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Abstract. In this paper, we study A-constacyclic codes over the ring R = Z3[u,v]/(u> — u,v?,uv,vu) for A =
(1+u),(2+2u) and 2. We introduce a Gray map from R to Z3 and show that the Gray image of a cyclic code
is a quasi-cyclic code of index 3. It is proved that the Gray image of A-constacyclic code over R is permutation
equivalent to either quasi-cyclic or quasi-twisted code according to the value of A. Moreover, we determine the

structure of (1 + u)-constacyclic codes for an odd length n over R and give some suitable examples.
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1. INTRODUCTION

Cyclic codes are an important class of linear codes in coding theory and have been studied
extensively by mathematicians for the past few decades. Traditionally, cyclic codes have been
studied over finite fields. The discovery of some good non-linear codes over Z; via Gray map
over Z4 in [9] had motivated the study of cyclic codes over the finite rings. Since then, there
are a lot of works about cyclic codes and their generalizations over finite rings. Some of these

works have been discussed in [1, 4, 15, 21].
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Constacyclic codes are one of the remarkable generalizations of cyclic codes and many times
it has been seen that some linear codes with better parameters are found by using consta-
cyclic codes. In [19], the authors studied linear (1 4 u)-constacyclic codes and cyclic codes
over Fp + ulF,, u* = 0 and characterised codes over F, which are the Gray images of (1 + u)-
constacyclic codes or cyclic codes over [, + ulf,. Later, Karadeniz and Yildiz [13] introduced
(1 4 v)-constacyclic codes over F, + ulFy 4+ vIF, + uvlF, and constructed some optimal binary
codes as the Gray images of the (1 4 v)-constacyclic codes over the ring. In [3], Bayram and
Siap introduced the finite ring Z3[v]/(v? —v) and studied the algebraic structures of cyclic and
constacyclic codes over the ring. Later, Dertli, Cengellenmis and Eren [6] studied the struc-
tures of cyclic, constacyclic, quasi-cyclic and their skew codes over the finite commutative ring
Z3 + vZ3 + v*Zs, where v3 = v. They determined a sufficient condition for 1-generator skew
quasi-constacyclic codes to be free. We can refer to [2, 5, 11, 10, 12, 16, 17, 18] for more
studies on the topic.

Recently, Ozkan, Dertli and Cengellenmis [17] introduced the finite commutative ring F, +
uilFy 4+ uplFy, u% = ul,u% = 0,u1up = upu; = 0 and studied on (1 + uy)-constacyclic codes over
the ring of odd length. It was shown that the Gray image of linear (1 + u;)-constacyclic codes
over the ring of odd length is a quasi-cyclic code of index 4 and length 4n over [F,.

Being motivated by the above listed works, in this paper we consider the commutative finite
non-chain ring R = Z3[u,v]/(u> — u,v?>,uv,vu) of order 27, which can be described as Z3 +
uZ3+vZs with u?> = u, v> = 0, uv = vu = 0, Z3 = {0, 1,2} and study A-constacyclic codes over
the ring, where A is a unit in R. The paper is organised as follows. In section 2, we give some
basic structures of the ring R and recall standard definitions of codes. Next, we introduce a Gray
map from R to Z% and show that the Gray image of cyclic code is a quasi-cyclic code of index
3. In section 4, we prove that the Gray image of (1 + u)-constacyclic and (2 + 2u)-constacyclic
codes over R are permutation equivalent to a quasi-cyclic and quasi-negacyclic codes over Z3,
respectively. The structure of (1 4 u)-constacyclic code is discussed in Section 5 and provide

some suitable examples. Section 6 concludes the paper.
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2. PRELIMINARIES

Let R = Z3[u,v]/(u* — u,v*,uv,vu) and Z3 = {0,1,2}. Then R = {a+ub +vc | a,b,c € 73}
i1s a commutative ring with cardinality 27 and characteristic 3. The set of units of the ring is
U={1,2,(14u),(14+v),(1+2v),(24v),(2+2u),(2+2v), (1 +u+v),(1+u+2v), 2+2u+
v), (24 2u+2v)}. These units can be seen as Uy = {1,2,(14+u), 2+2u)} ={A € U|A*> =1}
and Uy = {(14+v), (1 +2v),2+v),24+2v),(1 +u+v), (1 +u+2v),(2+2u+v),(2+2u+
2v)} = {A € U|A? # 1}. In this work, we use units - 2, (14 u) and (2 +2u) of the ring R in the
following discussions. The ideals of the ring R are
Iy={0}, I, =R, I, ={0,u,2u}, I, = {0,v,2v},

Lo ={0,v,2v, 14+ 2u,2 4 u, 1 +2u+v,1 +2u+2v,2+u+v,2+u+2v}, and
Ly = {0,u,v, 20, 2v,u+ v, 2u+ v,u+2v,2u+ 2v}.

