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1. INTRODUCTION

In the transition from classical analysis to modern analysis, fixed point theory plays an im-
portant role. A main technique for non linear analysis is the Banach fixed theorem that guaran-
tees the existence and uniqueness of complete metric space self-mappings and offers a realistic
approach too finding fixed points. There are a lot of generalizations of Banach contraction the-
orem in complete metric space where the contractive nature of mappings is weakened. Many
authors [1,2,4,8 — 11,14 —16,21,25 — 27] have extended this classical theory in several differ-
ent directions. Meir-Keeler [15] gave a classical generalization. They studied the fixed point
of the class of mappings satisfying the condition that for each € > 0, there exists d(¢) > 0
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such that € < d(p1,p2) < €+ 0(€) implies d(fp1,fp2) < € for any p;,p» € M. Afterwards,
this condition was extended and enhanced by many authors and fixed points results described
[6,12,13,17,19,20,22,23].

In 1996, the definition of weakly compatible mapping was introduced by Jungck and Rhodes[11]
and showed that compatible mapping is weakly compatible but does not necessarily have inverse
mapping.

In this paper, we research and define the fixed point results for four mappings based on Meir-
Keeler-Khan type contraction in complete G-metric space with ¢t-admissible weakly compati-
ble mappings.

Although, we present some consequences of our new results. In this sequel, the following
definitions will be used.

Let W[22] be the family of nondecreasing functions y : [0, +o0) — [0, +o0) such that Y » y" () <

+oo, for all # > 0, where y" is the nth iterate of y.

Definition 1.1. [18] Let M be a non empty set, and G : M x M x M — R" be a function satisfying

the following properties:

(1) G(p1,p2,p3) = 0if p1 = pr = p3,
(2) 0 < G(p1,p1,p2), for all py,pr € M, with py # pa,
(3) G(p1,p1,p2) < G(p1,p2,p3), for all py,p2, p3 € M, with p3 # ps,
4) G(p1,p2,p3) = G(p1,p3,p2) = G(p2,p3,p1) = ...(Symmetry in all three variables),
(5) G(p1,p2,p3) < G(p1,a,a)+G(a,pa,p3), for all py, pa, p3,a € M, (rectangular inequal-
ity).
Then the function G is called a generalized metric, or, more specifically a G-metric on M, and

the pair (M, G) is called a G-metric space.

Definition 1.2. [18] Let (M,G) be a G-metric space. A sequence p, in M is said to be G-

convergent if for € > 0, there is an p; € M and p € N such that n,p > N,G(p1,p1,,P1,) < €.

Definition 1.3. [18] Let (M, G) be a G-metric space. A sequence p,, in M is said to be G-Cauchy

if for each € > 0, there exists p € N such that G(py,,p1,,p1,) < € forall n,p,x > N.
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Definition 1.4. [18] A G-metric space M is said to complete if every G-Cauchy sequence in M

is G-convergent in M.

Lemma 1.5. 3] Let y € ¥. Then
(1) y(t) <t,forallt >0,
(2) y(0)=0.

Definition 1.6. [11] Let M has two self-maps S and f. If Sp; = fpy, for some p; € M, then [ is

called coincidence point of S and f.

Definition 1.7. [11] Let M has two self mappings S and f. If they commute at coincidence point

then S and f are weakly compatible. That is, if Sp; = fp;, for some p; € M, then Sfp; = fSp1.

On the other hand, Samet et al. [24] introduced the notion of @ — y contractive mapping in
a metric space using o-admissible mapping and proved the result of a fixed point in a complete

metric space for @ — ¥ contractive mappings.

Definition 1.8. [24| Let f: M — M and @ : M x M — [0,0) be two mappings. The mapping f

is said to be an o-admissible if the following condition satisfied:

(1.1) VPI»JGMa a(plaj)zl implies a(fphf])zl
For four self mappings Patel et al. [19] introduced a-admissible criterion.

