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1. INTRODUCTION

In the transition from classical analysis to modern analysis, fixed point theory plays an im-

portant role. A main technique for non linear analysis is the Banach fixed theorem that guaran-

tees the existence and uniqueness of complete metric space self-mappings and offers a realistic

approach too finding fixed points. There are a lot of generalizations of Banach contraction the-

orem in complete metric space where the contractive nature of mappings is weakened. Many

authors [1,2,4,8−11,14−16,21,25−27] have extended this classical theory in several differ-

ent directions. Meir-Keeler [15] gave a classical generalization. They studied the fixed point

of the class of mappings satisfying the condition that for each ε > 0, there exists δ (ε) > 0
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such that ε ≤ d(ρ1,ρ2) < ε + δ (ε) implies d( f ρ1, f ρ2) < ε for any ρ1,ρ2 ∈ M. Afterwards,

this condition was extended and enhanced by many authors and fixed points results described

[6,12,13,17,19,20,22,23].

In 1996, the definition of weakly compatible mapping was introduced by Jungck and Rhodes[11]

and showed that compatible mapping is weakly compatible but does not necessarily have inverse

mapping.

In this paper, we research and define the fixed point results for four mappings based on Meir-

Keeler-Khan type contraction in complete G-metric space with α-admissible weakly compati-

ble mappings.

Although, we present some consequences of our new results. In this sequel, the following

definitions will be used.

Let Ψ[22] be the family of nondecreasing functions ψ : [0,+∞)→ [0,+∞) such that ∑
∞
n=ψn(t)<

+∞, for all t > 0, where ψn is the nth iterate of ψ .

Definition 1.1. [18] Let M be a non empty set, and G : M×M×M→R+ be a function satisfying

the following properties:

(1) G(ρ1,ρ2,ρ3) = 0 if ρ1 = ρ2 = ρ3,

(2) 0 < G(ρ1,ρ1,ρ2), for all ρ1,ρ2 ∈M, with ρ1 6= ρ2,

(3) G(ρ1,ρ1,ρ2)6 G(ρ1,ρ2,ρ3), for all ρ1,ρ2,ρ3 ∈M, with ρ3 6= ρ2,

(4) G(ρ1,ρ2,ρ3) = G(ρ1,ρ3,ρ2) = G(ρ2,ρ3,ρ1) = ...(symmetry in all three variables),

(5) G(ρ1,ρ2,ρ3)≤G(ρ1,a,a)+G(a,ρ2,ρ3), for all ρ1,ρ2,ρ3,a ∈M, (rectangular inequal-

ity).

Then the function G is called a generalized metric, or, more specifically a G-metric on M, and

the pair (M,G) is called a G-metric space.

Definition 1.2. [18] Let (M,G) be a G-metric space. A sequence ρn in M is said to be G-

convergent if for ε > 0, there is an ρ1 ∈M and p ∈ N such that n, p≥ N,G(ρ1,ρ1n,ρ1p)< ε.

Definition 1.3. [18] Let (M,G) be a G-metric space. A sequence ρn in M is said to be G-Cauchy

if for each ε > 0, there exists p ∈ N such that G(ρ1n,ρ1p,ρ1x)< ε for all n, p,x≥ N.
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Definition 1.4. [18] A G-metric space M is said to complete if every G-Cauchy sequence in M

is G-convergent in M.

Lemma 1.5. [3] Let ψ ∈Ψ. Then

(1) ψ(t)< t, for all t > 0,

(2) ψ(0) = 0.

Definition 1.6. [11] Let M has two self-maps S and f . If Sρ1 = f ρ1, for some ρ1 ∈M, then l is

called coincidence point of S and f .

Definition 1.7. [11] Let M has two self mappings S and f . If they commute at coincidence point

then S and f are weakly compatible. That is, if Sρ1 = f ρ1, for some ρ1 ∈M, then S f ρ1 = f Sρ1.

On the other hand, Samet et al. [24] introduced the notion of α −ψ contractive mapping in

a metric space using α-admissible mapping and proved the result of a fixed point in a complete

metric space for α−ψ contractive mappings.

