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1. INTRODUCTION

American Mathematician Zadeh [16] first time in 1965 introduced the concepts of fuzzy sets.
Chang [4] and Lowen [8] developed the theory of fuzzy topological space using fuzzy sets. Next
time much research have been done to extend the theory of fuzzy topological spaces in various
direction. Lowen [8], Wong [14], Srivastava and Ali [13] have developed the fuzzy topological
spaces as well as fuzzy subspace topology. Hossain and Ali [5] worked on T, -fuzzy topological
spaces.

The research for fuzzy bitopological spaces started in early nineties. The fuzzy bitopological
spaces with separation axioms has become attractive as these spaces possesses many desirable
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properties and can be found throughout various areas in fuzzy topologies. Recent progress has
been made constructing separation axioms on fuzzy bitopological space in [6, 7, 12]. Amin et al
[2] have also developed T, concepts in fuzzy bitopological spaces in quasi coincidence sense.

In this paper, we study, some features of a« — T,-spaces in supra fuzzy bitopological spaces and
establish relationship among them.

As usual I=]0, 1] and I; = [0, 1).

2. PRELIMINARIES

In this section, we review some concepts, which will be needed in the sequel. Through the
present paper X and Y are always presented non -empty sets.

Definition 2.1[16]: For a set X, a function u: X — [0, 1] is called a fuzzy set in X. For every x €
X, u(x) represents the grade of membership of x in the fuzzy set u. Some authors say u is a fuzzy
subset of X. Thus a usual subset of X, is a special type of a fuzzy set in which the ranges of the
function is {0, 1}. The class of all fuzzy sets from X into the closed unit interval | will be
denoted by 1% .

Definition 2.2[16]: Let X be a nonempty set and A be a subset of X. The function I,: X —

1ifxeA

0if xeA is called the characterstic function of A. The present

[0, 1]{0, 1} defined by I, (x) = {

authors also write 1,, for the characterstic function of {x}. The characteristic functions of subsets
of a set X are referred to as the crisp sets in X.
Definition 2.3[4]: Let X and Y be two sets and f: X — Y be a function. For a fuzzy subset u in
X, we define a fuzzy subset v in Y by
v(y) = sup{lu()}if fTH{y} # ¢, x €X.

=0; otherwise
Definition 2.4[4]: Let X and Y be two sets and f: X — Y be a function. For a fuzzy subset v of

Y, the inverse image of v under f is the fuzzy subset f~1(v) = v o fin X and is defined by

fr)(x) = v(f(x)), for x € X.
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Definition 2.5[4]: Let X be a non empty set and t be the collection of fuzzy sets in I*X. Then t is
called a fuzzy topology on X if it satisfies the following conditions:

0) 1, 0€et

(i) If u; € t foreach i € A, then U;ep u; € t.

@)  Muy, u, etthenuy Nu, €t
If t is a fuzzy topology on X, then the pair (X, t) is called a fuzzy topological space (fts, in short)
and members of t are called t-open(or simply open) fuzzy sets. If u is open fuzzy set, then the
fuzzy sets of the form 1-u are called t-closed (or simply closed) fuzzy sets.
Definition 2.6[8]: Let X be a nonempty set and t be the collection of fuzzy sets in I* such that

0) 1, 0€et

(i) If u; € t foreach i €,then U;cp u; € t.

@)  Muy, u, etthenuy Nu, €t

(iv)  All constants fuzzy sets in X belong to t.

Then tis called a fuzzy topology on X.

Definition 2.7[9]: Let X be a non empty set. A subfamily t* of ¥ s said to be a supra
topology on X if and only if

(i) 1, 0et”

(i) If u; € t*foreachi € A, then U,y u; € t”.
Then the pair (X,t*) is called a supra fuzzy topological spaces. The elements of t* are called
supra fuzzy open sets in (X, t*) and complement of a supra open fuzzy set is called supra closed
fuzzy set.
Definition 2.8[9]: Let (X, t) and (Y, s) be two topological spaces. Let s* and t* are
associated supra fuzzy topologies with s and t respectively and f: (X,s*) — (Y, t*) be a function.
Then the function f is a supra fuzzy continuous if the inverse image of each
i.e. if for any v € t*, f~1(v) € s*. The function f is called supra fuzzy homeomorphic if and

only if f is supra bijective and both f and £~ are supra fuzzy continuous.
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Definition 2.9[4]: The function f: (X,s*) — (Y,t*) is called supra fuzzy open if and only if for
each supra open fuzzy set uin (X, s*) f(u) is supra open fuzzy setin (Y,t*).

