Available online at http://scik.org

J. Math. Comput. Sci. 11 (2021), No. 1, 839-855
https://doi.org/10.28919/jmcs/5242

ISSN: 1927-5307

ON COMPLEX FINSLER SPACE WITH INFINITE SERIES OF (a,3)-METRIC

K.S. VENKATESHA, S.K. NARASIMHAMURTHY*

Department of Mathematics, Kuvempu University, Shankaraghatta, Shivamoga, Karnataka, India-577451

Copyright © 2021 the author(s). This is an open access article distributed under the Creative Commons Attribution License, which permits

unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Abstract. The purpose of the present paper is to investigate the complex Finsler space with infinite series of

2
(o, B)-metric F = | [‘ﬁ ‘_ - Next we determine the fundamental metric tensor, angular metric tensor and Chern-
Finsler connection coefficients. Further, we discussed the special approach to Kéhler-Randers change of infinite

series (o, B)-metric using some examples.
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1. INTRODUCTION

The real Randers metric were first introduced by G. Randers in the context of general rela-
tivity and they were applied to the theory of the electron microscope by R. S. Ingarden [16].
The importance of real Randers spaces is also pointed out in [7] and the obtained results are
remarkable. Recently, it was shown that the real Randers metrics are solutions to Zermeto’s
navigation problem [9] and the classification of real Randers metrics of constant flag curvature

was finally completed ([7],[9],[24]).
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The correct notion of complex Finsler metrics was probably proposed firstly by Rizza [14],
and then developed by Rund [21] by defining the connection and geodesics. The famous com-
plex Finsler metrics are the Kobayashi and Caratheodary metrics ([11],[17]), which play impor-
tant roles in the theory of the moduli space of Riemann surface [13]. In recent years complex
Finsler geometry has attracted renewed interest as examples of such metrics appear in a natural
way in the geometric theory of several complex variables.

The current paper is organized in two sections. The first section is to introduce the complex
Finsler spaces with infinite series of (@, )-metrics, i.e., complex metrics constructed from just
two pieces of familiar data: a purely Hermitian metric and a differential (1,0)-form, both glob-
ally defined on an underlying complex manifold. We determine the fundamental metric tensor
of a complex Finsler spaces with infinite series of (o, 8)-metric, its inverse and determinant.
Moreover, a complex Randers change of infinite series also produces another invertible d-tensor
(Theorem 5). By deformation of some purely Hermitian metrics we obtain some example of
complex Randers change of infinite series.

In the second section, we find the conditions such that a complex Randers change of infinite
series 1s weakly Kéhler or strongly Kihler. A special attention is devoted to a class of complex
Randers change of infinite series with some additional assumption, and finaly our results are

applied to some examples.

2. PRELIMINARIES

Let M be a complex manifold of dimcM = n. The complexified of the real tangent bundle
TecM splits in to the sum of holomorphic tangent bundle T'M and its conjugate T'M. The

bundle 7'M is in its turn a complex manifold, The local coordinates in a chart will be denoted

a7k
977

tangent bundle of T'M is decomposed as To(T'M) = T (T'M)® T (T'M). A natural local

by u = (,n*) and these are changed by the rules:z* = z%(z), n¥ = %:n/. The complexified
frame for Tu/M is {aizk’aink}’ which have changes by the rules obtained with jacobi matrix
of above transformations. Note that the change rules obtained with Jacobi matrix of above
transformations. Note that the change rule of a%k contains the second order partial derivatives.
Let V(T'M) = kerm, C T (T'M) be the vertical bundle, spanned locally by {aink} A com-

plex nonlinear connection, briefly (c.n.c), determines a supplementary complex subbundle to
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V(T'M) in T(T'M), ie., T (T'M) = H(T'M)& V(T M). It determines an adapted frame
o _ J

{5_21‘ - B_Z" _Nk oni

A continuous function F : T'M — R is called complex Finsler metric on M if it satiesfies the

}, where ng are the coefficients of (c.n.c),[2].

conditions
(i) L := F? is smooth on T'M := T'M\{0};
(ii) F(z,m) > 0, the equality holds if and only if n = 0;

(iii) F(z, An)=|A|F(z,n); for A € C;

9L

Inani called the fundamental metric tensor, is

(iv) the Hermitian matrix (g,7(z,1)), with g;7 =
positive definite.