Definition 1.9. Let 7,3,S,f : M — M be four self-mappings of a non-empty set M and let
o:TM)USM)USM) xT(M)USI(M)US(M) — [0,00) be a mapping. A pair (S, f) is
called an o-admissible with respect to T and 3, if for all p;,j € M, a(Tp;,3/,3j) > 1 or
o(3p1,Tj,Tj) > 1, implies

(1.2) a(Splaf.]7f.])21 and a(fpr.]vS.])Zl
Fisher [9] demonstrated the results provided by Khan [14] edition.

Theorem 1.10. [9] Let f be a self map satisfying the following on a complete metric space
(M,d) such that:

d(xaf])+d<]afpl) 7

(1.3) d(fou,fi) <’ e, 1]
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fixed point x € M. Moreover, for every xog € M, the sequence {f"xy} converges to x.

Definition 1.11. Let (M, G) be a G-metric space and f : M — M be a self mapping. f is called
(a, y)-Meir-Keeler-Khan mapping, if there exists y € ¥ and o : M xM x M — [0,)
satisfying the following conditions:

For each € > 0, there exists 6(&) > 0 such that

LU FEICPLFG) LU +CUFU)LU)CUL 1) f (1)
€ S V(T FO S G ) <€+d(e)
implies

2. MAIN RESULTS

We introduced the class of common fixed point results for two pairs of weakly compatible
self mappings in complete G-metric space satisfying (o, y)-Meir-Keeler-Khan type contractive

through o-admissible mappings, in this section.

Definition 2.1. Let (M, G) be a complete G-metric space. The self-mappings 7, 3,S, f: M — M
are said to be (a,y)-Meir-Keeler-Khan type, if there exists v € ¥ and o : T(M) U3 (M) U
SM)xT(M)US(M)US (M) — [0,) satisfying the following condition:

For each € > 0, there exists 6(€) > 0 such that,

G(Tp1,5p1,501)G(Tp1,fJ,f ) +G(S).fi:f1)G(S,Sp1,501)
O N T DR CTATIRTY ) <e+6(e)

2.1) a(Tp1,3),3/)G(Sp1. fi. f) < .

Remark 2.2. It is easy to see that if 7,3,S,f : M — M are (¢, y)-Meir-Keeler-Khan type
mappings, then
2.2)

. . . . GT 7S 7S GT I .7 i +GS7 .7 GS,S 7S
a(Tp1, 37,3 )G(Spr. Fi. 1) < W (Tp1,8p1,501)G(Tp1,fj,fj)+G(Sj,fj, fi)G(Sj,Sp1,5p1)

G(Tpthva)+G(3]aSP17SP1)

)

forall py,j € M.

In 2020, Arshad et al. [5] proved the following theorem in metric space and now we have

extended their results in G-metric space.
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Theorem 2.3. Let (M,G) be a complete G-metric space and T,3,S,f: M — M be an (o, y)-
Meir-Keeler-Khan type mappings such that f(M) C T (M) and S(M) C 3(M). Assume that:

(1) The pair (S, f) with respect to T and S is o.-admissible;
(2) There exists p1, € M, such that a(T py,,Sp1,,Sp1,) > 1;
(3) One of T,3,S and f is also continuous;

(4) (S,T) and (f,3) are self-mappings that are weakly compatible pairs.

Then v € M is the common fixed point of T,3,Sand f .

Proof. By assumption (2), there exists p;, € M such that o(Tpy,,Sp1,,5p1,) > 1. Define the
sequence {p;, } and {j,} in M such that

(2.3) Jon = 8p1y, = 3P1y,and  jons1 = [Py = TP,

This is possible, since f(M) C T(M) and S(M) C 3(M). Since (S, f) is o7 5-admissible, we

have
oU(TP1y;SP1y5SP1,) = (T P14y, 3p1,,3p1,) = 1
implies &t (Sp1,, fP1,,fP1,) >1 and a(fp1,,Sp1,,Sp1,) > 1,
which gives
a(Sp1,,Tp,,Tp,) >1 = a(jo,ji,j1) > 1.
Again by using (1), we have

a(gpllafpllafpll) = a(splprlszplz) > 1 1mphes
a(fp1,,Sp1,,8p1,) > 1 and o(Sp1,.fp1,,fP1,) > 1,

which gives,
(X(Tp12,3p13,3p13) = a(jlaj27j2) > 1.