Definition 2.10[4]: The function f: (X,s*) — (Y,t*) is called supra fuzzy closed if and only if
for each supra fuzzy closed set uin (X,s*) f(u) is supra fuzzy closed setin (Y,t*).

Definition 2.11[3]: Let (X,s*) and (X,t") be two supra fuzzy topological spaces. If u; and u,
are supra fuzzy subsets of X and Y respectively, then the Cartesian product u; X u, is a supra
fuzzy subsets of X x Y defined by (u; X u,)(x,y) = min [u; (x),u,(y)], for each pair (x,y) €
XXY.

Definition 2.12[15]: Suppose {X;,i € A}, be any collection of sets and X denoted the Cartesian
product of these sets, i.e., X = [[;ea X;. Here X consists of all points p =< a;,i € A >, where
a; € X;. For each j, € A, the authors defined the projection m;, by m; (a;:i € A) = a;,. These
projections are used to define the product supra fuzzy topology.

Definition 2.13[15]: Let {X,},ea be a family of nonempty sets. Let X = [[,ex X, b€ the usual
products of X,'s and let m,: X — X, be the projection. Further, assume that each X, is a supra
fuzzy topological space with supra fuzzy topology t;. Now the supra fuzzy topology generated
by {n;1(b): b, € t;,a € A} as a sub basis, is called the product supra fuzzy topology on X.
Thus if w is a basis element in the product, then there exists a;, @y, .......a, € A such that
w(x) = min{b,(x,): @« = 1,2,3,....,n}, where x = (x5)4epr € X.

Definition 2.14[1]: Let (X, T) be a topological space and T* be associated supra topology with
T. Then a function f:X — R is lower semi continuous if and only if {x € X: f(x) > a} is open
forall « € R.

Definition 2.15[10]: Let (X, T) be a topological space and T* be associated supra topology
with T. Then the lower semi continuous topology on X associated with T* is w(T*) =
{u: X - [0,1],u issupralsc}. If w(T*):(X,T*) - [0,1] be the set of all lower semi

continuous (Isc) functions. We can easily show that w(T™) is a supra fuzzy topology on X.
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Definition 2.16[11]: Let (X,s7, t7) and (Y, s3, t;) are two supra fuzzy bitopological spaces and
f:(X,s1,t1) = (Y, s, t;) be a function. Then the function f is a supra pairwise fuzzy continuous
if both the function f: (X,s;) = (Y,s;) and f: (X, t;) — (Y, t3) are supra fuzzy continuous.
Definition 2.17[11]: Let (X,s;,t7) and (Y,s,,t;) are two supra fuzzy bitopological spaces and
f:(X,s1,t7) = (Y,s;,t;) be a function. Then the function f is a supra pairwise fuzzy open if
both the function f: (X,s;) = (Y,s;) and f: (X,t;) = (Y, t;) are supra fuzzy open. i.e. for
every open set u € sy, f(u) € s; and for every v € tj, f(v) € t;.

Definition 2.18[15]: Let {(X;,s;, t;):i € A} is a family of fuzzy bitopological spaces. Then the
space ([1X;,I1s;I1t;) is called the product supra fuzzy bitopological space of the family
{(X;,s;,t;):i € A}, where [[s; and []t; denote the usual product fuzzy topologies of the
families {I]s;:i € A} and {[]¢;: i € A} of the supra fuzzy topologies respectively on X.

LetS* and T* be two supra topologies associated with two topologies S and T respectively.
Let P be the property of a supra bitopological space (X, S*,T*) and FP be its supra fuzzy
topological analogue. Then FP is called a ‘good extension’ of P ‘if and only if the statement (X,
S*,T*) has P if and only if (X, w(S*), w(T™*)) has FP” holds good for every supra topological

space (X, S*,T™).

