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Abstract. In this paper, we prove some common fixed point theorems using (CLR) property in KM and GV-fuzzy
metric spaces. Our results extend and unify several fixed point theorems present in the literature.
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1. INTRODUCTION

Zadeh [4] introduced the concept of fuzzy sets in 1965. Fixed point theory is one of the
most famous mathematical theories with application in several branches of science, especially
in nonlinear programming, economics, theory of differential equations. Fixed point theory in
fuzzy metric spaces has been developed starting with the work of Heilpern [6]. He proved some
fixed point theorems for fuzzy contraction mappings in metric linear space, which is a fuzzy
extension of the Banach’s contraction principle. The concept of fuzzy metric space was intro-
duced by Kramosil and Michalek [3] in 1975, which opened an avenue for further development
of analysis in such spaces. Further, George and Veeramani [1] modified the concept of fuzzy
metric space introduced by Kramosil and Michalek [3]. Sintunavarat and Kumam [8] defined
the notion of “common limit in the range” property (or (CLR) property) in fuzzy metric spaces.
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The aim of this work is to prove some common fixed point theorems for generalized contractive
mappings in fuzzy metric spaces both in the sense of Kramosil and Michalek and in the sense
of George and Veeramani by using (CLR) property. Our results does not require condition of

closeness of range and so our theorems generalize, unify, and extend many results in literature.

2. PRELIMINARIES

Definition 2.1. [8] Let (X, M, *) be a fuzzy metric space and P,Q, R, S be self maps on X. The
pairs (P, Q) and (R, S) are said to satisfy the joint common limit in the range of mappings (JCLR)
property if there exists sequences {x,} and {y,} in X such that lim,_. Px, = lim,_. Ox, =
lim,, e Ry, = lim;, 40 Sy, = Qv = Rv, for some v € X.

Definition 2.2. (t-norm [2]) A binary operation * : [0, 1] x [0, 1] — [0, 1] is a continuous t-norm

if x satisfies the following conditions:

(1) * is commutative and associative ;
(i1) = is continuous ;
(iii) ax1 =a, Vae|0,1];

(iv) axb < cxd, whenevera < cand b <d, Va,b,c,d € [0, 1].

In 1975, Kramosil and Michalek [3] gave a notion of fuzzy metric space which could be
considered as a reformulation, in the fuzzy system.
Definition 2.3. (Kramosil and Michalek [3]) A fuzzy metric space is a triplet (X, M, x), where
X is a nonempty set, * is a continuous t-norm and M is a fuzzy set on X3 x [0, 1] such that the
following axioms hold:

@) M(x,,2,0) = 0;
(ii) M(x,y,z,t) = 1 if atleast two of x,y,z of X are equal;
(iil) M(x,y,2,1) = M(x,z,y,t) = M(y,z,x,1);
(iv) M(x,y,z,r+s+1) > M(x,y,w,r) « M(x,w,z,5) « M(w,y,z,1);
(V) M(x,y,z,-) : [0,00) — [0, 1] is left continuous.

George and Veeramani [1] introduced and studied a notion of fuzzy metric space which con-
stitutes a modification of the one due to Kramosil and Michalek.

Definition 2.4. (George and Veeramani [1])A fuzzy metric space is a triple (X, M, *) where X
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is a nonempty set, * is a continuous t-norm and M is a fuzzy set on X3 x [0, 1] and the following
conditions are satisfied for all x,y € X and ¢,s > O:
(i) M(x,y,z,0) =
(ii) M(x,y,z,t) = 1 if atleast two of x,y,z of X are equal;
(iii) M(x,y,z,t) = M(x,z,y,t) = M(y,z,x,1);
(v) M(x,y,z,r+s+1) > M(x,y,w,r) « M(x,w,z,5) « M(w,y,z,1);
(V) M(x,y,z,-) : [0,00) — [0, 1] is continuous.
Example 2.5. Let (X, d) be a fuzzy metric space. Define ax b = ab and a & b = min{1, a +
b},VYa,bc [0, 1] and M and N be fuzzy sets on X>x [0, c) defined as follows:

ht"
ht"+md(x,y,z)’

M(x,y, z,t) =

for all h,n € R™. Then(X, M, x,®) is called a fuzzy metric space.