Clearly, R is a semi-local ring with two maximal ideals /17, and I,4, and it is a finite non-
chain ring. The ring R is isomorphic to the ring Z3 + uZ3 +vZz with u*> = u,v*> = 0 and uv =
vu =0.

The following are some of the definitions that will be used in the sequel. For other ba-
sic terms and results not mentioned here, we refer [7, 14, 20]. A linear code C over R of
length n is a R-submodule of R". An element of C is called a codeword. A cyclic code
C of length n over R is a linear code with the property that if ¢ = (co,c1,¢2,...,cn—1) € C,
then o(c) = (¢y—1,¢0,¢1,-..,cn—2) € C. © is called cyclic shift operator from R" to R". A
linear code C of length n over R is A-constacyclic code if ¢ = (cop,c1,¢2,...,cn—1) € C, then
1 (¢) = (Acp—1,¢0,C15 .-y cn—2) € C, where A is a unit in R. 7y, is called A-constacyclic shift op-
erator from R" to R". If A = —1, then the constacyclic code is called a negacyclic code. We can
identify each codeword ¢ = (cg, ¢y, ¢, ...,c,—1) € C with a polynomial ¢(x) = co+ c1x + cox* +
o 1"V € R, = R[x]/(x" — 1). With the help of this one-one correspondence between C

and R,,, we have the following results.

Proposition 2.1. A subset C of R" is a cyclic code of length n if and only if its polynomial

representation is an ideal of R, = R[x]/{x" — 1).
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Proposition 2.2. A subset C of R" is a constacyclic code of length n if and only if its polynomial

representation is an ideal of R, 5, = R[x]/(x" — 4).

Definition 2.3. [6] Leta € Z%" witha= (ag,ay,...,an, ...,a2n, ..., a3,—1) = (@) ]a(l) |a(2)), where

a) € 72 for i = 0,1,2 and “

” is the usual vector concatenation. Let p be a map from Z%" to
73" defined by p(a) = (6(aV)|c(aV)|6(a®)), where & is a cyclic shift operator from 71
to 755. A code C of length 3n over Z3 is called a quasi-cyclic code (or QC code) of index 3 if
p(C)=C.

Similarly, a code C of length 3n over Z3 is called a quasi-negacyclic code of index 3 if n(C) =C,

where (a) = (t(a?)|t(a)|t(a'?))) and 7 is a negacyclic shift operator from 71 to 75,

3. GRAY MAP AND CYCLIC CODES OVER R

In this section, we introduce a Gray map ¢ on the ring R and consider the algebraic structures
of cyclic codes over the ring R.

In order to connect the structure of the ring R with Z3, we define the Gray map ¢

¢:R— 73

by o(a+ub+vec) = (a+2b,b,c),

where a+ub+vce R and a,b,c € Zs.

From the definition, we observe that
6(0) = (0,0,0),6(1) = (1,0,0),6(2) = (2,0,0),6 (1) = (2,1,0), 6 (v) = (0,0,1), 9 (2u) = (1,2,0),
0 (2v)=(0,0,2),0(1+u)=(0,1,0),¢(1+v)=(1,0,1),¢(24+u) = (1,1,0),9(2+v) = (2,0,1),
o(1+2u) =(2,2,0),0(1 +2v) = (1,0,2),¢(2 + 2u) = (0,2,0),¢(2+ 2v) = (2,0,2),0 (u+
v)=(2,1,1),0Qu+v) = (1,2,1),¢(u+2v) = (2,1,2),0 2u+2v) = (1,2,2),¢(1 +u+v) =
(0,1,1),0(14+2u+v)=(2,2,1),¢(1+u+2v)=(0,1,2), 0 (1 4+ 2u+2v) = (2,2,2),0(2+u+
v)=(1,1,1),0(2+2u+v) =(0,2,1),¢0(24+u+2v) = (1,1,2) and ¢ (2+2u+2v) = (0,2,2).

It can be easily checked that ¢ is bijective. The map ¢ can be extended in a natural way to

R" component-wise. For p = (po, p1,-..,Pn—1) € R", ¢ can be defined as follows:

¢:R"— 73
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by
(1) (p(pO?pl?"'?pn*l) - (a0+2b07a1 +2b17"'7an71 +2bn717b07b17"'7bn717C07cla"'7Cn71)7

where p; =a;+ub;+vc; € Rand a;,b;,c; € Z3fori=0,1,....n—1.