3.a—T,(I),a—T,(II),a— T,(II) AND T,(IV) SPACES IN SUPRA Fuzzy
BITOPOLOGICAL SPACE
In this section, we have given some new notions of « — T, suchas a — T,(i), a — T, (ii), a —
T, (iii) and T, (iv) spaces in supra fuzzy bitopological spaces. We also discuss some properties
of them and establish relationships among them by using these concepts.
Definition 3.1: Let (X, s*, t*) be a fuzzy bitopological space and a € I, then

(@ (X,s*, t")is a pairwise a — T, (i) space if and only if for all distinct elements x,y € X,

there exists u € s* and there exists v € t* suchthatu(x) =1 =v(y)and unv < a.
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(b) (X,s*, t*) is a pairwise a« — T, (ii) space if and only if for all distinct elements x,y € X,
there exists u € s* and there exists v € t* such that u(x) > a,v(y) >aand unv =
0.
() (X,s*, t")isapairwise a — T,(iii) space if and only if for all distinct elements x,y € X,
there exists u € s* and there exists v € t* such that u(x) > a,v(y) >aand unv <
a.
(d) (X,s*,t*)is a pairwise T,(iv) space if and only if for all distinct elements x,y € X,
there exists u € s* and there exists v € t* such that u(x) > 0,v(y) >0and unv =
0.
Lemma 3.1: Suppose (X,s*,t*) is a bitopological space and « € I;. Then the following
implications are true:
(@ (X,s* t*) is a pairwise a — T,(i) implies (X,s*, t*) is a pairwise a — T, (iii) implies
(X,s™, t*) is a pairwise T, (iv).
(b) (X,s*, t*)is a pairwise a — T,(ii) implies (X,s*,t*) is a pairwise a — T, (iii) implies
(X,s*, t*) is a pairwise a — T,(iv).
Proof: Suppose that (X, s*, t*) is a pairwise a — T,(i). We have to prove that (X,s*, t")is
a pairwise a — T, (iii). Let x and y be two distinct elements in X. Since (X, s*, t*) is a pairwise
a — T,(i), for a € I, ,by definition there exists u € s* and there exists v € t* such that
u(x) =1=wv(y)and unv < a, which shows that there exists u € s* and there exists v € t*
such that u(x) > a, v(y) >a and unv < a .Hence by definition (c), (X,s",t*) is a
pairwisea — T, (iii). Also we see that u(x) >0, v(y) >0andu nv < 0. Hence (X,s", t") isa
pairwisea — T, (iv).
Suppose (X, s*, t*) is a pairwise @ — T,(ii). Then forx,y € X, x #y there exists u € s*
and there exists v € t* such that u(x) > a,v(y) > eaand unv =0, for a € I;. Which shows
that that u(x) > a, v(y) > aand un v < a. Hence by definition (c), (X,s* t*) is a pairwise

a — T, (iii) and hence (X, s*,t*) is a pairwise a — T, (iv).



944
MD. HANNAN MIAH, MD. RUHUL AMIN

The following examples show the non-implications among pairwise a — T, (i), a — T, (ii), o —
T, (iii) and T, (iv) spaces.
Example 3.1: Let X={x, y}and u,v € I¥ are defined by u(x) = 0.52,u(y) = 0 and v(x) =
0,v(y) =0.52. The supra fuzzy topologies s* and t* on X are generated by {0, u, 1,
constants} and {0, v, 1, constants} respectively. For a« = 0.42, we have u(x) =0.52 >
0.42,v(y) >042andunv =0. This according to the definition (X,s*,t*) is
a pair wise T, (ii) but (X, s*, t*) is not a pairwise a — T, (i).
Example 3.2: Let X={x, y}and u,v € I¥ are defined by u(x) = 1,u(y) = 0.43 and v(x) =
0.43,v(y) =1. The supra fuzzy topologies s* and t* on X are generated by {0, u, 1,
constants} and {0, v, 1, constants} respectively. For a = 0.78, we have u(x) = 1,v(y) =
land and unv < a. This according to the definition (X,s*, t*) is a pairwise a — T, (i) but
(X,s*,t*) is not a pairwise a — T, (ii).
Example 3.3: Let X= {x, y} and u,v € I* are defined by u(x) = 0.93,u(y) = 0.45 and
v(x) = 0.32,v(y) = 0.93. Consider the supra fuzzy topologies s* and t* on X are generated by
{0, u, 1, constants}and {0, v, 1, constants} respectively. For a = 0.60, it can easily show
that (X,s*,t*) is apairwise a — T,(iii) but (X,s* t*) is not a pairwise a —
T,(i) and (X, s™, t*) is not a pair wise a — T, (ii).
Example 3.4: Let X={x, y} and u,v € I¥ are defined by u(x) = 0.46,u(y) = 0 and v(x) =
0,v(y) = 0.36. Let the supra fuzzy topologies s* and t* on X are generated by {0, u, 1,
constants} and {0, v, 1, constants} respectively. For a = 0.52 it can be easily shown that
(X,s*,t*) is pair wise a — T,(iv) but (X,s* t*) not pair wise a — T, (i) and (X, s*,t*) not
pair wise @ — T, (ii) and (X,s*,t*) not pair wise a — T, (iv). This completes the proof.
Lemma 3.2: Let (X,s", t*) is a supra fuzzy bitopological space and a,f € [; with0 < a < <
1, then