Following notion will be used in the sequel to prove our theorems:

Let 3 be class of all mappings f : [0, 1] — [0, 1] satisfying the following properties:
(1) f is continuous and non decreasing on [0, 1];

(2) fx >xforall x € (0,1).

3. CoMMON FIXED POINT IN KM AND GV-FUZZY METRIC SPACES

Theorem 3.1. Let (X, M, x) be a KM-fuzzy metric space satisfying the following property:
Vx,y € X,x#y,3t >0:0< M(x,y,t) < 1 and let P,Q be weakly compatible self-mappings of

X such that, for some f € 3,

(1) M(Px,Py,t) > f(min{M(Qx,Qy,t),sup, z;mln{M(Qx Px,t1),M(Qy,Py,t;)},
Sl/lpt +ig= 2fmax{M(Qx Py7t3) (Qy7Px7t4)}})7

where 7 > 0 and 1 <k < 2. If P and Q satisfy (CLR) property, then P and Q have a unique
common fixed point in X.

Proof. Since P and Q satisfy the CLR( property, there exists a sequence {x,} in X such that

2) lim Px, = hm Ox, = Ox

n—oo
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Let Pv # Qv. It is not difficult to prove that there exists #y > 0 such that
2to
3) M(Pv,Qv, 7) > M(Pv,Qv,19).

If equation (3) does not hold, then we have

2t
(4) M(PV,QV,I):M(PV,QV,E),
forallz > 0.
By repeating this process,we obtain
M(Pv,Qv,t) = M(Pv,Qv,2) = ... = M(Pv,Qv, ()"t) — 1,

when n — oo, which implies that M(Pv,Qv,t) = 1 for all ¢ > 0.
A contradiction to the fact that Pv # Qv.
Hence (3) is proved.

Substituting x = x,, and y = v in the given condition, we obtain

M(Px, P, 10) 2 f (min{ M (@, Ovt0)5up, g min{M(Qui, P 1), (03, Pt}

suptSHF%max{M(an,Pv, 13),M(Qv, Px,,t4)}})

2t

> f(min{M(Qx,, 0w, 1), min{M(Qx,, Px,,€),M(Qv, Pv, -~ €)},

max{M(Qx, P, 2" — ), M(Qv,Pxi,€)})),

for all € € (0, 2%)

Letting n — oo in (1),we get

M(Qv,Pv,ty) > f(min{M(Qv, Qv,to),min{M(Qv, Qv,€),M(Qv, Pv, % —€)},

max{M(Qv, Pv, % —€),M(Qv,0Qv,e)}})

= f(M(Qv, P, 20 —¢))
> M(Qv,Pv, 20 —¢).

When € — 0,we obtain
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M(Qv,Pv,ty) > M(Qv, Pv, 2“’)
which is a contradiction.
Therefore, Qv = Pv = z.
Now, we claim that z is common fixed point of Q and P.
Since P and Q are weakly compatible, we have Pz = Qz.
Let us suppose that Pz # z.

Substituting Px = z and y = z in the given condition, we get

M(z,Pz,t) > f(min{M(z,Pz,t),supt1+[2:%min{M(z,Pz,tl),M(QZ,Pz,tz)},

sup,, .~ amax{M(z,Pz,13), M(Pz,2,14)}})

2t
= f(min{M(z, Pz,t),min{M(Qz, Pz,€),M(z,Pz,~~ — €)},
2t
max{M(z,Pz,E ) (PZ e >}})
forall € € (0,%).
When € — 0, we get
2t

M(z,Pz,t) > f(min{M(z,Pz,t),M(z, Pz, E)})

= f(M(z,Pz,t)) > M(z,Pz,t),

which is a contradiction.