Persuasively, we get

(24) a(j2n7j2n+laj2n+l> Z 17 n:071727"'
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Thatis ot(T p1,,,3P15,.1,3P15,,,) = 1and a(3p1,,. 1, TP, 2T P14,.n) = 1. By (2.2) and (2.4),

we have

G(jZnajZn—i—lajZn—H) = G(Sp12n7fp12n+1 7fp12n+1)

< a(Tp12n7Sp12n+l 7Sp12n+1)G(Sp12n7fp12n+l ’fp12n+l)
< (G(TplznaSp12n7Sp]2n)G(Tp12n 7fp12n+1 7fp]2n+1 )+G(Sp]2n+1 7fp]2n+1 7fp]2n+1 )G(Sp]2n+1 7Sp12nasplzn))
sV G(TP1y, .S Py 1/ P1yy ) HG (8P, 8P, SP1,,)

< (f(Tp12n71 7Sp12n7SP12,1)G(fp12n71 7fp12n+1 7fp12n+1)+G(Spl2n 7fp]2n+1 7fp12n+1 )G(Splzn 7Sp]2n7Sp12n))
- ll/ G(fplzn,I 7fp12n+] 7fp12n+1 )+G(Sp12n 7Sp12n 7Sp12n)

< W( G(fp12n71 7SP12n7SP12n)G(fpl2n71 7fp12n+1 7fp12n+1 ))
- G(fp12n717fp12n+17fp12n+1)

< WG(fP1s,-1:SP12,SP12,)

< II/G(janla]'Zn»]én), foralln € N

Now,
G(]‘anlijnajZn) = G(fplzn_l 7Sp12naSp12n) S a(Splzn_] ) Tplgna Tplzn)G(fplzn_l 7Sp12naSp12n)

< (G(Sp12n71 7fP12n,1 7fp12n,1 )G(Sp12n71 7SP12n7SPIZn)+G(TP12n,1 7SP12n7SP12n)G(TP12n,1 7fP12n,1 afplzn,I ) )
ll/ G(Tp12n71 7SP12n 7SP12,,)+G(TP12"71 7fP12n71 7fp12n71 )

< ( G(Sp12n72 >fP12n,1 7fp12n,1 )G(Splzn 7Sp12n 7Sp12n)+G(fp12n7] 7Sp12n >Sp12”)G(fp12n71 afplzn,I 7fp12n,1 ) )
ll/ G(Sp12n727sp12n 7SP12n)+G(fP12n,1 7fP12n71 ufp12n71 )

< WG(Splzn_zafplzn_l7fp12n_1) < W(.jZn—ZajZn—hjZn—l)-

That is
G(Jons jan+1s Jant1) S WG(jan—15 jans jon) < WG (jan—2; jan—1 jan—1)
Proceeding in the same way, we get

G(jons jant1, Jont1) < W2G(jo, j1, j1)-

Now, we write the above inequality as

G(jnyjn+17jn+1) S l[/nG(jO,jl,jl).
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Now, we will deduce that {j,} ia a Cauchy sequence. By the properties of the function vy,
for any € > 0 there exists n(g) € N such that ¥,,>,,¢) W"(G(jo, j1,j1)) < €. Let n,p € N with
n > p > n(€), using the rectangular inequality, we get
GjpsjnsJn) < X4z p Glipsipt1sip+1)
< P (G(jo, j1,J1))
< Zp:n(s) WP(G(j07jl7jl)) <E&.
So, we deduce that {j,} is a Cauchy sequence in a complete G-metric space (M,G). There
exists v € M such that lim, .. j, = v and sequentially, Sp1,,, 3015, fPlsy 1> T Plyyy — V> aS
n — oo, By assumption (3)
lim,, ;00 SP1,, = liMy 00 3P1,,,, = limy e fP1,,,, = limy e TP1,,,, = V.