(@) (X,s* t*) is a pairwise a — T, (i) implies (X, s*, t*) is a pairwise 8 — T, (i).

(b) (X,s*, t*) is a pairwise B — T, (ii) implies (X,s*, t*) is a pairwise a — T, (ii).
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(c) (X,s* t*) isapairwise 0 — T, (ii) implies (X,s* t*) is a pairwise 0 — T, (iii).
Proof: (a)Suppose (X,s*,t*) is a pairwise a — T,(i). We have to show that (X,s*,t*) is
a pairwise B — T, (i). Let any two distinct points x,y € X. Since (X,s*,t*) is a pairwise a —
T, (i), for a € I, , there exists u € s* and there exists v € t* such that u(x) =1 = v(y)and
unuv < a.This implies that tu(x) =1 =v(y)and unv < B, since0 <a <p <1 . Hence
by definition (X, s*, t*) isa pairwise § — T, (i).
(b)Suppose (X,s*,t*) is a pairwise 8 —T,(ii) . We have to show that (X,s*, t*) is a
pairwise a — T, (ii) . Then for x,y € X, x # y , there exists u € s* and there exists v € t* such
that (x) > B,v(y) > Band unwv =0, for g € I,. This implies that (x) > a,v(y) > aand un
v=20,as <a < p < 1. Hence by definition (X,s*, t*) is a pairwise a — T, (ii).
(c) The proof is trivial.
Example 3.5: Let X={x, y}and u,v € I* are defined by u(x) = 1,u(y) = 0.61 and v(x) =
0.81,v(y) =1. . Let the supra fuzzy topologies s* and t* on X are generated by {0, u, 1,
constants} and {0, v, 1, constants} respectively. Then by definition for @ = 0.34 and g =
0.85; (X,s*,t*) is a pairwise g — T, (i) but (X,s*, t*) is not a pairwise a — T, (i).
Example 3.6: Let X={x, y} and u,v € I* are defined by u(x) = 0,u(y) = 0.74 and v(x) =
0.86,v(y) = 0. . Let the supra fuzzy topologies s* and t* on X are generated by {0, u, 1,
constants} and {0, v, 1, constants} respectively. Then by definition for @ = 0.35 and 8 =
0.84; (X,s*, t*) is a pairwise a — T, (ii) but (X,s*, t*) is not a pairwise 8 — T, (ii).
Theorem 3.1: Suppose (X,S*,T*) is a supra fuzzy bitopological space and a € I;. Suppose the
following statements:
(1) (X,S*,T*) be a pairwise T, space.
(2 (X, w(S"),w(T*)) be a pairwise a — T, (i) space.
) (X, w(S™),w(T™)) be a pairwise a — T, (ii) space.
4) (X, w(S"),w(T")) be a pairwise a — T, (iii) space.

(5) (X, w(S™), w(T™)) be a pairwise T, (iv) space.
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The following implications are true:

@DW=2D=>@=06)=1).