Let C be a linear code of length n over R. For any r = (rg,ry,...,r,—1) € C the Hamming
weight wg () is defined as the number of non-zero components in r. The minimum Ham-
ming weight wy(C) of a code C is the smallest weight among all its non-zero codewords.
For r = (ro,r1,...,ry—1) and ¥’ = (ry, 7}, ...,r,_,) in C, the Hamming distance between r and
v’ is defined by dy(r,r") = wy(r — r’) and the Hamming distance for a code C is defined by
dp(C) = min{dy(r,r)|r,r € C}.

The Lee weight of any element r = (rg,ry,...,r,—1) € R" is defined by wy(r) = ni:]wL(r,-),
where wy (r;) = wy (a; +2b;,b;, c;) for ri = a;+ub;j+vc; €R,i=0,1,....n—1. The Lele:?ﬁstance
for the code C is defined by d;(C) = min{d.(r,r') |r # ¥ ,Yr,r' € C}, where d(r,) is the Lee

distance between r and ’ defined by dy (r,r') = wr(r—r').

Theorem 3.1. The Gray map ¢ : R" — Z%” is a distance preserving Z3-linear map from R"

(with respect to Lee distance, dy) to Zg" (with respect to Hamming distance, dp ).

Pl’OOf: LetP: (p07p17"'7pn—1)7 q= (%;%;---a%—l) € R", where Di :ai+ubi+vci7
gi=ei+ufit+vgiec Rfori=0,1,....n—1and o € Z3. Then

¢(p+q) =0(Po+q0,P1 +q1, .- Pt + qn—1)
=(ao+eo+2(bo+ f0),--,an-1+en—1+2(bp—1+ fu-1),b0 + fo,
cosbn 1+ fue1, €0+ 8055 Cn1 + gn—1)
=(ao+2bo,...,an—1 +2by—1,bo,...,bp—1,€0, ..., Cn—1)
+ (€0 +2f0, - en—1+2fn—1,f0, > fn—1,805 -+, &n—1)

=¢(p)+¢(q)-
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And,

(X¢(p) :(X(a() —|—2b0, 7 | +2bn_1,b(), ...,bn_l,C(), ...,Cn_l)

=(aap+2aby,...,0a,—1 +20ab,_1,aby,...,Ab,_1,0cp, ..., kCy—1)
=¢(ap).

Hence, ¢ is a Z3z-linear map.

Since ¢ is a linear map, we have ¢ (p —q) = ¢(p) — ¢(g), for any p, g € R". By the definition

of the Lee distance, we have dr.(p,q) = wr(p —q) = wua(¢(p —q)) = wu(d(p) — ¢(q)) =
du(¢(p),9(g)). This shows that ¢ is a distance preserving Z3-linear map. O

Theorem 3.2. IfC is a linear code of length n over R with cardinality |C| = 3K and Lee distance

dr, then the Gray image ¢(C) is a [3n,k,dy| linear code over Z3.

Proof. Since C is a linear code of length n over R with |C| = 3k p+qgeC and ap € C forany

P,qER", €75 Let ¢(p), ¢(q) € ¢(C) and o € Z3. Then ¢(p)+d(q) = d(p+4q) € ¢(C)
asp+qgeC and ad(p)=¢(ap) € ¢(C) asap € C. So, ¢(C) is alinear code.
From the definition of ¢ and Theorem 3.1, we observe that ¢(C) is a [3n,k,dy] linear code

over Z3 with dp, = dy. O

Example 3.3. IfC = {(0,0,0), (v,v,v),(2v,2v,2v), (4,0,0), (2u,0,0), (u+v,v,v), (u+ 2v,v,v),
(2u+v,v,v), (2u+2v,2v,2v)}, then C is a linear code of length 3 over R and ¢ (C) is a [9,2,2]

linear code over Zs.

Theorem 3.4. Let ¢ be the Gray map from R" to Z%". Let © be the cyclic shift operator and p

be the quasi-cyclic shift operator as defined in the preliminaries. Then ¢ 0 = p .

Proof. Let p = (po,p1,...,Pn—1) € R", where p; = a;+ub;+vc; € R and a;,b;,c; € Z3, fori =
0,1,...,.n—1. Now, ¢(p) = (Cl() +2bg,ay +2by,...,ay,—1 +2b,_1,bo,b1,....,by_1,co,cC1, ...,Cnfl).
Applying p on both sides, we get

P¢(P) :p<a0+2b07a1 +2b17 celpn—1 +2bn—17b07b17"'7bn—17C07C17 "'7Cn—1)

:(anfl +2bn717a0 +2b07 "'7an72 +2bn725bn717b07 "'7bn727Cn717C07 "'7Cn72)'
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On the other hand, we have
o (p) =0 (Pn-1,P0; s Pn-2)
=(ap—1+2by—1,a0+2bo,...,an—2+2by_2,by_1,bo,...,bp_2, Cy_1,€0, .-, Cn—2).
S 0o =po. OJ

Corollary 3.5. Let C be a subset of R". Then C is a cyclic code of length n over R if and only if

the Gray image ¢ (C) is a quasi-cyclic code of index 3 over 73 with length 3n.