Let us write L = F2, the pair (M,F) is called a complex Finsler space. The (iv)-th as-
sumption involves the strongly pseudoconvexity of the Finsler metric F on complex indicatrix,
Ip,={n €T,M|F(z,n) < 1}.

Further, in a complex Finsler space a Hermitian connection of (1,0)—type has a special mean-

ing, named in [1] the Chern-Finsler Connection. In notations from [19] itis DI'N = (L’J 4 0,C ; . 0),

where
(1) JC\ﬁ_ i08m 1 i _ wi0%m _ ONe i w08
A I R TT A T

Now, let us recall that in [1]’s terminology, the complex Finsler space (M, F) is strongly Kdhler
if and only if Lz.k —Li j =0, Kdhler if and only if (L;.k —Li j)nj 1! = 0. In the particular case
of purley Hermitian metrics, that is g;7 = g; jf(z), those three nuances Kdhler coincide [22]. For

the vertical £ = nkék with a’k = called the Liouville complex field (or the vertical radial

d
ank’
vector field in [1]), we consider its horizontal lift ¥ :=7n kS, (& := 68’<)

According to the holomorphic curvature of the complex Finsler space (M, F) in direction 7 is

2
(2) Kr(z,m) = EG(R(X;Z)X,Z),

and locally it has the following expression ([3])

2 CF
3) Kr(zm) = sRpf/n", where Ry = —g,;8;(N)R".

And more informations can be found in ([1],[2],[19]).
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3. COMPLEX FINSLER SPACE WITH INFINITE SERIES OF (¢, 3)-METRIC

In the r-th series (a, B)-metric F (o, B) = |B| Z (%) where we assume o < |fB|. If r = oo,

then this metric is expressed in the form F(c, ﬁ) | A? i - and is called an infinite series (¢, 3)-
metric. Interestingly this metric is the difference between a Randers metric and a Matsumoto
metric. Following the ideas from real case ([7],[9],[24]), we shall introduce a new class of
complex Finsler metrics. We consider z € M and 1) € T/M ,n=n' a%, On M let

® a:=aq; ( )d7' @ dZ’ be a purely Hermitian positive metric and

e b= b;(z)d7 be a differential (1,0)-form.

By these objects we define the function F on M

4) F(z,n) :=F(a(z,n), |B(z,m)]),
where
a(zn): = y/a;z)n'n/,
) Bzm)| = \/B(zmB(zn) with B(z.1) = bi()n".

By analogy with the real case the function from (4) the complex infinite series of (@, 8 )-metric
and the pair (M, | [yl} i 37— ) @ complex Finsler space with infinite series of (¢, [3)-metric such a
metric is only quoted as an example of complex Finsler metric in [12].

Our goal in the sequel is to find the circumstances in which the function (4) is a complex

Finsler metric. Some remarks are immediate due to the presence of || be the complex Finsler

space with infinite series of (¢, B)-metric F(a, ) := A,? s positive and smooth on 7'M\ {0}.
The complex Finsler space with infinite series of (¢, 8)-metric is purely Hermitian if and only

if B vanishes identically.

Obviously, the function L := F? = (| l|3[|3 fa )2 depends on z and 17 by means of the real valued
functions o := (z,1) and |B| := |B(z,n)|. Moreover a and 8 are homogeneous with respect
to n, i.e., a(z,An) = |A|la(z,n) and B(z,AN) = AB(z,n) for any A € C, thus L(z,An) =
liL(z, n) for any A € C, and so the homogeneity property implies

"= —o and

© oni' 2

S =y ana 5l = .
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Lo 2F?
“ = 1p-
—2
L = 2FIP ’(<||g||—ogz)’
—4
6F?
boa = (=)

2_4 6 2
Lipisr = 2F(|B| (|B|(X_|BOL; . )

Lo +|BILig = 2L, &L +|BlLajp) = Lo

aLojp| +|BILig 5| = Lips @*Loa +20|B|Leyp) + IBI*Lig) 5] = 2L,

where

JdL oL 2L 2L 02L

Lai= 500 161 = 5187 LBl = Jaaip) Lee = 5a2° LIBIBI = 5

etc.