Definition 1.8. [24] Let f : M→M and α : M×M→ [0,∞) be two mappings. The mapping f

is said to be an α-admissible if the following condition satisfied:

(1.1) ∀ρ1, j ∈M, α(ρ1, j)≥ 1 implies α( f ρ1, f j)≥ 1.

For four self mappings Patel et al. [19] introduced α-admissible criterion.

Definition 1.9. Let T,ℑ,S, f : M → M be four self-mappings of a non-empty set M and let

α : T (M)∪ℑ(M)∪ℑ(M)× T (M)∪ℑ(M)∪ℑ(M)→ [0,∞) be a mapping. A pair (S, f ) is

called an α-admissible with respect to T and ℑ, if for all ρ1, j ∈ M, α(T ρ1,ℑ j,ℑ j) ≥ 1 or

α(ℑρ1,T j,T j)≥ 1, implies

(1.2) α(Sρ1, f j, f j)≥ 1 and α( f ρ1,S j,S j)≥ 1.

Fisher [9] demonstrated the results provided by Khan [14] edition.

Theorem 1.10. [9] Let f be a self map satisfying the following on a complete metric space

(M,d) such that:

(1.3) d( f ρ1, f j)≤ µ
d(ρ1, f l)d(ρ1, f j)+d( j, f j)d( j, f ρ1)

d(x, f j)+d( j, f ρ1)
, µ ∈ [0,1]
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if d(ρ1, f j)+d( j, f ρ1) 6= 0 d( f ρ1, f j) = 0, if d(ρ1, f j)+d( j, f ρ1) = 0. Then f has a unique

fixed point x ∈M. Moreover, for every x0 ∈M, the sequence { f nx0} converges to x.

Definition 1.11. Let (M,G) be a G-metric space and f : M→M be a self mapping. f is called

(α,ψ)-Meir-Keeler-Khan mapping, if there exists ψ ∈ Ψ and α : M×M×M → [0,∞)

satisfying the following conditions:

For each ε > 0, there exists δ (ε)> 0 such that

ε ≤ ψ(G(ρ1, f (ρ1), f (ρ1))G(ρ1, f ( j), f ( j))+G( j, f ( j), f ( j))G( j, f (ρ1), f (ρ1))
G(ρ1, f ( j), f ( j))+G( j, f (ρ1), f (ρ1))

)< ε +δ (ε)

implies

(1.4) α(ρ1, j, j)G( f (ρ1), f ( j), f ( j))< ε.

2. MAIN RESULTS

We introduced the class of common fixed point results for two pairs of weakly compatible

self mappings in complete G-metric space satisfying (α,ψ)-Meir-Keeler-Khan type contractive

through α-admissible mappings, in this section.

Definition 2.1. Let (M,G) be a complete G-metric space. The self-mappings T,ℑ,S, f : M→M

are said to be (α,ψ)-Meir-Keeler-Khan type, if there exists ψ ∈ Ψ and α : T (M)∪ℑ(M)∪

ℑ(M)×T (M)∪ℑ(M)∪ℑ(M)→ [0,∞) satisfying the following condition:

For each ε > 0, there exists δ (ε)> 0 such that,

ε ≤ ψ(G(T ρ1,Sρ1,Sρ1)G(T ρ1, f j, f j)+G(ℑ j, f j, f j)G(ℑ j,Sρ1,Sρ1)
G(T ρ1, f j, f j)+G(ℑ j,Sρ1,Sρ1)

)< ε +δ (ε)

(2.1) α(T ρ1,ℑ j,ℑ j)G(Sρ1, f j, f j)< ε.

Remark 2.2. It is easy to see that if T,ℑ,S, f : M → M are (α,ψ)-Meir-Keeler-Khan type

mappings, then

(2.2)

α(T ρ1,ℑ j,ℑ j)G(Sρ1, f j, f j)≤ ψ(
G(T ρ1,Sρ1,Sρ1)G(T ρ1, f j, f j)+G(ℑ j, f j, f j)G(ℑ j,Sρ1,Sρ1)

G(T ρ1, f j, f j)+G(ℑ j,Sρ1,Sρ1)
)

for all ρ1, j ∈M.

