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Abstract. In this paper, we introduce application of Adomian Decomposition Method (ADM) for solving systems
of Ordinary Differential Equations (ODEs). This method is illustrated by four examples of (ODEs) and solutions

are obtained. One of the most important advantages of this method is its simplicity in using.
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1. INTRODUCTION

The literature on the Adomian decomposition method (ADM) and its modifications [1-7]
tells us that this method is proven to be efficient to solve linear and nonlinear ODEs, DAE:s,
PDEs, SDEs, integral equations and integrointegral equations. More importantly, such method
has been applied to a wide class of problems in physics, biology and chemical reaction. The
reason of such spread and application of the method lies in the fact that the ADM provides
the solution in a rapid convergent series with computable terms. In this manuscript, we aim at
introducing a new reliable modification of ADM. For this reason, a new differential operator for
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solving high-order and system of differential equations. In order to illustrate the application of
the modified form of the ADM, we would provide a set of examples to show the advantages of

using the proposed method to solve the initial value problems.

2. ANALYSIS OF THE ADM

We consider the following system of ordinary differential equations of second order
W'+ p1()u + fi(x u,vw, L) = g1 (x),

Vi D2V + fo(x,u,v,w,..) = g2(x),

(1) W'+ pa()w' + fi (v, ) = g3(x).

With the following initial conditions
u(0) = ay, u'(0) = as,
V(O) = bl, V’(O) = bz,

W(O) = dl, W/(O) = d2,

where f1, f2,...f; are nonlinear functions, p;(x),and g;(x) are given functions.

According to the ADM we rewrite the system of equations(1) in terms of operator from as
Lu=gi(x)— filx,u,v,w,...),

Lv = gy(x) — fo(x,u,v,w,...),

2) Lw = g3(x) — f3(x,u,v,w,...)

where L; are differential operators given by

L= e trward grpwad

dx dx’
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and their inverse integral operators are defined as

3) L) :/ e_fl’i(x)dx/ el P Vdxdx.
0 0

Applying L, "on (2) we get
u="v(x) —|—L1_1g1(x) —Ll_lfl (x,u,v,w,...),
v="7(x) +L2_lg2(x) —Lz_]fg(x,u,v,w,...),

) W:}/3(X)—|—L§1g3(x)—L§1f3(x,u,v,w,...).

such that

Ly(x)=0, i=1,2,3,...

We decompose u(x),v(x),...w(x) and fi(x,u,v,...w) see in as

Zunx, fi(x,u,v,w, .. ZA““
n=0

Zvn , xuvw,.) =Y Ay,
n=0

anx, f3(x,u,vyw, .. ZAgn,
n=0

[}

®) Zrn ), filx,u,v,w,.. ):ZAin,

n=0

where A;, are the Adomian polynomials [8] are given

1 4" .
(6) A"”:Hdm Zu,?t ZVJQLJ Zw,&f Nazo, i=1,2,...
From (4)and (5) we have
Zun =100 +L ') = L' [Y A

n=0

Zvn = p(x)+Ly ga(x) — Ly Z Al



(7

then we define:

®)

From (6) and (8), we can determine the components u,, v,,, wy, ..
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Z Wn = +L1 83 ZA3n

uo=n(x)+L 'g1(x), upr1=—L{ Ay,

Vo= 100 + L7 g2(x), vt = —Ly 'Ans,

= 1)+ L g3(x), war1 =L A3, n>0

3. APPLICATIONS OF THE METHOD

In this section, we will provide four numerical examples that shows this method.

Example 1.

Consider the system of linear second order ordinary differential equations:

€))

with initial conditions

W'+ U +v=342xe +x°,

Vid e 4w =1+6x+3x%e* +x*,

W — W +u=1+13x% —4dx>¢*

2207
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The exact solution is

u(x) = 1+x2,v(x) =1+x° and w(x) = 1+x4,

In an operator form eq.(9) became

Lu=3+2xe"+x —v,

(10) Lv=1+6x+3x2e " +x*—w,
Lw=1413x> — 43¢ —u,
where
d _xd
L — e e
u=-ce a’xe dx(u)’
~d ~d
L — e . e
v=e dxe dx( )
x d d
L — —e ex_
w=e dxe dx(w),
and
X X Y
L' (u) / eex/ e ¢ (u)dxdx,
0 0

L '(w)= /Oxeex /Oxeex(w)dxdx.

Applying L~ on both side of eq.(10) and using the initial conditions, we get

() =1+ 3x2 X n 7 xS 1]
u(x) =14— —+————=—-L v
2 6 24 120 720 ’
¥ T8 11t 5% 2946
vix) =14+—=+ -

B ~1
>t T Tt B
( )_1+x2+x3+29x4+ 11x5+41x6 =
W =TS T e T T 20 T 720 “

We use the following scheme
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14 3x2 X n 7x %O I
= _ 4t — — — u = — V
“o 2 6 24 120 7200 Ut "

27 11x* 580 2940

— 4y X LOr _ 7!
o=t St et o T oy T V! Was
_1+x2+x3+29x4+11x5+41x6 _
e R R T I 7 A
Therefore
- —x? +x3 7x° x©
M=% 7120 120°
B X2 B3 x 2x0
VIT 5 76 T 120 45°
B X2 B X 11 110
M= T e T 4T 120 180
and

xt o x

=22 180"

oo a8

2= 24760 T 180°

xt o xd

"2 =50 T 180"

Approximations to the solution of the above system with three iterations of ADM, yields:

11x°
u(x) =14x> — 72)6 ,
500 X x°
3
V) =14 T g o

and
6

X
—14+xt+ .
w(x) +x —|—720
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In this example, we note the solution by ADM close to the exact solution.
Example 2.