Since f(M) C T(M), there exists f; € M such that v =Tf3;. By (2.2) and (2.4), we have
G(Sﬁlv v, V) < G(Sﬁl 7fp12n+1 7fp12n+1) + G(fp12”+1 VY, V)

< a(Tﬁlasplan?Splan )G<Sﬁ1 7fp12n+l 7fp12n+1) + G(fp12n+1 Vs V)

<

G(TB1,SPB1.SBI)G(Tu. [Py, S P15, )FCBP1y, S Py S P, )G(SP1,,  SB1SBL)
( G(TP1.fP1y, 1S P1yy, ) TGPy, SB1SBL) )+ G(fP12ss1>VsV)

G(V,SB]7SB1)G(V7fp12n 17fp12n 1)+G(Sp]2n7fp12n 17fP12n I)G(Sp12n7sﬁlasﬁl)
s vl GUVATP1y /P11 FFGSP, B SP1) )+ G(fPray V).

Putting lim,,_, in above inequality, we get

G(SB1,v.v) < W sty ) + G(v,v,v) =0

That is SB; = v. Thus T3; = SB; = v. Therefore B1 is a coincidence point of T and S. Since

the pair of mappings S and 7" are weakly compatible, we have
STB = TSBi,
Sv. = Tv.

Since S(M) C 3(M), there exists a point B, € M such that v = 3f,. By (2.2) and (2.4), we

have

G(v,fBa2,fB2) = G(SB1, fB2, fB2) < o(TP1,3B2,3B2)G(SB1, f B2, fB2)
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<y G(TB1,5B2,5B2) G(T B1.f B2,f B2) +G(SBa.f Ba,f B2)G(S B2, B1,SP1) )
- G(TB1,fB2.fB2)+G(3B2.5B1,5B1)

G(v,v.V)G(v,f B, Bo)+G(V.fBo.f B2) G(v,v,V)
< (GO B P OO B BICVY)) < y(0).

That is G(v, fBs, fB2) = 0. Thus, v = fB,. Therefore, fB, = 3B, = v. So 3, is coincident

point of 3 and f. Since, the pair of maps 3 and f are weakly compatible.
SfB2= f3Bo,
3v=fv.
Now, we show that Sv = v. By (2.2) and (2.4), we get

G(Sv,v,v)=G(SV, fBa, fB2) < o(TVv,3B2,3B2)G(SV, B2, [ B2)

<( G(Tv,Sv,SV)G(TV,fB2,fB2)+G(S B2, f B2.f B2 ) G(S B2,SV,SV) )
- G(TV.fB2,fB2)+G(3B2,5v,5V)

< (G(Sv,Sv,Sv)G(Sv,v,v)+G(v,v,v)G(v,Sv.,Sv))
Sy G(v,v,v)+G(v,Sv,Sv)

G(Sv,v,v)=0.
So, G(Sv,v,v) =0. Thus, Sv = v. Hence,
Sv=Tv=v.
Now, we show that fv = v. By using (2.2) and (2.4), we get

G(V,fv,fv)=G(Sv.fv,fv) <a(Tv,3v,.3v)G(SV, fv,fv)

< G(Tv,Sv,Sv)G(Tv,fv,fv)+G(Sv,fv,fv)G(Sv,Sv,Sv))
= W( G(TVv,fv,fv)+G(3v,Sv,Sv)

< Y Gt s ) = w(0) =0

Thus, G(v, fv,fv) =0. Thatis, v = fv. Therefore, fv =3v =v. Thus, Sv=Tv = fv =
Sv=v.