In 2020, Arshad et al. [5] proved the following theorem in metric space and now we have

extended their results in G-metric space.
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Theorem 2.3. Let (M,G) be a complete G-metric space and T,ℑ,S, f : M→M be an (α,ψ)-

Meir-Keeler-Khan type mappings such that f (M)⊆ T (M) and S(M)⊆ ℑ(M). Assume that:

(1) The pair (S, f ) with respect to T and ℑ is α-admissible;

(2) There exists ρ10 ∈M, such that α(T ρ10,Sρ10,Sρ10)≥ 1;

(3) One of T,ℑ,S and f is also continuous;

(4) (S,T ) and ( f ,ℑ) are self-mappings that are weakly compatible pairs.

Then ν ∈M is the common fixed point of T,ℑ,Sand f .

Proof. By assumption (2), there exists ρ10 ∈M such that α(T ρ10,Sρ10 ,Sρ10) ≥ 1. Define the

sequence {ρ1n} and { jn} in M such that

(2.3) j2n = Sρ12n = ℑρ12n+1and j2n+1 = f ρ12n+1 = T ρ12n+2

This is possible, since f (M) ⊆ T (M) and S(M) ⊆ ℑ(M). Since (S, f ) is αT,ℑ-admissible, we

have

α(T ρ10 ,Sρ10,Sρ10) = α(T ρ10,ℑρ11,ℑρ11)≥ 1

implies α(Sρ10, f ρ11, f ρ11)≥ 1 and α( f ρ10,Sρ11,Sρ11)≥ 1,

which gives

α(ℑρ11 ,T ρ12,T ρ12)≥ 1 = α( j0, j1, j1)≥ 1.

Again by using (1), we have

α(ℑρ11, f ρ11 , f ρ11) = α(ℑρ11,T ρ12,T ρ12)≥ 1 implies

α( f ρ11,Sρ12 ,Sρ12)≥ 1 and α(Sρ11, f ρ12, f ρ12)≥ 1,

which gives,

α(T ρ12 ,ℑρ13,ℑρ13) = α( j1, j2, j2)≥ 1.

Persuasively, we get

(2.4) α( j2n, j2n+1, j2n+1)≥ 1, n = 0,1,2, ...
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That is α(T ρ12n ,ℑρ12n+1,ℑρ12n+1)≥ 1 and α(ℑρ12n+1 ,T ρ12n+2,T ρ12n+2)≥ 1. By (2.2) and (2.4),

we have

G( j2n, j2n+1, j2n+1) = G(Sρ12n, f ρ12n+1, f ρ12n+1)

≤ α(T ρ12n,ℑρ12n+1,ℑρ12n+1)G(Sρ12n, f ρ12n+1, f ρ12n+1)

≤ ψ(
G(T ρ12n ,Sρ12n ,Sρ12n)G(T ρ12n , f ρ12n+1 , f ρ12n+1)+G(ℑρ12n+1 , f ρ12n+1 , f ρ12n+1)G(ℑρ12n+1 ,Sρ12n ,Sρ12n)

G(T ρ12n , f ρ12n+1 , f ρ12n+1)+G(ℑρ12n+1 ,Sρ12n ,Sρ12n)
)

≤ ψ(
f (T ρ12n−1 ,Sρ12n ,Sρ12n)G( f ρ12n−1 , f ρ12n+1 , f ρ12n+1)+G(Sρ12n , f ρ12n+1 , f ρ12n+1)G(Sρ12n ,Sρ12n ,Sρ12n)

G( f ρ12n−1 , f ρ12n+1 , f ρ12n+1)+G(Sρ12n ,Sρ12n ,Sρ12n)
)

≤ ψ(
G( f ρ12n−1 ,Sρ12n ,Sρ12n)G( f ρ12n−1 , f ρ12n+1 , f ρ12n+1)

