,0, ...,0,

(a + (TL _1)d)rn_1 - 1) admits ACOGSD (Gaba G(a+d)bra G(a+2d)br23 G(a+3d)br3’ e

G(a+(n-1)a)prn-1) 1f and only if (i) There are n junction supports in C(ab —1,0, (a + d)r

-2,0,(a +2d)r* — 2,0, (a +3d)yr® =2,0, ...,0, (a + (n —Dd)r™ ! —1). (ii) All the
vertices of junction support is even.

Theorem 4.4: Let ab =1. Then the caterpillar C(l4, ;) with

_ a+d—ar2+dr2-r2t(a+d+2td)+r2t*t2(a—d+2td)
hh= T'b( (1-72)2 )’
a2 2_.2t 2t+2
lz — pr? (a+2d arc+dre-r ((1a_+r22(;;-2td)+r (a+2td)) admits ACOGSD (Gab ’ G(a+d)br ’

G(a+2d)br2’ G(a+3d)br3’ ’G(a+(n—1)d)br"_1) if and Only if n =2t+ 1, t € N.
Proof: Assume that the caterpillar C(ly, l;) admits ACOGSD(Gap, Garaypr> Ga+rzaypr?

G(a+3d)b‘r'3 LEEEEE) G(a+(n—1)d)brn_1)'
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q(Cy, 1)) = I + I + ab

a+d—ar2+dr?2—-r2t(a+d+2td)+r2t*t2(a—d+2td)
rb +
(1-r2)?

a+2d—ar?+dr2-r2t(a+2d+2td)+r3t*t2(a+2td)
r2b
(1-12)2

)+ab

b(a-[a+2td]r?t*1)  dbr(1-r2b)
1-r (1-1)2

By theorem 2.2, we get n =2t +1.
Conversely, let w; and w, be the non pendant vertices of C (I, ;) and uq, uy,

Us,..., u;, betheedgesincidentto wy and vy, v, vs,...,v;, betheedgesincidentto w,.Then

2
wiand w, are junction supports. Consider U ={uy, u,, uz,..., u;, } and V={vy, v;, v3,..., ;. }

the path w;- w, is decomposed into G;. Since a=1, b =1, we have U edges incident to

wy is decomposed into (Ga+1yr, G(za+1)rds - G(2e-pa+1)r2e-1) and Vedges incident to
w, is decomposed into (Gzq41)r2> Gag+1yrts - »Gata+1)r2t)- Therefore, caterpillar C(ly, ;)
is decomposed into G1, Gea+1yrs Gearnrzs GaEarnrss - G(t-na+r1)ret-1s Geatariyr2t)-
Remark 4.5:

(1) Let ab =2. Then the caterpillar C(l4, 0, ;) with

a+d—ar?+dri-r2t(a+d+2td)+r2t*t2(a—d+2td)
lL,=1b ,
b

(1-1r2)2

L = pr2 (a+2d—ar2+dr2—r2t(a+2d+2td)+r2t+2(a+2td)
, =

(1-r2)2

) admits ACOGSD ( Gap > Giararpr -

G(a+2d)br29 G(a+3d)br39 cees G(a+(n—1)d)brn_1) if and Only if n =2t +1, t € N.

(i) Let ab =1. Then the caterpillar €(1,,0,0,1,) with

at+d—ar?+dr?-r2t(a+d+2td)+r2t+2(a—d+2td)
I,= rb( a ) 1,
(1-1r2)2
a+2d—ar?+dr2-r2t(a+2d+2td)+r3t*t2(a+2td) .
L, = br?( o )—1 admits ACOGSD (Gap. Gearaypr-

G(a+2d)br29 G(a+3d)br3e cees G(a+(n—1)d)br"_1) if and Only if n =2t +1, t € N.

(iti) Let ab = 2. Then the caterpillar C(l,, 0,0,0, [,) with

_ a+d—ar2+dr2-r2t(a+d+2td)+r2t*t2(a—-d+2td) _
L= b e ) -1,
24 dr?_p2t 2t+2
I, = br2 (a+2d ar®+dr?-r ((1a_+r22(;;-2td)+r (a+2td)) —1 admits ACOGSD (G, G(a+d)br,
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G(a+2d)br29 G(a+3d)br3o cees G(a+(n—1)d)br"_1) if and Only if n =2t +1, t € N.
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