b D=C)=@®=>06)=D).
Proof: Suppose (X,S*,T*) be a T, bitopological space. We have to prove that
X, w(S"), w(T")) be a pairwise a — T, (i) space. Suppose X and y are two distinct elements in
X. Since (X,S*,T*) be a pairwise T, space, there exists U € S* and there exists V € T*such that
x€U,yeV and UNnV =¢. By the definition of Isc, we have I, € w(S*) and I, €
w(Tand Iy(x) =1,I,(y) =1and Iy(x) n I,(y) =0.If I, n I, # 0, then there exists z €
X such that Iy(x)N I,(y) #0 implies ze U,z€eV implies zeUNV=UNV #¢, a
contradiction. So that Iy N I, = 0, and consequently (X, w(S*),w(T*)) be a pairwise a —
T, (i). Also we see that (X, w(S™), w(T™)) be a pairwise a — T, (ii).
Further it is easy to show that (2) = (3), (3) = (4) and (4) = (5).
We therefore prove that (5) = (1). Suppose (X, w(S*),w(T*)) be a pairwise T, (iv) space.
We have to prove that (X,S*, T") be a pairwise T, space. Let x,y € X, and x # y. Since
X, w(S"),w(T")) be apairwise T, (iv), there exists u € w(S*) and there exists v € w(T")
such that u(x) > a,v(x) >aandunv<a. We have u!(a,1] € S*andv1(a,1] €
T* ,a€l;, and x € u (e, 1],y € v (a,1]. Moreover u (a,1] N v 1(a,1] = ¢. For if
zeu (a1l n v i(a,1], then z€eu(a,1]andz € v=1(a,1] implies that u(z) >
a and v(z) > a implies (u N v)(z) > a, a contradiction as (u N v)(z) < a . Hence (X,S*, T™)
be a pairwise T, space. Thus it seen that pair wise @ — T,(p) is a good extension of its
bitopological counterpart (p=lI, ii, iii, iv).
Theorem 3.2: Let (X,s*,t*) be a supra fuzzy bitopological space, « € I; and letI,(s*) =
ful(a,1):ues}and I,(t*) = {v 1(a,1):v € t*}, then

(@ (X,s* t*)is a pairwise a@ — T, (i) implies (X, I,(s*),1,(t*)) is a pairwise T5.

(b) (X,s*, t*) isapairwise a — T, (ii) implies (X, I,(s*),1,(t")) is pairwise a Ty.
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(c) (X,s% t) is pairwise a — T, (iii) if and only if (X,1,(s*),1,(¢*)) is a pairwise T;.

Proof: (a) Let (X,s*,t*) be a supra fuzzy bitopological space and (X, s, t*) is a pairwise a —
T, (i). Suppose x and y be two distinct elements in X. Then for a € I,, there exists u € s* and
there exists v €t* such that u(x) =1=v(y)and unv <a.But for every a€l; ,
u (e, 1) €1,(s), vi(a 1) €l (t) andy e v i(a,1), x€ul(a,1) and u(a,1)Nn
v i(a,1) =¢ asunv < a.Wehave (X,1,(s*),I,(t*)) is a pairwise T, space.

(b) (X,s*,t*) is a pairwise a — T, (ii). Then for any two distinct elements in X, there exists

u € s* and there exists v € t* such that u(x) > a,v(y) >aand unv =0 fora € I;. But
for every a € I;, u " (a,1) € I,(s*), v i (a,1) €I, (t") and y € v 1(a, 1), x Eu(a,1)
and v Y(a,D)Nnv i (a,1)=¢ a unv=0. We have that (X,1,(s*),I,(t*)) is
a pairwise T, space.

(c)Suppose (X,s*, t*) is a pairwise a — T,(iii) . We have to prove that (X,s*,t*) is
a pairwise T, space. Letx,y € X,x # y, then for € I, , there exists u € s* and there exists
v € t* such that u(x) > a,v(y) > aand unv < a.But forevery a € I, u"(a, 1) € I,(s*),
v (e, 1) el (t)and yevi(a 1), xEul(a,1) andu(a,1)Nvi(a,1)=¢ asun
v < a. Hence it is clear that (X, s, t*) is a pairwise T, space.
Conversely suppose that (X,1,(s*),I,(t*)) is a pairwise T, space. Let x,y € X,x # y. Since
(X, 1,(s7),1,(t*)) is a pairwise T, space, there exist U € I,(s*) and there exists V € I,(t*)
suchthatx e U,y e VandU NV = ¢. Againsince U € I,(s*) and V € I,(t*), sowe get u € s*
and v € t*such that U = u=1(a,1) and V = v~1(a,1). This implies that u(x) > a,v(y) > «a
and u g, DNnvi(a,)=¢ = wnv) a,l]l=¢ ie, unv<a. So we see that
(X,s*,t*) is a pairwise a — T, (iii).
This completes the proof.