G( f ρ12n−1 , f ρ12n+1 , f ρ12n+1)
)

≤ ψG( f ρ12n−1 ,Sρ12n,Sρ12n)

≤ ψG( j2n−1, j2n, j2n), for all n ∈ N

Now,

G( j2n−1, j2n, j2n) = G( f ρ12n−1,Sρ12n,Sρ12n)≤ α(ℑρ12n−1,T ρ12n,T ρ12n)G( f ρ12n−1,Sρ12n,Sρ12n)

≤ψ(
G(ℑρ12n−1 , f ρ12n−1 , f ρ12n−1)G(ℑρ12n−1 ,Sρ12n ,Sρ12n)+G(T ρ12n−1 ,Sρ12n ,Sρ12n)G(T ρ12n−1 , f ρ12n−1 , f ρ12n−1)

G(T ρ12n−1 ,Sρ12n ,Sρ12n)+G(T ρ12n−1 , f ρ12n−1 , f ρ12n−1)
)

≤ ψ(
G(Sρ12n−2 , f ρ12n−1 , f ρ12n−1)G(Sρ12n ,Sρ12n ,Sρ12n)+G( f ρ12n−1 ,Sρ12n ,Sρ12n)G( f ρ12n−1 , f ρ12n−1 , f ρ12n−1)

G(Sρ12n−2 ,Sρ12n ,Sρ12n)+G( f ρ12n−1 , f ρ12n−1 , f ρ12n−1)
)

≤ ψG(Sρ12n−2 , f ρ12n−1 , f ρ12n−1)≤ ψ( j2n−2, j2n−1, j2n−1).

That is

G( j2n, j2n+1, j2n+1)≤ ψG( j2n−1, j2n, j2n)≤ ψ2G( j2n−2, j2n−1, j2n−1)

Proceeding in the same way, we get

G( j2n, j2n+1, j2n+1)≤ ψ2nG( j0, j1, j1).

Now, we write the above inequality as

G( jn, jn+1, jn+1)≤ ψnG( j0, j1, j1).
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Now, we will deduce that { jn} ia a Cauchy sequence. By the properties of the function ψ ,

for any ε > 0 there exists n(ε) ∈ N such that ∑n≥n(ε)ψn(G( j0, j1, j1)) < ε . Let n, p ∈ N with

n > p > n(ε), using the rectangular inequality, we get

G( jp, jn, jn)≤ ∑
n−1
k=p G( jp, jp+1, jp+1)

≤ ψ p(G( j0, j1, j1))

≤ ∑p=n(ε)ψ p(G( j0, j1, j1))< ε .

So, we deduce that { jn} is a Cauchy sequence in a complete G-metric space (M,G). There

exists ν ∈M such that limn→∞ jn = ν and sequentially, Sρ12n,ℑρ12n+1, f ρ12n+1,T ρ12n+2 → ν , as

n→ ∞. By assumption (3)

limn→∞ Sρ12n = limn→∞ ℑρ12n+1 = limn→∞ f ρ12n+1 = limn→∞ T ρ12n+2 = ν .

Since f (M)⊆ T (M), there exists β1 ∈M such that ν = T β1. By (2.2) and (2.4), we have

G(Sβ1,ν ,ν)≤ G(Sβ1, f ρ12n+1 , f ρ12n+1)+G( f ρ12n+1,ν ,ν)

≤ α(T β1,ℑρ12n+1 ,ℑρ12n+1)G(Sβ1, f ρ12n+1, f ρ12n+1)+G( f ρ12n+1,ν ,ν)

≤

ψ(
G(T β1,Sβ1,Sβ1)G(Tu, f ρ12n+1 , f ρ12n+1)+G(ℑρ12n+1 , f ρ12n+1 , f ρ12n+1)G(ℑρ12n+1 ,Sβ1,Sβ1)

G(T β1, f ρ12n+1 , f ρ12n+1)+G(ℑρ12n+1 ,Sβ1,Sβ1)
)+G( f ρ12n+1,ν ,ν)

≤ ψ(
G(ν ,Sβ1,Sβ1)G(ν , f ρ12n+1 , f ρ12n+1)+G(Sρ12n , f ρ12n+1 , f ρ12n+1)G(Sρ12n ,Sβ1,Sβ1)

G(ν , f ρ12n+1 , f ρ12n+1)+G(Sρ12n ,Sβ1,Sβ1)
)+G( f ρ12n+1,ν ,ν).