Proof. Suppose C is a cyclic code of length n over R. Then 6(C) = C. Applying ¢ on both
sides, we get ¢o(C) = ¢(C). Also, by Theorem 3.4, p¢(C) = ¢o(C) = ¢(C). This shows that
¢ (C) is a quasi-cyclic code of index 3 over Z3 with length 3n.

Conversely, let us assume that the Gray image ¢ (C) of C is a quasi-cyclic code of index 3
over Z3 with length 3n. Then p@(C) = ¢(C). By Theorem 3.4, ¢ 5(C) = p¢(C) = ¢(C). Since
¢ is injective, it follows that 6(C) = C. This shows that C is a cyclic code of length n over

R. O
We can consider the permutation version ¢, of the Gray map ¢ defined on R" — Z%” as
¢7‘L'(p07p17"'7pn71) = (¢(p0)7¢(p1)77¢<pn71))
= (ao +2bo, bo, co,ai +2b1,by,c1, - san—1 +2by1,bp1,¢0-1),

where p; = a; +ub;+vc; € R and a;,b;,c; € Z3 fori =0,1,2,....,n— 1.

Using the above permutation version of the Gray map, we obtain the following results.

Theorem 3.6. Let ¢ be the Gray map from R" to Z%”, O be the cyclic shift operator and ¢ be

the permutation version of the Gray map ¢ as given before. Then ¢6 = 67 ¢y.

Proof. For any p = (po,p1,..-,Pn—1) € R", where p; = a; + ub; +vc; € R and a;,b;,c; € Z3 for
i=0,1,2,....n—1. We have, 6(p) = (pu—1,P0,P1,---» Pn—2)- Applying @, we get
(pﬂ?G(p) = ¢7r(pn—17P0>P17--->Pn—2)

= (¢(pn—l)a ¢(PO),¢([71), "‘7¢(pn—2))

- (anfl +2bn717bnflycn717a0 + 2b07b07C07 "'7an72 +2bn727bn727cn72)~
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On the other hand, we have

0z(p) = (ao +2bo, by, co,a1 +2by,by,c1,...,an—1+2bp_1,by—1,cn-1)
0 Or(p) = (cp—1,a0+2bg, bo,co,a1 +2by,by,c1,...;an—1 +2by_1,by_1)
qu)ﬂ(p) = (bnflacnflaao+2b07b07C07a1 +2b17b17C1, ---7an71 +2bn71)

G3¢7t(p) = (Cln,1 +2bn717bn71acn71:a0 +2bg, by, co, -..,an—2 +2bn727bn72acn72)-
¢756 = G3¢7c- O

Corollary 3.7. Let C be a subset of R". Then C is a cyclic code of length n over R if and only if

0z (C) is equivalent to a 3-quasi-cyclic code of length 3n over Zs.

Proof. We recall that a linear code C over the ring R is a s-quasi-cyclic if it is invariant under
the cyclic shift 6*, i.e., 6°(C) = C, where o is a cyclic shift on R".

Suppose C is a cyclic code of length n over R. Then 6(C) = C. On applying ¢, on both sides
and using Theorem 3.6, we get, 6>¢(C) = ¢(C). This shows that ¢(C) is equivalent to a
3-quasi-cyclic code of length 3n over Zs.

Conversely, let ¢ (C) be a 3-quasi-cyclic code of length 31 over Z3. Then 67 ¢(C) = ¢(C).
By Theorem 3.6, ¢z0(C) = ¢r(C). This shows that C is a cyclic code of length n over R. [

4. CONSTACYCLIC CODES OVER R

In this section, we discuss the algebraic properties of A-constacyclic codes of length n over R
with A = (14u), (2+2u) and 2. After thorough investigation, the following results are obtained

according to the value of the units in R.

Theorem 4.1. Let ¢ be the Gray map defined in equation (1), Yy 1) be the (1+u)-constacyclic
shift operator and p be the quasi-cyclic shift operator as defined in the preliminaries. Then
OV1+u) = 6P 9, where & is a permutation ofzgn defined by

O (X152, ees Xy ooy X2y 03 X30) = (XB(1)5 s XB(n)s s XB (2n)5 - » XB(3n)) With the permutation

B=(l,n+1) of 1,2,...,3n.
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Proof. Let p = (po,p1,---sPn—1) € R", where p; = a; + ub; + vc; € R and a;,b;,c; € Z3, for
i=0,1,....n—1. Then
V14w (P) =0 (1 +u)pp—1,P0; -, Pn—2)
=0 (ay—1 +ulan—1+2by_1) +vey—1,a0 +ubg+vbo,...,an—2 +uby_5 +vb,_»)
=(bp—1,a0+2bg, ...,an—2 +2bp_2,ay—1 +2by—1,bo,...,bp—2,Cn—1,C0, -, Cn—2).