Hence 7,3, S and f have a common fixed point v. 0

Theorem 2.4. Let (M,G) be a complete G-metric space and T,3,S,f : M — M be an (o, y)-
Meir-Keeler-Khan type mappings such that f(M) C T (M) and S(M) C 3(M). Assume that:
(1) The pair (S, f) is a-admissible with respect to T and 3;
(2) There exists py, € M such that a(T p1,,,Sp1,,Sp1,) > 1;
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(3) If {jn} is a sequence in M such that &(j,, ju+1, jnt1) > Lforalln € N and j, — v EM
as n — oo, then a(j,,v,v) > 1, foralln € N.
Then Vv is the common fixed point of T,3,S and f such that v € M given (f,3) are weakly

compatible pairs of self-mappings.

Proof. We obtain the sequence {j,} in M by following the proof of Theorem 2.3 which is
defined by:

Jon = SP1y, = Sp12n+l and  jouq1 = fp12n+1 = Tp12n+2’
for all n > 0, which converges to some v € M. Sequentially,

Sp12n’ Sp12n+l7 fp12n+l7 Tp12n+2_>v’

as n — oo. Since f(M) C T(M), there exists B1 € M such that v =T f3;. By (3) and (2.4), we

have

G(SBl,V, V) = G(Sﬁ17fp12n+1 7fp12n+1) < a(TﬁlaSplan7Sp12n+1)G<Sﬁ17fp12n+1afp12n+1>

< (G(Tﬁl SB1SBOG(T B, Py, 1S Py, ) HG(SP1y, 5 Pl 5Py, )G(SP1, SB1SB)) )
sV G(TB1.fP1y, 1S P1yy ) TG(S3P1,,,,  SP1SBI)
< (G(V7Sﬁ1 7Sﬁ1)G(V7fP12n+| 7fp12n+| )+G(Sp12n 7fP12n+1 7fP12n+] )G(Sp12n7sﬁl 7SB1)) )
=V G(V.f Py, 1S P1y, ) HG(SP1,,,SB1.SPI)

Putting lim,,_s.. in above inequality we end up with

G(SB1,v,v) < ‘I’(G(V’Sﬁl’Sﬁlc);(cv(,vv’,vv7)v+)?;?v(,‘;bvfrg)ﬁcl)(V7Sﬁ17Sﬁ]))) <o.

Thus SB; = v, therefore, T B; = SB; = v. Therefore B is a coincidence point of 7 and S. Since

the pair of mappings S and T are weakly compatible, we have
STB, =TSP,
Sv=Tv.

Similarly, as S(M) C 3(M), we obtain G(v, fB, fB2) = 0. Thus, v = fB,. Therefore f, =
3B, = v. So, B is coincident point of 3 and f. Since, the pair of maps (3, f) are weakly

compatible so,

SfB2= f3Ba,
Sv=fv.
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We can easily show that SV = v and fv = v and the proof is completed. UJ
We will assume the following hypothesis for the uniqueness of the fixed points of a general-

ized (a, y)-Meir-Keeler-Khan type contractive mapping.

(H) For all common fixed points / and j of 7,3, S and f, there exists 3, € M such that a(p1, 35, 52) >

land a(j,B2,B2) > 1.

Theorem 2.5. We get the uniqueness of common fixed point of S, T, f and S, by adding hypoth-

esis (H) to the statement of Theorem 2.3 or 2.4.

Proof. Theorem 2.3 (respectively Theorem 2.4) shows the existence of a fixed point. To prove
its uniqueness assume that we have some x which is another common fixed point of 7,3, S and
f such that v # x. By hypothesis (H), there exists 3, € M such that o(Tv,[,,B2) > 1 and
a(3x, B2, B2) > 1. Define a sequence {f,} in M by

B20 =SB20=31,B220 = SB22n = 3PB22p+1

and
P21 =fBLi =TB1s,Blon1 = fBlops1 =TPlonso,
for all n > 0. Since the pair (S, f) is o7 5-admissible, we get
(v, B2, B22,) > 1 and a(x, 22y, B22,) > 1, for all n.