Putting limn→∞ in above inequality, we get

G(Sβ1,ν ,ν)≤ ψ(G(ν ,Sβ1,Sβ1)G(ν ,ν ,ν)+G(ν ,ν ,ν)G(ν ,Sβ1,Sβ1)
G(ν ,ν ,ν)+G(ν ,Sβ1,Sβ1)

)+G(ν ,ν ,ν) = 0.

That is Sβ1 = ν . Thus T β1 = Sβ1 = ν . Therefore β1 is a coincidence point of T and S. Since

the pair of mappings S and T are weakly compatible, we have

ST β1 = T Sβ1,

Sν = T ν .

Since S(M) ⊆ ℑ(M), there exists a point β2 ∈ M such that ν = ℑβ2. By (2.2) and (2.4), we

have

G(ν , f β2, f β2) = G(Sβ1, f β2, f β2)≤ α(T β1,ℑβ2,ℑβ2)G(Sβ1, f β2, f β2)
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≤ ψ(G(T β1,Sβ2,Sβ2)G(T β1, f β2, f β2)+G(ℑβ2, f β2, f β2)G(ℑβ2,Sβ1,Sβ1)
G(T β1, f β2, f β2)+G(ℑβ2,Sβ1,Sβ1)

)

≤ ψ(G(ν ,ν ,ν)G(ν , f β2, f β2)+G(ν , f β2, f β2)G(ν ,ν ,ν)
G(ν , f β2, f β2)+G(ν ,ν ,ν) )≤ ψ(0).

That is G(ν , f β2, f β2) = 0. Thus, ν = f β2. Therefore, f β2 = ℑβ2 = ν . So β2 is coincident

point of ℑ and f . Since, the pair of maps ℑ and f are weakly compatible.

ℑ f β2 = f ℑβ2,

ℑν = f ν .

Now, we show that Sν = ν . By (2.2) and (2.4), we get

G(Sν ,ν ,ν) = G(Sν , f β2, f β2)≤ α(T ν ,ℑβ2,ℑβ2)G(Sν , f β2, f β2)

≤ (G(T ν ,Sν ,Sν)G(T ν , f β2, f β2)+G(ℑβ2, f β2, f β2)G(ℑβ2,Sν ,Sν)
G(T ν , f β2, f β2)+G(ℑβ2,Sν ,Sν) )

≤ ψ(G(Sν ,Sν ,Sν)G(Sν ,ν ,ν)+G(ν ,ν ,ν)G(ν ,Sν ,Sν)
G(ν ,ν ,ν)+G(ν ,Sν ,Sν) )

G(Sν ,ν ,ν) = 0.

So, G(Sν ,ν ,ν) = 0. Thus, Sν = ν . Hence,

Sν = T ν = ν .

Now, we show that f ν = ν . By using (2.2) and (2.4), we get

G(ν , f ν , f ν) = G(Sν , f ν , f ν)≤ α(T ν ,ℑν ,ℑν)G(Sν , f ν , f ν)

≤ ψ(G(T ν ,Sν ,Sν)G(T ν , f ν , f ν)+G(ℑν , f ν , f ν)G(ℑν ,Sν ,Sν)
G(T ν , f ν , f ν)+G(ℑν ,Sν ,Sν) )

≤ ψ(G(ν ,ν ,ν)G(ν , f ν , f ν)+G( f ν , f ν , f ν)G( f ν ,ν ,ν)
G(ν , f ν , f ν)+G( f ν ,ν ,ν) ) = ψ(0) = 0

Thus, G(ν , f ν , f ν) = 0. That is, ν = f ν . Therefore, f ν = ℑν = ν . Thus, Sν = T ν = f ν =

ℑν = ν .