On the other hand, we have
po(p) =p(ao+2bo,a; +2by,...,an—1 +2by_1, bo,b1, ...;by_1,€0,C1, -, Cn—1)
=(ap—1+2by—1,a0+2bo,...,an—2+2by_2,by_1,b0, ... by_2,Cp—1,€0,C1y-sCpn—2)-
Applying & on both sides, we get

5p¢(p> :5(61”*1 +2bn717a0 +2b07 -~-7an72 +2bn725 bn717b07 ---abn727cn717C07 -~-7Cn72)

=(bp—1,a0+2bo, ...,an—2 +2by_2,an_1+2b,_1,bg,...,by_2,cn_1,C0,...,Cn—2).
Vi) = 6P9. -

Corollary 4.2. A code C is a (14 u)-constacyclic code of length n over R if and only if ¢ (C) is

a permutation equivalent to a quasi-cyclic code of length 3n and index 3 over Zs.

Proof. Let C be (1 + u)-constacyclic code of length n over R. Then ¥(;4,)(C) = C. Applying
¢ on both sides, we get 911, (C) = ¢(C). By Theorem 4.1, we have 6p¢(C) = ¢(C). This
shows that ¢ (C) is a permutation equivalent to a quasi-cyclic code of length 3n and index 3 over
Z3.

Conversely, if ¢(C) is a permutation equivalent to a quasi-cyclic code of length 3n and index
3 over Z3. Then 6p¢(C) = ¢(C). By Theorem 4.1, we have ¢¥;,)(C) = ¢(C). Since ¢ is
injective it follows that ¥, ,,)(C) = C. This shows that C is a (1 + u)-constacyclic code of length

n over R. ]

Theorem 4.3. Let ¢ be the Gray map defined in equation (1), Y22, be the (24-2u)-constacyclic
shift operator and M be the quasi-negacyclic shift operator as given in the preliminaries. Then

Yioioy) = ONG, where § is the permutation of 73" as defined in the Theorem 4.1.
(242u) 3
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Proof. Let p = (po,p1,-.,Pn—1) € R", where p; = a;+ub; +vc; € R and a;,b;,c; € Z3, for
i=0,1,....n—1. Then
Y2420 (P) =9 ((2+2u)pu—1,P0; -, Pn—2)
=0 (2ay—1 +u(Ray—1 +by—1) +v2cn_1,a0+ ubg + vy, ...,an—2 +uby_2 +vey_2)
=(2by—1,a0+2bg,...,an—2+2by_2,2a,—1 +by_1,bo, ..., hy—2,2Cn—1,€05 .., Cpn—2).
Also, we have
no(p) =n(ao+2bg,ay +2by,...,an—1 +2by_1, bo,b1,...,byp_1,c0,C1,...;Cpn—1)
=(—(ay—1+2by—_1),a0+2bo,...;an—2+2by_2, —by_1,b0,....bp_2,—Cp—1,€0,---,Cn—2)-
Applying 0 on both sides, we get
one(p) =06(—(an—1+2by—1),a0+2bo,...,an—2+2by_2,—bp_1,bo,....;by_2,—Cn_1,€0,...,Cn—2)
=(—=bp_1,a0+2bg,...,an—2+2by_2,—(an—1+2by_1),bo,...,by—2,—Cn—1,€0, ..., Cn—2)

:(an—laao +2b07 ooy p—2 +2bn—272an—1 +bn—lab07 ...,bn_z,ZCn_l,C(), "'7cl’l—2)‘
PYor2u) = 6N Y. U

Corollary 4.4. A code C is a (2+2u)-constacyclic code of length n over R if and only if ¢ (C) is

a permutation equivalent to a quasi-negacyclic code of length 3n and index 3 over Z3.

Proof. Let C be (2 + 2u)-constacyclic code of length n over R. Then ¥(5,,)(C) = C. Apply-
ing ¢ on both sides, we get ¢¥,2,)(C) = ¢(C). From the above Theorem 4.3, 61¢(C) =
PY2424)(C) = ¢(C). This shows that ¢(C) is a permutation equivalent to a quasi-negacyclic
code of length 37 and index 3 over Zs.