The main issue that needs to be checked is the strongly psuedoconvexity of the complex Finsler

function. First we shall determine the fundamental tensor of the complex Finsler space with

5 92(JBLE y2
infinite series (M, u‘;f' Bg) 1€ 87 = (1 a)”

. For this, let us consider the settings

anions
da 1, BB,
ant 2o’ ani 2B
i jip . 2. Jip
b': = a'b; ||b]] .—afbbj,
JdL o d|B|
i= - = L -+ L .
F> L Bl -2a -
= —+ Fﬁbia
(IBl—a) a  (If]-a)?
where [; := nf and (a’') is the Hermitian inverse of (g 7) matrix.

Theorem 1. The fundamental metric tensor of the complex Finsler space with infinite series of

2
a,B)-metric F = ‘ﬁl is given by
IBl—a

F? F
®) g,,:—h i+ L

o 2V2bb+

2F2 ning;

where hj;:=a;;+ lil5.

2a2V
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Proof. Indeed, from
J°L
anidn’
dada (dadlp|  I|p| Ia
*onions TP\ onioni T ani ani

3|B| 21B| I Kaln
L) p| (a—niﬁ Loy igmi LB gnigni-

) g =

Using (7) and (8) we have

2 2 2
(10) g7 = F Bl )” +§(8o¢ +2|B| 705\[3\) b

a(B— )" +2oc3(<|ﬁ| o) (Bl—ay j
B
" ((Iﬁl >)(””’+B””

its equivalent form is given by[10]

A g7 = poajj+p_olili+ Hobiby+H_ominy,

F? KF? F|B] S
12 i = i+ e lilit a5 bibt 55 MM
2 87 = =)™ 2Bl — )2 T T 2(B]— w2 T T 22 M
and also we simplify that
F? KF? F|B]
(13) 8ij = v ”+2OC3V2” + ZVbe +W77m],
where
1 o
K = <|ﬁ|—4a>[ - V=(l-a)
Bl—o |B] -2«
—4o
s _ <|ﬁ| )
1B| —2a

The next goal is to find the formulas for the inverse and the determinant of the fundamental

metric tensor g;+. For this purpose we use the proposition proved in [5]. 0

Proposition 2. Suppose:

e (Q;5) is a non-singular n x n complex matrix with inverse (QJ’)

o Ciand C; = C,i=1,2,3,....... n are complex numbers.

o(Cl:= Q]TiC]v and its conjugates; C* := C'C; = C'Cy; H;; = Q;; £ GC.
Then

(1) det(H;5) = (1£C?)det(Q;7),
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(2) whenever (1+C?) # 0, the matrix (H;;) is invertible and in this case its inverse is

ij
H = Qi I CiCi,

Theorem 3. For the complex Finsler space with infinite series of (@, )-metric F = Bl-a We
have
(1) g/l = 2, [aﬂ + A (1 + 8P )nfﬁf + By + KL (b ip +ﬁnlbf>}

(2) det(g;7) = (Lo )" MRE et (a;).

Proof. To prove the claims we apply the above proposition in a recursive algorithm in three
p pply prop g

steps. We write g;7 from (8) in the form

F? alfl,
14 T = — o ll b
(14) 87 = qv (a * 2a2v METaTad + F4 o
Step-1:  We set Q;7 := ¢g;5 and C; := i 5 l;. By applying the proposition (2) we obtain
QJ_ = af’ C?= 2V’ 1+C%2= V and C!' = 2V n So the matrix
Hi;=a;;+ 2OClel is invertible with H/! —af’+ il 71/ and det (a; +20§Vll ) =2 det(a; 7)-
Step-2:  Now, we consider Q;5 := a;;+ 2a2Vl i[- and C; = % b;. By applying the propo-
sition (2) we obtain this time:
Q' = aﬁ+2iniﬁj7
K ij alB] KIBP
CZ _ ’ﬁ’ i=] b b 2
2rv \ @ T aam M ) bibi = gy (WP )
: 7 > KIBI?
1+C- = TFV where ¥ = 2FV—|—(X\B[(Hb|| + M)
and C' = %(bi + (le;/[ n’). It results that the inverse of Hi;=a;;+ 2a2Vl L=+ g}@b ;b7 exists