Hence T,ℑ,S and f have a common fixed point ν . �

Theorem 2.4. Let (M,G) be a complete G-metric space and T,ℑ,S, f : M→M be an (α,ψ)-

Meir-Keeler-Khan type mappings such that f (M)⊆ T (M) and S(M)⊆ ℑ(M). Assume that:

(1) The pair (S, f ) is α-admissible with respect to T and ℑ;

(2) There exists ρ10 ∈M such that α(T ρ10,Sρ10,Sρ10)≥ 1;
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(3) If { jn} is a sequence in M such that α( jn, jn+1, jn+1)≥ 1 for all n ∈ N and jn→ ν ∈M

as n→ ∞, then α( jn,ν ,ν)≥ 1, for all n ∈ N.

Then ν is the common fixed point of T,ℑ,S and f such that ν ∈ M given ( f ,ℑ) are weakly

compatible pairs of self-mappings.

Proof. We obtain the sequence { jn} in M by following the proof of Theorem 2.3 which is

defined by:

j2n = Sρ12n = ℑρ12n+1 and j2n+1 = f ρ12n+1 = T ρ12n+2 ,

for all n≥ 0, which converges to some ν ∈M. Sequentially,

Sρ12n, ℑρ12n+1, f ρ12n+1, T ρ12n+2 → ν ,

as n→ ∞. Since f (M)⊆ T (M), there exists β1 ∈M such that ν = T β1. By (3) and (2.4), we

have

G(Sβ1,ν ,ν) = G(Sβ1, f ρ12n+1 , f ρ12n+1)≤ α(T β1,ℑρ12n+1,ℑρ12n+1)G(Sβ1, f ρ12n+1 , f ρ12n+1)

≤ ψ(
G(T β1,Sβ1,Sβ1)G(T β1, f ρ12n+1 , f ρ12n+1)+G(ℑρ12n+1 , f ρ12n+1 , f ρ12n+1)G(ℑρ12n+1 ,Sβ1,Sβ1))

G(T β1, f ρ12n+1 , f ρ12n+1)+G(ℑρ12n+1 ,Sβ1,Sβ1)
)

≤ ψ(
G(ν ,Sβ1,Sβ1)G(ν , f ρ12n+1 , f ρ12n+1)+G(Sρ12n , f ρ12n+1 , f ρ12n+1)G(Sρ12n ,Sβ1,Sβ1))

G(ν , f ρ12n+1 , f ρ12n+1)+G(Sρ12n ,Sβ1,Sβ1)
)

Putting limn→∞ in above inequality we end up with

G(Sβ1,ν ,ν)≤ ψ(G(ν ,Sβ1,Sβ1)G(ν ,ν ,ν)+G(ν ,ν ,ν)G(ν ,Sβ1,Sβ1))
G(ν ,ν ,ν)+G(ν ,Sβ1,Sβ1)

)≤ 0.

Thus Sβ1 = ν , therefore, T β1 = Sβ1 = ν . Therefore β1 is a coincidence point of T and S. Since

the pair of mappings S and T are weakly compatible, we have

ST β1 = T Sβ1,

Sν = T ν .

Similarly, as S(M) ⊆ ℑ(M), we obtain G(ν , f β2, f β2) = 0. Thus, ν = f β2. Therefore f β2 =

ℑβ2 = ν . So, β2 is coincident point of ℑ and f . Since, the pair of maps (ℑ, f ) are weakly

compatible so,

ℑ f β2 = f ℑβ2,

ℑν = f ν .
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We can easily show that Sν = ν and f ν = ν and the proof is completed. �

We will assume the following hypothesis for the uniqueness of the fixed points of a general-

ized (α,ψ)-Meir-Keeler-Khan type contractive mapping.

(H) For all common fixed points l and j of T,ℑ,S and f , there exists β2 ∈M such that α(ρ1,β2,β2)≥

1 and α( j,β2,β2)≥ 1.