Conversely, if ¢(C) is a permutation equivalent to a quasi-negacyclic code of length 3n and
index 3 over Z3. Then 6n¢(C) = ¢(C). By using Theorem 4.3, we have ¢7¥542,)(C) =
on¢(C) = ¢(C). Since ¢ is injective it follows that ¥,5,)(C) = C. This shows that C is a

(2 + 2u)-constacyclic code of length n over R. O

Definition 4.5. [16] Fora € Z%n Witha = (ag,a1,...,0n—1,0ny ey Qopy ooy A3p—1) = (a(0)|a(1) |a(2)),

where a\!) € Z5 for i = 0,1,2, quasi-twisted shift operator on Zg” is defined by
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v(a) = (12(a) | (@) |12(a?)), where 1 is a 2-constacyclic shift operator from 7 to 7. A

linear code C of length 3n over Z3 is called a quasi-twisted code of index 3 if v(C) = C.

Theorem 4.6. Let 15 be 2-constacyclic shift operator, ¢ be the Gray map and v be the quasi-

twisted shift operator as given before. Then ¢, = v ¢.

Proof. Let p = (po,p1,-..,Pn—1) € R", where p; = a;+ub;+vc; € R and a;,b;,c; € Z3, for
i=0,1,...,n—1. Then

¢/}/2(p) :‘P(an—laPO»---,Pn—z)
=0 (2ay—1 +u(2by—1) +v(2¢cy—1),a0 + ubo + vbo, ...,an_2 +uby,_5 +vb,_»)
:<2an71 +2<2bn71)700 +2b0a --~7an72 + an7272bn717b07 -~-7bn7272Cn71a607 "'7Cn72)

=(2ay—1+bp_1,a0+2by, ...,an_2+2by_2,2b,_1,bo,...,by_2,2¢4_1,C0,...,Cp—2).
On the other hand, we have

vo(p) =v(ao+2bo,ar +2by,...,an_1 +2by_1,bo,b1,....,bp_1,c0,C1,...,Cp—1)
=(2(ap—1+2b,y-1),a0+2bo,...,an_2 +2b,_2,2b,_1,bo,...,by_2,2¢,_1,¢0,C1,...,Cpn—2)

:(Zanfl _’_bn*l;ao +2b07 "'7an72 +2bn7272bn717b07 --~7bn7272cn717C07C17 ~~-7Cn72>-
S0 =Vve. O

Corollary 4.7. A code C is a 2-constacyclic code over R if and only if ¢ (C) is a quasi-twisted

code of index 3 over Z3 with length 3n.

Proof. Suppose C is a 2-constacyclic code over R. Then % (C) = C. Applying ¢ on both sides
and using the above Theorem 4.6, v ¢ (C) = ¢ (C). This shows that ¢ (C) is a quasi-twisted code
of index 3 over Z3 with length 3n.

Conversely, let ¢(C) be a quasi-twisted code of index 3 over Z3 with length 3n. From the
definition of a quasi-twisted code and Theorem 4.6, we have ¢ 1»(C) = v¢(C) = ¢(C). This

implies that 7> (C) = C as ¢ is injective. Thus, C is a 2-constacyclic code over R. U
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5. GENERATORS OF CONSTACYCLIC CODES OVER R

In this section, we discuss A-constacyclic codes of odd length n over R for A = (1+u). Note
that A" = 1, if n is an even integer and A" = A, if n is an odd integer. Analogous to results given

in [6, 10, 12], we have the following results.

Theorem 5.1. Let i : R[x]/(x" — 1) — R[x]/{(x* — ) be a map defined by 1(a(x)) = a(Ax).

If n is an odd integer; then | is a ring isomorphism.

Proof. For a(x),b(x) € R[x] such that

= a(x) — b(x) = (" — 1)g(x), forsome g(x) € R[x].
Putting x = Ax inthe above, we get
a(Ax) — b(Ax) =((Ax)" — 1)g(Ax)
— (A" — 1)g(Ax)
—A(¥" — 1)g(Ax)
—Ag(Ax)(¥" = A).

. a(Ax) =b(Ax)mod(x" —1).

i.e., a(x) =b(x)mod(x" — 1) <= p(a(x)) = w(b(x))mod(x" —A).

This shows that i is well defined and one-one.

For any a(x),b(x) € R[x]/(x" — 1), we have p(a(x)+b(x)) = u((a+5b)(x)) = (a+b)(Ax) =
a(Ax) +b(Ax) = p(a(x)) + p(b(x)) and p(a(x)b(x)) = p(ab(x)) = ab(Ax) = a(Ax)b(Ax) =
p(a(x))u(b(x)).

