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Abstract. Sometimes, it is not possible to find a general solution for some differential equations using some
classical methods, like separation of variables. In such a case, one can try to use theory of tensor product of
Banach spaces to find certain solutions, called atomic solutions. The goal of this paper is to find atomic solution
for Bate Man Burgers equation.
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1. INTRODUCTION

In [8], a new definition called @ —conformable fractional derivative was introduced:

Letax € (0,1),and f: E C (0,00) - R. Forx € E let:

D = tim D=1

If the limit exists then it is called the a— conformable fractional derivative of f at x.
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Forx =0, if f is a—differentiable on (0, ) for some r > 0, and lirr(l)DO‘ f(0) exists then we
X—r

define D%f(0) = limD*f(0).

The new definition satisfies:

(1) Ta(af +bg) = aTe(f)+bTy(g), forall a,b € R.
(2) Ta(A) =0, for all constant functions f(¢) = A.

Further, for o € (0,1] and f,g are a—differentiable at a point 7, with g(¢) # 0. Then
3) Ta(fg) = fTalg) +8Ta(f)-

(4) Ta(}) = HTE o) £0.

We list here the fractional derivatives of certain functions,

Py=pth=%.

sin £t%) = cos ~t%.

(1) Ty
2) Ty
3) Ty

= —sin= to‘
1a 1a
(4) Tg(ed! ) =ed'

(1
(
(cos =1%)
(e

On letting @ = 1 in these derivatives, we get the corresponding classical rules for ordinary
derivatives.

One should notice that a function could be ot—conformable differentiable at a point but not
differentiable, for example, take f(¢) = 2+/¢. Then T% (£)(0)=1.

This is not the case for the known classical fractional derivatives, since 71(f)(0) does not
exist.

For more on fractional calculus and its applications we refer to [1]-[13].

2. ATOMIC SOLUTION

Let X and Y be two Banach spaces and X* be the dual of X. Assume x € X and y € Y. The
operator T : X* — Y, defined by

T(x") = x"(x)y
is a bounded one rank linear operator. We write x®y for 7. Such operators are called atoms.

Atoms are among the main ingredient in the theory of tensor products.

Atoms are used in theory of best approximation in Banach spaces, [13].
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One of the known result, see [16 ], that we need in our paper is: if the sum of two atoms is
an atom, then either the first components are dependent or the second are dependent.
For more On tensor products of Banach spaces we refer to [14] and [16].

Our main object in this paper is to find an atomic solution of the equation.

pPu+uD*U = DUDCU+U? ..., (1)

This is called the fractional Bate Man Burgers equation.

3. PROCEDURE

Step (7).

Substitute (x) in equation (1) to get:

P(x)® QP (1) + P(x)P* (x) ® Q*(t) = P**(x) @ Q(t) + P*(x) @ Q(t) weoreven. (2)

Here P(x) and Q(¢) are the unknowns.

We will assume that

Step (ii). Collecting terms in (2) to get:
P(x) ® QP (1) + (P(x)P*(x) — P*(x)) ® Q*(t) = P**(x) @ Q(t) verveenee. (3)

In equation (3), we have the sum of two atoms is an atom. Hence using [15 ], we have two
cases to consider:

Case (i):
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we divide both sides by P(x) where P(x) # 0 we get:

This is a fractional linear differential equations. Hence we can use the result in [16], or use the

fact that P*(x) = x(!I=® P/(x) to get:

X1=9P (x) = P(x) + 1

So,
P (x) — ol

P(x)+1

Thus :
(04
In(P(x)+1)=—+k

where K is an constant .
Hence:

P(x)+1=cew
where ¢ = e*.

consequently:
XOC
P(x)=cea —1

conditions (x) implies that ¢ = 2.

Hence, the solution of equation (4) is

Now we go back to equation (3) to get:

o

(25 —1)QP (1) + (26 —1)(2'0)Q%(1) = (265 )Q(1) + (2% —1Q*(1)  (5)

o

ie, (2¢' —1)QB(1)+ e’ —2e'c e’ +4e’ —1]QX(1)—2¢' Q1) = 0
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Then

o o

(267 = 1)0P (1) + (26 — 1)Q%(r) —2¢'7 O(1) =0

Hence we obtain this equation:

Qe
P (1)+Q* (1) - —=——Q)=0 (6)
(2e’'@ —1)
Now (6) is well defined for all x. In particular, it is true forx =0 :

So, equation (6) becomes:
0P (1) +Q*(1) —20(1) = 0
This is a fractional nonlinear differential equation. hence using properties of conformable frac-

tional derivative we get:

PO (1) + 0%(1) —20(1) =0

Hence,
dQ B—1, _
02 —20 +tP7dt =0
From which we get:
_ B
Tal@=2)
2 Q B

Using the conditions in (xx), we get ¢ = 0. Consequently,

So equations (4) and (7) give us the atomic solution P(x) ® Q(¢) of (1) for the first case.
Case (ii):
0P (1) = 0*(1) (if)

Hence,
1P (1) = 0*(1)

So:

do B—1

P dt
Q(r)

This implies:

_1 tﬁ
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Hence, using conditions in (%) we get Q(0) = 1. Thus ¢ = —1. Consequently,
-1 ‘B
Q(t)——%_l—ﬁ_tﬁ .................... (8)

Now we back to equation (3) we get:

P(X)(ﬁiﬁ)ZJrP(X)Pa(X)(ﬁftﬁ)z:Pza(x)(ﬁf;t[s)Jer(x)(Biﬁ)z

This is well defined for every ¢. In particular, for r = 0, we get:

P2(x) = P()P*(x) = P(x) + P (x) =0 (9)

This is a differential equation in which x is missing. So put P*(x) = 6.

Then,
de de dpP
P2a — D¥p% — D%Q = l—a®™ _ lfoz__zeel
(x) (x) R
where
de
0 ="—
dP
. Thus equation (9) becomes
060’ —PO —P+P>=0................. (10)

Clearly, 6 = P is a solution for (9). But P%(x) = 6. Hence P%(x) = P. This has a solution

P(x) =cea

Since P(0) = 1, we get ¢ = 1. Thus

From (7) and (10) we get the atomic solution for the second case.
Remark: Results in this paper are part of the Ph.D thesis of A. Bushnaque under the supervision
of Professors: Al-Horani and Khalil.
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