So, Pz = Qz = z. Hence, z is a common fixed point of P and Q. Uniqueness of z follows from

(D).
Theorem 3.2. Let (X, M, x) be a GV-fuzzy metric space satisfying the following property:
Vx,y € X,x#y,3t >0:0< M(x,y,t) < 1 and let P,Q be weakly compatible self-mappings of

X such that, for some f € 3,

M(Px, Py,1) > f(min{M(Qx, Qy;t),sup, ., _2min{M(Qx, Px,11),M(Qy,Py,12)},

SUP, |\ — zzmax{M(Qx Py,t3),M(Qy,Px,t4)}})
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where ¢+ > 0 and 1 < k < 2. If P and Q satisfy (CLRy) property,then P and Q have a unique

common fixed point in X.

Proof. Since P and Q satisfy the CLR( property,there exists a sequence {x, } in X such that
(®)) lim Px, = lim Qx, = Ox
n—oo n—soo
Let Pv = Qv. It is not difficult to prove that there exists 7y > 0 such that
2t
(6) M(Pv,Qv, 7) > M(Pv,Qv,1p).

If equation (6) does not hold,then we have

2t
(7 M(Pv,Qv,t) = M(Pv,Qv, ?)7
for all r > 0.
By repeating this process, we obtain
M(Pv,Qv,t) = M(Pv,Qv,2) = ... = M(Pv,Qv,(3)"t) — 1

whenn — oo, which implies that M (Pv, Qv,t) = 1 for all # > 0, which contradicts that Pv # Qv
Hence, (6) is proved.

Substituting x = x;, and y = v in the given condition,we obtain

M (P i) > f(min(M(Q3 O0.10) sup, sy min (MO, Pr.1). M(Qw Py},
suptSHF%max{M(an,Pv, 13),M(Qv, Px,,t4)}})

2t
> fmin{M(Qx,,Q.10) min{M (0, Py €), M(0, P, ),

max{M (Qxy, Pv, % —€),M(Qv,Pxn,€)}})

for all € € (0, 2%)

Proceeding n — oo,we get

M(Qv,Pv,ty) > f(min{M(Qv, Qv,ty),min{M(Qv, Qv,€),M(Qv, Pv, % —€)},

max{M(Qv, Pv, 2—120 —€),M(Qv,0v,€)}})

= b (0v P 20 )

21
> M(Qv, Pv, 70 —g)
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. When € — 0,we obtain

M(Qv,Pv,ty) > M(Qv, Py, 2“’)
which is a contradiction
Therefore, Qv = Pv =7
Now, we claim that z is common fixed point of Q and P.
Since P and Q are weakly compatible,we have Pz = Qz.
Let us suppose that Pz # z.

Substituting Px = z and y = z in the given condition, we get

M(z,Pz,t) > f(min{M(z,Pz,t),suptﬁtz:%min{M(z,Pz,tl),M(Qz,Pz,tz)},

SUP 1= z:max{M(z Pz,t3),M(Pz,z,t4)}})

> f(min{M(z,Pz,t),min{M(Qz, Pz,€),M (z,Pz,% —&)},

max{M(Z,PZ,% €),M(Pz,z,€)}})

forall € € (0,%).

When € — 0,we get

M(z,Pz,t) > f(min{M(z,Pz,t),M(z, Pz, %)})

= f(M(z,Pz,t)) > M(z,Pz,t),

which is a contradiction.
So,Pz = Qz = z. Hence, z is a common fixed point of P and Q.

Uniqueness of z follows form (1).

Corollary 3.3. Let P and Q be self-mappings of a fuzzy metric space (X, M, x) satisfying the

following conditions:

(i) P"(X) C Q"(X),P"Q = QP" and PQ" = Q"P
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(i1)
M(P"x,P"y,t) > f(min{M(Q"x,Q"x,t),
sup i, 2min{M(Q"x, P"x,11), M(Q"y, P"y,12)},
SUPy, g, —2max{M(Q"x, P'y,13), M(Q"y, P"x,14) }})

for all x,y € X ,for some n,m =2,3,...,t > 0 and for some 1 < k < 2. Suppose that the pair
(P", Q™) satisfies the property JCLR and (P", Q™) is weakly compatible. Then P and Q have a

unique common fixed point in X.
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