Now, by Remark 2.2, we have

G(V,B220+1,B220+1) = G(SV, fB220n+1,fB2u+1)
< a(Tv,3B22441,3B2,41)G(SV, fB202n+1, [ B220+1),

< y( G(TV,Sv,SV)G(TV,[B22n1 1,/ B22041)+G(SB22n1 1,/ B22n 41,/ B22111)G(S B22041,5V,SV) )
- G(Tv7fl322n+l 7fﬁ22n+1 )+G(Sﬁ22n+l 7SV7SV)

< y( G(Sv,SV,SV)G(SV,fB22n 11,/ B22a+1)+G(SB22n 11,/ B20n+ 1,/ B22011)G(SB22n11,5V,SV) )
- G(SvnyZZtrH7fﬁ22n+1)+G(Sﬁ22n+l7SV7SV)

By rectangular inequality, we have

G(3B22n+1, B22n41,  B22041) < t(G(SV, fB22n+41,fB22n+1) + G(3B22441,5V,8V)),

< y( G(SB2ont1.f B22n+1,S B204t1) G(S P22 41,5V,5V) )
- G(SV.fB22n11,/B22011)+G(SB22441,5v,Sv) /2

< W(SB22n+17SV75V)’
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S WG(V, ﬁ22n7 ﬁZZn)
Iteratively, the inequality implies that

G(V,B2n+1,B22n+1) < Y T(G(v, B20, 820)]), for all n.

Putting n — o, in above inequality, we get

(2.5) lim G(B2ap,v,Vv) = 0.
n—oo
(2.6) lim G(B2n,x,%) = 0.
n—sco
From (2.5), (2.6) we get v = x. O

There is an example to support Theorem 2.3

Example 2.6. Let M = [1,20] and (M, G) be a G-metric space. Define 7,3, S and f as follows:
S(p1) =1 for all I.
flpr)=A{1,  ifp1 €[1,7)U[8,20]
pi+1,  ifp €[7,8]
T(p1)={p1,  ifp1€][l,8§]
8, if p1 € [8,20]
S(pr)={1, ifpi=1,
5 ifpy e (1,7)U[8,20]
pi+3,  ifpi €[7.8).
Note that, f(M) C T (M) and S(M) C S(M), we note SI = Tl for which = 1 implies ST! = TSI
and f1 = S/ implies f31 = S f1, thus the pairs {S,T} and {f,3} are weakly compatible.
Now, consider € = J and suppose that y/(t) = £ then 7,3, S and f satisfy the (a, y)-Meir-Keeler
contractive condition with the mapping o : T(M)US(M)US(M) xT(M)US(M)US(M) —
[0,e0) defined by
o(p,q,r)={1, if p,q,r€[1,7)U[11,20]U[11,20]
%, otherwise.
Clearly, p; = 1 is the common fixed point. Indeed, hypothesis(2) is satisfied when p;, =1 € M

with a(1,1,1) > 1. Then all the requirements of Theorem 2.3 are fullfilled.
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Corollary 2.7. Let (M, G) be a complete G-metric space and let f : M — M be an (o, y)-Meir-
Keeler-Khan mapping. Consider that:

(1) f is an a-admissible mapping,

(2) There exists some py, € M such that a(p1 +0, f(p1,), fP1,) > 1,

(3) f is also continuous.

Then f(p) = pfor p e M.

Proof. Immediately by taking S = f =3 = T in the Theorem 2.3. O

Corollary 2.8. Let (M, G) be a complete G-metric space and let f : M — M be an (@, y)-Meir-
Keeler-Khan mapping. Consider that:

(1) f is an a-admissible mapping,

(2) There exists some py1, € M such that a(p1 +0, f(p1,), fP1,) > L,

(3) If {p1,} is a sequence in M such that «(p1,,p1,,,P1,,,) > 1 foralln € N and p;, —
p1 — M as n — oo, then o/(py,,p1,P1) > 1, foralln € N. Then f(p) = p for p € M.
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