Example 3.7: Let X= {x, y} and u,v € I are defined by u(x) = 0.72,u(y) = 0.24 and

v(x) = 0.34,v(y) = 0.68. . Let the supra fuzzy topologies s* and t* on X are generated by
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{0, u, 1, constants} and {0, v, 1, constants} respectively. Then by definition for « = 0.53
(X,s*,t*) is not a pairwise a —T,(i) . Now let [,(s*) = {X, ®, {x}} and let I,(t*) =
{X, 0,{y}}. Then we see that I, (s*) and I,(t*) are supra topology on X and (X, I,(s*), [(t")) is
a pairwise T, space. This completes the proof.
Similarly it can easily prove that (X, s*, t*) is a pairwise a — T, (ii) implies (X, I,(s*),1,(t")) is
pairwise a T,.
Theorem 3.3: Let (X, s, t*) be a supra fuzzy bitopological space. A € X and

sy ={u/A:u€s*} and t; = {v/A:v € t*} .Then

(@) (X,s*,t*) isapairwise a — T, (i) implies (4, sy, t;) is a pairwise a — T, ().

(b) (X,s*, t*) isapairwise a — T, (ii) implies (4, s}, t;) is a pairwise a — T, (ii)

() (X,s*, t") isapairwise a — T, (iii) implies (4, s}, t;) is a pairwise a — T, (iii).
Proof: (a) Suppose that (X,s*,t*) is a supra fuzzy bitopological space and (X,s*,t*) is a
pairwise a — T, (i) space. Let x,y € Awithx # y. So thatx,y € X as A c X. Since (X,s", t")
is a pairwise a — T, (i), for a € I . Then for a € I, there exists u € s* and there exists v €
t* such thatu(x) =1=v(y)and unv <a .ForAC X, we have u/A € s;,v/A€t; and
(u/A)(x)=1,(v/A)(y)=1, and u/Anv/A<a. Hence by definition (4,s;,t;) is a
pairwise a — T, (i).
(b)Suppose (X,s*,t*) is a pairwise a@ — T, (ii) space. Let x,y € Awithx # y. So thatx,y € X
as A € X. Since (X,s*, t*) isapairwise a« — T,(ii), for « € I, , Then for a € I;, there exists
u € s* and there exists v € t* such that u(x) > a,v(y) >aand unv =0..ForA € X, we
have u/A € s;,v/A€et, and (u/A)(x)>a,(v/A)(y)>a and u/ANnv/A=0. Hence by
definition(4, s, t3) is a pairwise a — T, (ii).
(c)Suppose (X,s*, t*) is a pairwise a — T, (iii) space. Let x,y € Awith x # y. Sothat x,y € X
as A € X. Since (X,s*,t*) isapairwise a — T, (iii), for a« € I, , Then for a € I, there exists

u € s* and there exists v € t* such that u(x) > a,v(y) >aand unv < a..For4A c X, we



949
SOME FEATURES OF PAIRWISE «a — T, SPACES

have u/A € s;,v/Aet;, and (u/A)(x)>a,(v/A)(y)>a and u/ANv/A < a. Hence by
definition(4, sy, t3) is a pairwise a — T, (iii)

Theorem 3.4: Suppose { (X;, s/, t;),i € A} is a family of supra fuzzy bitopological spaces and
(I1X: I1s;, 11t = (X, s*, t*) be the product topological space on X, then

(@ VieA (X;,s{,t]) isapairwise a — T,(i) if and only if (X, s*,t*) is a pairwise a —

T,(0) .

(b) VieA (X;,s{,t]) isapairwise a — T,(ii) ifandonly if (X,s*,t*) is a pairwise a —
T, (ii) .

() VieA (X;,s;{,t]) isapairwise a — T, (iii) if and only if (X, s*, t*) is a pairwise a —
T, (iii) .

Proof: (a) Suppose Vi € A, (X;,s;,t;) is apairwise @ — T,(i). Let x,y € X with x # y, then
x; # y;, for some i € A. Since (X;,s;,t;) isa pair wise — T, (i), for a € I; ,there exists u; €
s;, v €t/ ,i € Asuch that u;(x;) =1=v;(y;) and y; Nv; < a. But we have m;(x) = x;
and m;(y) =y; . Thus u;(m;(x)) =1 =v;(m;(y)) and (u;Nv))em; <a . Hence (u;eo
m)(x) =1=W;om)(y)and (u;om;) N (viom;)) <a.Putu=wu;om; ,v=v;0m, thenu €
s*, vet® with u(x)=1=v(y) and unv <a. Hence by definition (X,s*,t*) is
a pairwise a — T, (i) .