Theorem 2.5. We get the uniqueness of common fixed point of S,T, f and ℑ, by adding hypoth-

esis (H) to the statement of Theorem 2.3 or 2.4.

Proof. Theorem 2.3 (respectively Theorem 2.4) shows the existence of a fixed point. To prove

its uniqueness assume that we have some x which is another common fixed point of T,ℑ,S and

f such that ν 6= x. By hypothesis (H), there exists β2 ∈ M such that α(T ν ,β2,β2) ≥ 1 and

α(ℑx,β2,β2)≥ 1. Define a sequence {β2n} in M by

β20 = Sβ20 = ℑ1,β22n = Sβ22n = ℑβ22n+1

and

β21 = f β11 = T β12,β12n+1 = f β12n+1 = T β12n+2,

for all n≥ 0. Since the pair (S, f ) is αT,ℑ-admissible, we get

α(ν ,β22n,β22n)≥ 1 and α(x,β22n,β22n)≥ 1, for all n.

Now, by Remark 2.2, we have

G(ν ,β22n+1,β22n+1) = G(Sν , f β22n+1, f β2n+1)

≤ α(T ν ,ℑβ22n+1,ℑβ2n+1)G(Sν , f β22n+1, f β22n+1),

≤ ψ(G(T ν ,Sν ,Sν)G(T ν , f β22n+1, f β22n+1)+G(ℑβ22n+1, f β22n+1, f β22n+1)G(ℑβ22n+1,Sν ,Sν)
G(T ν , f β22n+1, f β22n+1)+G(ℑβ22n+1,Sν ,Sν) )

≤ ψ(G(Sν ,Sν ,Sν)G(Sν , f β22n+1, f β22n+1)+G(ℑβ22n+1, f β22n+1, f β22n+1)G(ℑβ22n+1,Sν ,Sν)
G(Sν , f β22n+1, f β22n+1)+G(ℑβ22n+1,Sν ,Sν) )

By rectangular inequality, we have

G(ℑβ22n+1, f β22n+1, f β22n+1)≤ α(G(Sν , f β22n+1, f β22n+1)+G(ℑβ22n+1,Sν ,Sν)),

≤ ψ(G(ℑβ22n+1, f β22n+1, f β22n+1)G(ℑβ22n+1,Sν ,Sν)
G(Sν , f β22n+1, f β22n+1)+G(ℑβ22n+1,Sν ,Sν) ),

≤ ψ(ℑβ22n+1,Sν ,Sν),
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≤ ψG(ν ,β22n,β22n).

Iteratively, the inequality implies that

G(ν ,β22n+1,β22n+1)≤ ψ2n+1(G(ν ,β20,β20)]), for all n.

Putting n→ ∞, in above inequality, we get

(2.5) lim
n→∞

G(β22n,ν ,ν) = 0.

(2.6) lim
n→∞

G(β22n,x,x) = 0.

From (2.5), (2.6) we get ν = x. �

There is an example to support Theorem 2.3

Example 2.6. Let M = [1,20] and (M,G) be a G-metric space. Define T,ℑ,S and f as follows:

S(ρ1) = 1 for all l.

f (ρ1) = {1, if ρ1 ∈ [1,7)∪ [8,20]

ρ1 +1, if ρ1 ∈ [7,8]

T (ρ1) = {ρ1, if ρ1 ∈ [1,8]

8, if ρ1 ∈ [8,20]

ℑ(ρ1) = {1, if ρ1 = 1,

5 if ρ1 ∈ (1,7)∪ [8,20]

ρ1 +3, if ρ1 ∈ [7,8).

Note that, f (M)⊆ T (M) and S(M)⊆ℑ(M), we note Sl = T l for which l = 1 implies ST l = T Sl

and f l = ℑl implies f ℑl = ℑ f l, thus the pairs {S,T} and { f ,ℑ} are weakly compatible.

Now, consider ε = 1
4 and suppose that ψ(t)= t

4 then T,ℑ,S and f satisfy the (α,ψ)-Meir-Keeler

contractive condition with the mapping α : T (M)∪ℑ(M)∪ℑ(M)×T (M)∪ℑ(M)∪ℑ(M)→

[0,∞) defined by

α(p,q,r) = {1, if p,q,r ∈ [1,7)∪ [11,20]∪ [11,20]
1
5 , otherwise.