and it is

<. = K - o ; K - ;
(15) Hf’:af‘+az—Mn’nJ+|7’ (b +az—Mﬁn) (bf+—[3n )

and

il + 'B’bb) ™M det(as).

16 det(a;i+ ~——
(16) a5+ 302yt 2py 4FV?
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Step-3: Here we put Q;7:= a7+ lil;+ Z'ﬁ,‘b brand C; : O‘SV ni, we obtain

ZocZV

Qﬁ:{aﬁ+ 2M(1+ |ﬁ|3> n'n’ + ‘f'b’bw |B|(Bb’ 1+[3n’bf)}

ayM oyM
and
1 JaSV [ K KIBPN ., alBl,; lﬁ!
Y i, P L 1 iql 4 21 i iz ig] B
C=m\— [a +a2M<+a7M n'n’+ ?b (ﬁbn +Bn'b’)| n;,
therefore

i asv i K i R Al
C2=CC1~—2F4 {af+a2Mnn’+ ‘f'( + zMBn)(W—Bn)}nm;-

Since 1 +C* #0, H;; = Q;;+ CiCy = a;5+

2Vll + 4By, bi+ O‘;Xn 15 is invertible with the

200 2FV
inverse
(7) HI = aﬁ+0‘2LM"iﬁj “F(+ ) (7 )
1+ 975 |+ o' M(b’ﬁrﬁﬁn)(bHWﬁn-’ﬂnm;’

In view of (7), we have

(18) d"nidf; = p§a® +2q0p0|BI* + 431|181,
(19) b"m = (poB +qollb|*B),
(20) b'fin = (poB+qolb||*B).

Putting (18), (19) and (20) in (17), we get

- 1T = K . alf YV
N=_\gll'+ —n'n’ !
(21) H R|:a +a2MTI77 + )_/ ( ﬁn)(b + ﬁ"?)]
where
SV KF* L@
R = 1+ | phe? +2q0p0lBP +adlIbIP 1P + 5o oM IB\( oA

KF KB
+ 2poqolBIIIBI* + a5l 817 115]1* +2po—ﬁ|ﬁ|2+2qo—F2|ﬁ| 11> + 2|l3| )]

and

K ||
_ 2 Q) — - .
det(Hz) = 1 +C?det(Q;j) = Rdet(aj+ o lily+ 5 biby),
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on simplifying, we have

MRY
(22) det(H;;) = AFV? det(a;5).
Since g;; = i v H;7» the inverse of the fundamental metric tensor is given by gl = ‘;‘,—‘;H iJ and
det(g;5) = ( ) det(H;;). we obtained the results (1) and (2). O

Theorem 4. A complex Finsler space with infinite series of (o, B)-metric with ¥ > 0 is a com-

plex Finsler metric.

Proof. The formula for det(g; 7), we can say that g, i(z,n) is positive definite if and only if
¥ > 0 at each nonzero 1 in TZ/M . If the quadratic form A(z,n) := (g, 7—bib f)niﬁj 1S positive
definite, then substituting 7'}/ with b'bJ it follows that ||b||2(1 — ||b||?) > 0, which says that
|16]|> € (0,1) and then 7 > 0, since ¥ = 2FV + o|B| <||b||2+§|2—%2> > 0. Equivalently the
positive definite of the quadratic form means that o> > |B?|, or in other words sup'ﬁ L <1 for

all (z,n) € T'M. The last assumption is required in [21] and no other restrictive conditions are

needful for a complex Finsler space with infinite series of (¢, 3)-metric. U

Example 1. We consider o is given by

> +e(zPinl®—<zn>P)
(1+¢l?)?