Hence, u is a ring isomorphism. 0

Corollary 5.2. Let n be an odd integer. Then I is an ideal of R, = R[x|/(x" — 1) if and only if
u(I) is an ideal of R, ; = R[x]/(x" — 7).
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Corollary 5.3. Let U be a permutation of R" with n odd, such that T(co,c1,¢2,...,Cn—1) =
(co,Aci,A%ca, ..., A" e, 1) and C be a subset of R", then C is a cyclic code if and only if Ti(C)

is a A-constacyclic code.

Proof. Let C be a cyclic code of odd length n over R. Then by Proposition 2.1, its polynomial
representation / is an ideal of R, = R[x]/(x" — 1). So, the above Corollary 5.2, is satisfied
and thus w(7) is an ideal of R, ; = R[x]/{x" —A). Hence, 11(C) is a A-constacyclic code (by
Proposition 2.2).

In the similar manner, the converse part can be proved. 0

In [15], Liu developed the following results to determine the generators of cyclic codes over

R=TF,+ulF,+vF, of length n.

Theorem 5.4. [15] Let C be a cyclic code over R =¥, +ulf, + VI, of length n. Then C =

(8(x) +vp1(x) + upa(x),var(x) + uqi(x),uaz(x)), where g(x), pi(x), pa(x),qi(x), a1 (x), az(x)

are polynomials in F x|/ (x" — 1) with ay(x)|a; (x)|g(x)|(x" — 1) and a; (x)|p; (x)%.

Theorem 5.5. [15] Let C be a cyclic code over F, +ulF, +vF, of length n. When (n,p) =1,
then C is an ideal in R[x]/(x" — 1) and generated by C = (g|(x) + vpi(x) 4+ ub;j(x),ug>(x)),

where g1(x), p1(x),b1(x),82(x) are polynomials in F x|/ (x" — 1) satisfying the conditions

p1(x)|g1(x)|(x" — 1) and g>(x)|(x" —1).

Using Theorem 5.4, and Theorem 5.5, we can construct the generators for A - constacyclic

codes of length n over R as follows:

Theorem 5.6. Let C be a A-constacyclic code of length n over R. Then, C is an ideal of R, ;,
given by C = (g(x) +vp(X) + upa(x),vai (x) + uqi (x),uaz(x)), where g(x), p1(x), p2(x),q1(x),

a1(x),a2(x) € Zalx] /(6 — 1), ax(x)]ar (0) 8] (3" — 1),1 () 1 (x) Sk and £= A

Proof. The result follows from Corollary 5.3 and Theorem 5.4. 0
Theorem 5.7. Let C be a A-constacyclic code of even length n over R. Then Cis an ideal of R,, ;,

given by C = (g1(x) +vp1(X) +ub(x),ug2(x)), where g1(x), p1(x), b1 (x), g2(x) € Z3[x]/ (x" — 1),
p1(x)]g1(x)|(x* = 1), g2(x)|(x" — 1) and x = Ax.
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Proof. The result follows from Corollary 5.3 and Theorem 5.5. UJ

Theorem 5.8. Let C be a A-constacyclic code of odd length n over R and C = (a(x) + ub(x) +
ve(x)), where a(x),b(x),c(x) € Z3[x] with degree less than n. Then ¢(C) is a permutation
equivalent to a quasi-cyclic code of length 3n over 73 generated by the polynomials |a(x) +

20(x)] +x"[b(x)] +x*"[e(x)], 2[a(x) +b(x)] +x"[a(x) + b(x)] and x*"[a(x)].

Proof. The polynomial corresponding to the Gray map ¢ of (1) can be defined as

R[x] . Z3[x] " Z3|x] " Z3[x]

R g P

¢ (a(x) +ub(x) +ve(x)) = (a(x) +2b(x),b(x),c(x)),
where a(x),b(x),c(x) € Z3[x].
For any r;(x),r(x),r3(x) € Z3[x], it can be shown that
O[(r1(x) +urz(x) +vr3(x))(a(x) + ub(x) +ve(x))]

= ri(x)[a(x) + 2b(x),b(x),c(x)] + r2(x)[2a(x) + 2b(x),a(x) + b(x),0] 4+ r3(x)[0,0,a(x)].