Clearly, ρ1 = 1 is the common fixed point. Indeed, hypothesis(2) is satisfied when ρ10 = 1 ∈M

with α(1,1,1)≥ 1. Then all the requirements of Theorem 2.3 are fullfilled.
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Corollary 2.7. Let (M,G) be a complete G-metric space and let f : M→M be an (α,ψ)-Meir-

Keeler-Khan mapping. Consider that:

(1) f is an α-admissible mapping,

(2) There exists some ρ10 ∈M such that α(ρ1 +0, f (ρ10), f ρ10)≥ 1,

(3) f is also continuous.

Then f (p) = p for p ∈M.

Proof. Immediately by taking S = f = ℑ = T in the Theorem 2.3. �

Corollary 2.8. Let (M,G) be a complete G-metric space and let f : M→M be an (α,ψ)-Meir-

Keeler-Khan mapping. Consider that:

(1) f is an α-admissible mapping,

(2) There exists some ρ10 ∈M such that α(ρ1 +0, f (ρ10), f ρ10)≥ 1,

(3) If {ρ1n} is a sequence in M such that α(ρ1n,ρ1n+1,ρ1n+1) ≥ 1 for all n ∈ N and ρ1n →

ρ1→M as n→ ∞, then α(ρ1n,ρ1,ρ1)≥ 1, for all n ∈ N. Then f (p) = p for p ∈M.
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[8] L.j. Ćirić, Some Recent Results in Metrical Fixed Point Theory. University of Belgrade, Beograd (2003).

[9] B. Fisher, A note on a theorem of Khan. Rend. Ist. Mat. Univ. Trieste 10 (1978), 1–4.

[10] N. Hussain, M. Arshad, A. Shoaib, Fahimuddin, Common fixed point results for α −ψ-contractions on a

metric space endowed with graph, J. Inequal. Appl. 2014 (2014), 136.

[11] G. Jungck, B.E. Rhoades, Fixed points for set valued functions without continuity. Indian J. Pure Appl. Math.

29 (1998), 227–238.
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[20] M. Pavlović, S. Radenović, A note on Meir- Keeler theorem in the context of b-metric spaces, Military Techn.

Courier, 67 (2019), 1-12.

[21] T. Rasham, A. Shoaib, B.A.S. Alamri, A. Asif, M. Arshad, Fixed point results for α ∗−ψ-dominated multi-

valued contractive mappings endowed with graphic structure, Mathematics, 7 (2019), 307.

[22] N. Redjel, A. Dehici, E. Karapinar, I.M. Erhan, Fixed point theorems for (α,ψ)-Meir-Keeler-Khan mappings,

J. Nonlinear Sci. Appl. 8 (2015), 955-964.

[23] B. Samet, C. Vetro, H. Yazidi, A fixed point theorem for a Meir-Keeler type contraction through rational

expression, J. Nonlinear Sci. Appl. 6 (2013), 162-169.

[24] B. Samet, C. Vetro, P. Vetro, Fixed point theorem for α −ψ contractive type mappings, Nonlinear Anal.,

Theory Meth. Appl. 75 (2012), 2154-2165.

[25] A. Shoaib, Fixed point results for α−ψ-multivalued mappings, Bull. Math. Anal. Appl. 4 (8) (2016), 43-45.

[26] A. Shoaib, M. Fahimuddin, M.U. Arshad, M.U. Ali, Common fixed point results for α−ψ-locally contractive

type mappings in right complete dislocated quasi G-metric spaces, Thai J. Math. 17 (2019), 627-638.



3562 RADHA, BALBIR SINGH

[27] A. Shoaib, T. Rasham, N. Hussain, M. Arshad, α∗-dominated set-valued mappings and some generalised

fixed point results, J. Nat. Sci. Found. Sri Lanka, 47 (2019), 235-243.