aZ(Z’ T[) =

Y

where |z|* :== Y}_,22*, <zn >=Yp_ 0% | <z,n > > =<z,n ><2z,n >. Defined over
the disk \I' = {z eC" |zl <rr:= \/:} if € <0,onC" if e =0 and on the complex projec-
tive space P"(C) if € > 0. Note that &*(z,1) = a; ' ')/ thus it determines a purely Hermitian
metrics which have special properties. They are Kdihler with constant holomorphic curvature
Ko = 4¢€. Particularly, for € = —1 we obtain the Bergman metric on the unit disk A" := A, for

€ = 0 the Euclidean metric on C", and for € = 1 the Fubini-Study metric on P"(C). By setting

1B(z,n)|~ ]< er7|12|>2 then we obtain the some examples of complex Finsler space with infinite series

of (o, B)-metric F is of the form:
_ [<zn >
(I+elzP)[ <zn>|=vInP+e(zPmP—[<zn > )

2F_ 1 S

For example, F_, is of negative holomorphic curvature K | = _T, Yi=L_1— 062(1 — |Z|2).
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Further we show that the complex Finsler space with infinite series of (o, 3)-metric F =

Br-a l|3[|3 ‘_za) offers a significant d-tensor with fairly many properties. Let us consider

0°F 1 OF OF 1 .
23 tif i=—m =—=— ; -_— ; inr
= onion’ ~ 2F (gr 811’811’) 2F <g, 2 )
We call (23) the complex angular metric tensor of the space. A direct computation yields t;1' =
%, ' = %, 8:1’;1 n" lt,-;. Moreover we have:

2

Theorem 5. (1) ti7 = 2a|ﬁ|hr+%bi57+ci‘4ﬁ|nmn

where h;; = a;z + ﬁgl il7,

i7 7 A?Bo2F?3 - 2 o =
(2) tlr_Tﬁ[F_Rl " — w <1+ 7 'B'>n’n’ BMLG iy 1 0CFAB (Bpin? 4+ Bifnf) |

(3) det(tiz) = (%) ”31?372” det(ajr).

The proof is straight forward, by applying Proposition (2).

4. CHERN FINSLER CONNECTION COEFFICIENTS AND CARTAN TENSOR FOR INFI-

NITE SERIES OF (o, 3)-METRIC

The Chern-Finsler connection coefficients (c.n.c) of a complex Finsler space (M, F) with

(a, B)-metric is defined by

CF = dgm —. 01N

glm l mi nm

24 N =M 2" nl — -
(24) i =8 8 5

Once obtained the metric tensor of a complex Finsler space with infinite series, it is a technical
computation to get the expression of Chern-Finsler connection by using (1). The First compu-

tation refers to the coefficients of the Chern-Finsler connection (c.n.c). A simplified writing for

them is
CF a
i i ml anm F aalm l oV K i=m
@) N = N+ (W—a—v 1) T F a2
OC|B| m K =m asv mi K i=m
7 ( ﬁn)(b il )+2RF4{Q T

k) ke |2



ON COMPLEX FINSLER SPACE WITH INFINITE SERIES OF (¢, 8)-METRIC 849

where
oM _ F2ly, 1 FBby ((IBl=20)  \|94in i m
e [2a2(|ﬁl—a)(l AN )2<(Il3|— a)? 1)] 5z 11
F o ( dam (1] - 201 b b
+a(ll3|—a)<Fazfn _21) e >2{afﬁb’"”(ﬁaf“”ha—zf">
) 1 b, 20bi

B, F, (Bl-
2

F
+(|B|—a>2[2m " (B >‘”’]ﬂ( a1 TR

a

and N =a™ aaazl;”n .