And, the vector (a(x),b(x),c(x)) € <§3£x1]> X (;%13_[)?) X <§3£x1]> can be identified with the element

([a(x)] +x"[b(x)] +x2"[c(x)]) € Z3[x]/(x*" — 1), which corresponds to the quasi-cyclic code of

length 37 and index 3 over Z3.
Hence, ¢(C) is generated by the polynomials [a(x) + 2b(x)] + x*[b(x)] 4+ x*"[c(x)], 2[a(x) +
b(x)] +x"[a(x) + b(x)] and x*"[a(x)]. O

Definition 5.9. Let n be an odd positive integer and T = (1,n+1)(3,n+3)...2i+ 1,n+2i +
1)...(n—2,2n—2) be a permutation of the set {0,1,2,...,3n— 1}. Then a permutation I1 of Z3"
is defined by

(ro, 71, r3n—1) = (r(0)s T2(1)s -+ T2 (3n-1))-

Theorem 5.10. Let n be an odd positive integer, ¢ be the Gray map, L be the permutation of

R" with A = (14 u) and I1 be the permutation as given before. Then ¢ T =I1¢.
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Proof. Let p=(po,p1,---»Pn—1) € R", where p; = a;+ub;+vc; R, fori=0,1,....n— 1. When
A = 1+4u, we have

OB (p) =9(po, (1 +u)p1,(1+u)*pa,.... (1 +u)" ' p1)
=@ (ap+ubg+vco,a; +u(ay +2by) +vey,...,an—o +u(ay—2+2by—2) +vey—2,
ap—1+ub,_1 +vep_1)
=(ao+2bg,a; +2(ay +2by),ay +2b, ...,an—2 +2(an—2 +2by—2),an—1 +2b,_1,
bo,a; +2by,by,...,an_2+2by_2,by_1,€0,€1,C24 ..., Cn—2,Cn—1)
=(ap+2bo,b1,a2+2by,....by_2,an—1 +2by_1,bo,a1 +2by1,bs,...,an_2+2by_2,b,_1,

cp,C1,C2, ...,Cnfz,cnfl).
On the other hand, we have

H¢<p) :H(a0+2b07a1 +2b17~~-7an72 +2bn727an71 +2bn717b07b17---abn727bn717C07C17
...,Cn,Q,Cnfl)
:(a() +2bg,by,a +2bs,....,b,_2,a, 1+ 2b,_1,by,a1 +2by,...,ay,_2+2b,_2,b,_1,

€0,C1, "'7cn—27cn—1)-
- O =TIo. 0

Corollary 5.11. Let ¢(C) = D be the Gray image of a cyclic code C of odd length n over R.

Then I1(D) is a permutation equivalent to a quasi-cyclic code of length 3n over Z3.

Proof. By Theorem 5.3, 1t(C) is a A-constacyclic code over R as C is a cyclic code over R.
From Theorem 4.2, we see that ¢ (1(C) is a permutation equivalent to a quasi-cyclic code of
length 3n and index 3 over Z3. By Theorem 5.10, we have I1¢(C) = II(D) = ¢ u(C). This

implies that I1(D) is a permutation equivalent to a quasi-cyclic code of length 3n over Z3. [

Example 5.12. Let n = 6,1 = 1 +u. Now in Z3[x] we have x5 —1 = (x +1)3(x +2)3. As
per Theorem 5.6, let g(x) = (x+ 1)(x+2)> =3+ 22+ 2x+ 1,a1(x) = (x+2)> = x> +x +
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Lyax(x) =x+2, p1(x) =x+2, pa(x) = q1(x) = 1. Then
C=((14u)x> +2x° + (24 2u+v)x+u+2v+ 1,06 +vx + u+ v, 2ux + 2u)

is a (1+u)-constacyclic code of length 6 over R. Therefore, the Gray image ¢(C) is a [18,15,2]

linear code over Z3. Note that it is an optimal linear code according to the database [8].

Example 5.13. Let n = 4,4 = 1 +u. We have x* —1 = (x +1)(x+2)(x* + 1) in Z3[x]. Now,
following Theorem 5.7, let g1(x) = (x+1)(x+2) =x*+2, p1(x) =x+1, pp =1, g2 (x) = x>+ 1.
Then

C=(x*+vx+2+u+vux®+u)

is a (14 u)-constacyclic code of length 4 over R. Further, its Gray image ¢(C) is a [12,8,3]

linear code over Z3. As per online database [8), it is an optimal linear code.

6. CONCLUSION

In this paper, we have studied the algebraic structure of A-constacyclic code of length n over
R = Z3[u,v]/(u® — u,v*,uv,vu) with Z3 = {0,1,2}, for A = (1 +u),(2+2u) and 2 . By intro-
ducing a Gray map from R" to Zg”, we obtained a good relation among the Gray image, cyclic,
constacyclic, quasi-cyclic, quasi-negacyclic and quasi-twisted codes over Z3. Further, we have
found that the Gray image of A-constacyclic codes is permutation equivalent to either quasi-
cyclic or quasi-negacyclic or quasi-twisted code when A = (14 u), (24 2u) or 2, respectively.
Also, the generator for (1 + u)-constacyclic code over R is constructed with some examples to

illustrate the results.
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