Conversely, suppose that (X,s*,t*) is a pairwise @ — T, (i). For some € A. Let a; be a fixed
point in X; and A; = {x € X = [[;eaXi:x; = a; , for some i # j }. Thus 4; is a subset of X and
hence (4;,s4,ts,) is also a subspace of (X,s*,t*). Since (X,s",t*) is a pairwise a — T, (i),
(A sata,) is also a pairwise a — T,(i). Now we have 4; is homeomorphic image of X;. Thus
(X, s/, t;) ,i € A isapairwise a — T, (i).

(b) Suppose Vi € A, (X;,s{,t;) isapairwise @ — T, (ii). Let x,y € X with x # y, then x; # y;,
for some i € A. Since (X;,s/,t;) is a pair wise — T,(ii), for a € I, ,there exists u; € s/, v; €

t;, i € A such that u;(x;) > a,v;(y;) >a and y;Nv; =0. But we have m;(x) = x;
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and m;(y) =y;. Thus u;(m;(x)) > a,v;(r;(y)) >a and (y; Nv;)om; =0. Hence (u; e
m;)(x) > a,(vyem)(y) >aand (u;em) N(vyom;) =0. Put u=u;om; , v=1v;om, then
u€es*, vet* with u(x) > a,v(y) >a and unv =0. Hence by definition (X,s* t*) is
a pairwise a — T, (ii).
Conversely, suppose that (X,s*, t*) is a pairwise a — T, (ii). For some i € A .let a; be a fixed
point in X; and A; = {x € X =[lieaXi:xj = a; , for some i ij}. Thus 4; is a subset of X and
hence (4;,s4,t,) is also a subspace of (X,s",t*). Since (X,s",t") is a pairwise a — T, (ii),
(Aysata,) is also a pairwise a — T, (ii). Furthermore A; is homeomorphic image of X;. Thus
(X, s{,t7) ,i € Aisapairwise a — T, (ii).
(c) Suppose Vi € A, (X;,s{,t) is a pairwise a — T, (iii). Let x,y € X with x # y, then x; #
y;, for some i € A. Since (X;,s{,t;) IS a pair wise — T, (iii), for @ € I; ,there exists u; € s/,
v; €t;,i € A such that u;(x;) > a,v;(y;) >a and y; Nv; < a. But we have m;(x) = x;
and m;(y) =y;. Thus u;(m;(x)) > a,v;(m;(y)) >a and (u; Nv;))em; < a. Hence (u;e
m;)(x) > a,(vyom(y)) >aand (ujem) N (v;em) <a.Putu=u;om; , v=uv;om, then
u€es*, vet* with u(x) >a,v(y)>a and unv < a. Hence by definition (X,s*,t*) is
a pairwise a — T, (iii) .
Conversely, suppose that (X, s, t*) is a pairwise a — T, (iii). For some i € A let a; be a fixed
point in X; and A4; = {x € X = [lieaXi:xj = a; , for some i ;tj}. Thus 4; is a subset of X and
hence (A;, s, ta,) is also a subspace of (X,s*,t"). Since (X,s*,t") is a pairwise a — T (iii),
(A sata,) isalso a pairwise a — T (iii). Furthermore A; is homeomorphic image of X;. Thus
(X;,s{,t;) ,i €A isapairwise a — T, (iii).
Theorem 3.5: Let (X, s7,t7) and (Y, s, t;) be two supra fuzzy bitopological spaces. f: X — Y be
one-one, onto and open map, then

(@) (X,s1,t7) isapairwise a — T, (i) implies (Y, s;,t;) is a pairwise a — T, (i).

(b) (X, s1,t7) is a pairwise a — T, (ii) implies (Y, s3, t;) is a pairwise a — T, (ii).
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(€) (X,s1,t7) is apairwise a — T, (iii) implies(Y, s;, t;) is a pairwise a — T, (iii).

Proof: (a) Suppose (X,si,t7) is a pairwise @« — T,(i). We have to prove that (Y,s;,t;) is
a pair wise a — T,(i). Let y;,y, €Y with y; #y,, there exist x;,x, € X with f(x;) =
v1, f(x3) = y,,since  f is onto and x; # x, as f is one-one. Again since (X,si, t7) Is
a pair wise a — T, (i) ,« € I, there exists u € s; and there exists v € t; such that u(x;) =
l1=v(x)andunv < a.
Now f(u)(y1) = {sup u(xyy: f(x1) = y1}