Next, let us introduce the following complex Cartan tensors [3]

COBPT B4 (b BlEN] B
G0 G = 7y [(|ﬁ|—4a)4(2ll3|_2a2>]ajh+2a3(lﬁl—4a)4

38 (B]-8a) 2a(|p] - 4a)
Ta—3IB| (|1Bl-4a a(B|—4a)
" >( )

(IBl—4a)?  (IBl—2a) (B -2a)?
a(Bl=a) \ |B[—a  |B]-

Bk

200

3. 208 _|B| -4«

+K(!B|—O¢)2 <|ﬁ|—2a>2)’ﬁ’ Bl-a

4a 40 Bb 3|82

(\B!— B2 )]2|ﬁ7}’flﬁ+z<rﬁ|—a>3

T I (1Bl—a  |Bl-4a\ &

(Za Bl a2lB|>b’b”+[|B|— <|B|—a B] )m
+(ocum— @) . a-|B)(BI- >)21|3§T2]nmh

B| - 2a B

Then the vertical coefficients of Chern-Finsler connections are

i m'agkm m'agjm i
@n =8 s =& e =€ Cne
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An expanded writing for these coefficients is

i av | KIBP alBl, i
2 L = i 1 ipm
(28) C]k RF2|: + 2R( +— a7k T[T] + — 7 —Db'b

|ﬁ| imm m |ﬁ|3 |ﬁ|—406 Bbk . |B|lk ain

“Ray Y M"B B >H o [(|ﬁ|—4a)4<2lﬁ\ 2a2)} i
L IBP H 3B (1Bl-8@) 2a(B|-4a)
203(B]—4a | (B — 402~ (Bl—2a)  (B|—2a)?

n 706—3\B\) (Iﬁ\—40€ a(lﬁ!—‘m))} 1Bk

a(pl-a)\ IBl—a  [Bl-2a /] 2a

*Kqﬁfixa)f<|B12—Oia>2>'ﬁ“||%|\ .

2 R 2
(m‘ﬁa‘ !BT?M)]EI?I}”W <|ﬁ||ﬁ| g
R L b e e B

a(|Bl—a) | (2a—|B)(B|—4a)\ Bh
*( Bl—2a © Bl )2|ﬁ|2}”f”’"}

Also
(29) Ci = Cyi8"

plugging (27) in (29) gives us

C(IBPT 1Bl—da (Bbe IBIL\] BP
GO G = {a [<rﬁ|—4a>4(2|ﬁkr‘zaZ)}“k”zamm—w
{[ 3B (IB1-8a) 2a(lpl-4a) 7a-3|p]
(Bl -4 (B[—20)  (B|-2a7 ' a(Bl—a)

(||[2|:40?_a|(|ﬁﬁ|—_2tca)>} |§(|)ij+ K(mix )2 (|ﬁ|2 ;a) >|l3|
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Bl—4a( 4o 4’ Bbe, 3|82

Bl—a <Il3|— IBI—ZOC)}2|B|}l"lh+2(lﬁl—a)3

L 3a Bi I (1Bl—a |Bl—4a) I

<2a BI— az|ﬁ|)”"bh+[|ﬁ|— (IBI—a Bl )m
a(|B|—a)  (2a—|B)(IB|—4a)\ Bh av

+< Bl—20 B )zw} "}Rﬁ

[’”+ R(1+ |I;1|:> It a|ﬁ|b1bh f;(bjﬁhﬁﬂtﬁnjbi’)]-

Theorem 6. The coefficients of Chern Finsler connection and Cartan tensor for an complex

Finsler space with infinite series of (&, B)-metric is given in (25) and (30) respectively.

We remark that a complex Finsler metric is purely Hermitian it leads to F = o(1+|b||) and

b||* = bb- thus, we have proved.
aij p

5. KAHLER-RANDERS CHANGE OF INFINITE SERIES OF (@, 3)-METRICS

When trying to show more geometrical properties of complex Finsler space with infinite
series of (o, B)-metrics, we face the fact that there are so many computationas. Certainly, one
should not infer that this class of complex Finsler metrics is less significant. On the contrary,

beyond the computations in the sequel we show that there are interesting results.

2
Theorem 7. Let (M, . | a i - ) be a complex Finsler space with infinite series with property 81;5 J =
aao‘, , where € = €(z) is a real valued function.

(1) If a;; is the Euclidian metric, then F = | l'ﬁ i is locally Minkowski.
(2) If € =0 for any z, G # 0 for any k, and a;; is Kdhler, then F = |ﬁ|2 is weakly Kdhler

IBl—a
a a
if and only ifbiG’ =0, where G' := N;nf.
(3) If 2, then ||b||? is a constant.
Proof. Indeed, if a;; is the Euclidian metric, then a‘ﬁ | = ‘980‘,2 =0 and so a = = 0. This means

that there exists charts in any (z,1) such that the complex Finsler space with infinite series of

(o, B)-metric F = | [|31|3 fa depends only on the 1 variable, i.e., it is locally Minkowski and (1) is

true.
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The assumption % eaiz can be written as
~db, , dby _ dars , _
31) pogn +B i =eq '’

Deriving the relation (31) with respect to 1 and 7], we obtain

Hbr abg - aar§

sa_Zl-
Now, contracting in (32) by b” and b°, we get

db,  dbs € bb&ars

33 b — - .
( ) &Z’ + azz ||b||2 Zl

n [6], after the calculus of the Li.k coefficients we obtain the weakly Kihler condition for
complex Finsler space with infinite series. By this, a straightforward computation using (33)
with € =0 and Fj?k = lafk{%ﬁj — %Lz’,j} = 0 since g;5 is Kéhler, show immediate that the assertion
(2) is true.

Now, by (6) we obtain a'{‘ﬁz (1 — W) b“_b’%’ﬂ Putting € = ||b||? in last relation we have

Al _

=5 =0, and so [|p| |? is a constant, i.e.,(3). O

2
Theorem 8. Let (M, | [‘3? l - ) be a complex Finsler space with infinite series of &gz i =||b||? %01‘,2 )

CF a
If one of equivalent conditions from lemma (3.1) in [S] holds, then N Jl =N ;

Proof. An elementary computation, taking into account lemma (3.1) in [5] in the formula (8)

which give the coefficients of Chern-Finsler (c.n.c), prove that all terms are vanishes except the

CF a
first term. Indeed we obtain N} = N'. O
Theorem 9. Let (M, “‘3[‘3' ) be a complex Finsler space with infinite series of 3(|£| = ||b| |2‘9£12
2
If one of equivalent conditions from lemma (3.1) in [S] holds, then F = | [Llf ‘_ o Is strongly Kdhler.
Proof. By Theorem (8), we have N} =N ; and Lljk = a—n’; = n’; , because q; 7 is Kihler, it results
Vi N
32]] ani Therefore L. = L ,ie, F= | [‘ff i is strongly Kéhler. U

Example 2. In order to reduce clutter, let us relabel the local coordinates zl,zz,nl,nz as

z,®,1,0, respectively. Let \ = {(z,0) € C?,|w| < |z| < 1} be the Hartogs triangle with the
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Kdhler-purely Hermitian metric.

2
(34) :

a;; =

_ CYRN _ o iaj
7= gaaa S T (e —fep) ¢ @ MO = g

where |7'|? 1= 77,7 € {z,w},n € {n,8}. we choose

@ <

) P —
2 P e

35 b,=————

a;5(z,0)n'R/ and P(z,0) = bi(z, )" and

2
from the here complex Randers change infinite series F = | [‘ff —- By a direct computation, we

With these tools we construct o(z,®,1n,0) :=

deduce
1
R 35 +b:ba; a:0 = b:ba; dod = boa;
: b _ @2(1—2)?
O A
(PP [e*(1—[2*),
2|2 .
2 2 2
— o] ul
1] |B] SEDE
and the coefficients of the Chern-Finsler (c.n.c) are
CF a 2211 CF a
N = N§:—1_|ZZ;N§):N§):O;
CF a > 2 2
NO Nw_ZZCO( 1 N 1 )n_ z|” + o] 0.
: AN Sl R MR o5 (2P —lof?)
]f]ﬁ) ]\7a) o |Z|2+ |(D|2 206
© P =le) " 2ol

Thus we have another example of strongly Kidhler-Randers changes of infinite series. It is a
complex Finsler metric on Hartogs triangle and its holomorphic curvature is negative,

Kp = —7E[F (o~ |B))*+[BI’] <O.
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