=1.
fW)(,) = {SUP U(xZ) f(xp) = 3’2}

=1,
and f(u N v)(yy) = {sup(u N v)(xyy: f(x1) = ¥4}

funv)(y2) = {sup(u N v)(xz : f(x2) = ¥z}

Hence flunv) <a= fu)nfw) < a.
Since fisopen, f(u) €Es;asu € sy, f(v) €t; ,asv € t; . We observe that f(u) € s; , f(v) €
t; such that f(w)(y1) =1, f(Ww)(y,) =1 and f(u) N f(v) <a .Hence by definition
(Y,s;,t;) is a pair wise a — T, ().
(b) Suppose (X,s;,t7) is a pairwise a — T,(ii) . We have to prove that (Y,s;,t;) is
a pair wise a — T, (ii). Let y;,y, €Y with y; #y,, there exist x;,x, € X with f(x;) =
yv1, f(x;) = y,,since  f is onto and x; # x, as f is one-one. Again since (X,sj, t7) is
a pair wise a — T, (ii) ,a € I;, there exists u € s; and there exists v € t; such that u(x;) >
a,v(x;)>aandunv=0.
Now f(w)(y1) = {SUP u(xyy: f(xq) = J’1}

> a.
f)(y2) = {SUP U(xZ) fx) = }’2}

> a,
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and f(u N v)(yy) = {sup(u N v)(xy): f(x1) = ¥4}
funv)(y,) = {SUP(u Nv)(xz: f(xz) = YZ}

Hence f(unv) =0= f(w) n f(v) =0.
Since fisopen, f(u) €Es;asu € s, f(v) €t; ,asv € t; We observe that f(u) €s;, f(v) €
t; such that f(w)(y;) >a , f(v)(y,) >a and f(uw) N f(v) =0 .Hence by definition
(Y,s;,t;) is a pair wise a — T, (ii).
Similarly (c) can be proved.
Theorem 3.6: Let (X, sq,t7) and (Y, s3, t;) be two supra fuzzy bitopological spaces. f: X - Y
be continuous and one-one map, then

(@) (Y,s;3,t3) isapairwise a — T, (i) implies (X, s1,t7) is a pairwise a — T, (i).

(b) (Y,s3,t3) isapairwise a — T, (ii) implies (X, s7, t7) isa pairwise a — T, (ii).

(©) (Y,s;,t3) is apairwise a — T, (iii) implies (X, s{, t7) is a pairwise a — T, (iii).
Proof: (a) Let (Y,s;,t;) is a pairwise a — T,(i) . We have to prove that (X,s;, t7) is a
pairwise a — T, (i). Let x;,x, € X with x; # x, , then f(x;) # f(x,) in Y, since f is one-
one. Also since (Y,s;,t;) is a pairwise @ — T, (i), @ € I, there exists u € s; and there exists
v € t; such that u(f(xl)) =1=v(f(xy)) and unv < a . This implies that f~1(u)(x,) =
L 'W)(x) =1 and fY(unv) <aimpliess fl(w)nf1(v)<a. sinceuc€es, ,vet,
and f is continuous, then f~1(u) € s7, f1(v) € t;.
Now it is clear that there exists f~1(u) € s; and there exists f~1(v) € t; such that
() =1, tW)(x) =1 and frfw)nf i) <a. Hence (X,si,t}) s
a pairwise a — T, (i).
(b) Let (Y,s;,t5) is a pairwise a — T, (ii). We have to prove that (X, s7, t7) is a pairwise a —
T,(ii). Let xq,x, € X with x; # x,, then f(x;) # f(x;) inY, since f is one-one. Also since
(Y,s5,t5) is a pairwise a — T, (ii),x € I;, there exists u € s; and there exists v € t; such that

u(f(x1)) > a,v(f(xz))> aand unv=0. This implies that f~1(w)(x1) > a, f 1 (¥)(xz) >
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a and f~Y(unv) =0 implies f*(w)nf l(v)=0. since u€s; ,vet;, and f is
continuous, then f~1(u) € s7, f~1(v) € t].

Now it is clear that there exists f~1(u) € s; and there exists f~1(v) €t; such that
() > a, f 1w (xp) >a and fY(w)nf 1) =0. Hence (X,s;,t]) s
pairwise a — T, (ii).

Similarly (c) can be proved.

CONCLUSION

One of the important results of this paper is introducing some new notions of supra fuzzy
pairwise a — T, bitopological spaces. We represent their good extension, hereditary, productive
and projective properties. These concepts would be very helpful for future research work in

supra fuzzy bitopological spaces.
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