We study the system of nonlinear equation of Emden-Fowler type

"

|-
u + (S +u?v— (4> +5)u =0,

=

(11) v 4 (

with initial conditions

with the exact solution see in[9]

where p;(x) = %,pz(x) — 2 we find

,d d
Ll():.x IEXE()

,d ,d
Ly(.)=x zaxza( ),

the inverse operators L~! are given by

X X
L'()= / x ! / x(.)dxdx,
0 0
X X
L'()= / xz/ x%(.)dxdx,
0 0
applying the inverse operators L;,L, on (11) and using the initial conditions we get
u=1+L"1((4x%+5)u) — L " (u?v)

(12) v=1+L"((4x* = 5)) — L7 (v?u).
We use the following scheme

up =1, uy1q :L_]((4x2+5)un) — L7 'Ay,, n>0,
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(13) vo=1, vas1 =L (4% = 5)vn) =L Agy, n 20,
where Ay, Ay, are Adomian polynomials that represent nonlinear term. Which are given by
Al (x) = 1? (x)v(x),Azn (x) = v (x)u(x)
The comonents of the Adomian polynomials are given by
A1 = ugvo,

2
A1 = ugvy + 2ugvour,

Ap = u(z)vz + 2ugviug + 2ugvous + u%vo

and the nonlinear term v? ,has the few Adomian polynomials A, are given by
2
Ao = Vo,

Az1 = viuy + 2voviug,

Axp = v%uz + 2vouivy + 2vavoug + v%uo

leads to
ugp =1,
vo=1,
4
X
M1:X2+Z,
4
_ 2. r
V= —X +5,
_)c4+91x6+x8
EY T 00 Tea
_3x4 113x6+x8
27 840 ' 90’
SO

X 627x%  1091x10 412

BT - 35840 - 288000 + 2304’
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—23x8 N 126898 77767 x10 N x12
V3 = — .
3 840 362880 11088000 ' 3510

Approximations to the solutions are as follows:

u(x) = 1+ +0.5x* +0.168056 x5 +0.0331194 x* +-0.00378819x'% 4. ...

v(x) =1 — x> +0.5x* —0.161905x° 4 0.0460786 x® — 0.00701362x'° + . ...

From the previous example we note that, the solution by ADM converges to the exact solution.
Example 3.

We sutdy the system of nonlinear equations of Emden-Fowler type

2
'+ 20 v — P+ 6v=6+6x2,
X

2
(14) Vi SV 4w — v —6v=6—6x2,
X

with initial conditions

where pi(x) = pa(x) = 2.

System (14) we can write as

Lu:6+6x2—6v—v2+u2,

(15) Lv=6—6x>+6v+v> —u?,

where Lu, Lv define by:

d ,d

Iy—2424
u=x dxx dxu’

(16) Lv = x_zixziv

dx dx
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e[
(17) = [ R0

Applying L~! on equation (15), and using the initial conditions, we get

And the inverse operators L~! define by:

u(x) =1+L71(6+6x> —6v—1v> +u?),

(18) v(x) = =14+ L7 (6—6x> +6v+1? —u?),
by assuming that
(19) u(x) = Z up(x), v(x)= Z v (x).
n=0

By substituting equation (19) in (18) we have
Zun(x)zl—f—L (6+6x) ][6Zvn -I—ZAln(x)—ZAZn],
n=0 n=o n=0
Y @) =—1+L716—6)+L7'[6 Y v+ Y Ana(x) — Y Azl
n=0 n=0 n=o n=0

where

u0:1+L_1(6+6x2), Upp] = — 6ZVn—|—ZA1n ZAzn n>0
=0

20)  vo=—14+L7"(6-6x), vys1 =L7'[6Y va+ Y Ann(x)— ¥ Az],n >0,
n=0 n=o

n=0

where A1,,A>, are Adomian polynomials define by

2 2
Aln:vm A2n:un7
2 2
Ao =g, Ao = up,
A11 = 2VOV1 A21 = 2u0u1.
Hence
3x*
up =1 +x 4+ —

10’

2213
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4
vo=—1+4x"— %,
as well as
o xt 3a8 A8
Uy =x —m—i-ﬁ"i‘@,
o oxt 3ax% A8
METET T 70 T 60
and
3x 1728 A8 1910
2770 T 210 504 7700
B —3x* 174 A8 19x0
2= 00 " 210 504 7700
Therefore

41340 L 37x8 L 1910 n
2 105 2520 7700 @
2 13x0 3748 19410

V) =15 =05 T250 7700 T

This gives the exact solution of Eq.(14) which is given as follows

Example 4.

Consider the system of non-liner equations:

W' —u v =2 4,

(1) ViV +u? =265+ 27,

with initial conditions

The exact solutions are (u(x),v(x)) = (e, e").

Re-written the system of non-liner eq.(21), as

Lu=2e"+e* -2,

(22) Ly =2¢"+2¢ 2 —u/?,
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where
d d
L()=e"—e*—/(.
() edxe dx()’
d . d
L()=e"—e"—(.).
()=e dxedx()

The L~!, are considered as two fold integral operator defined by

/ / .)dxdx,
(23) / / dxdsx.

Applying L~1(23) on (22), and using the initial conditions, we have

u(x) =2—e + L 12 e —1?),

(24) v(x) =2—e "+ L1 (2e" +2¢7 —u?).

Using Adomian decomposition for (u,v) as given in (24), we obtain

Yoy =2—e +L"(2e " +6¥) 1Z,Azn,
(25) Y vi=2—e+L2e" +2e ) L7 Y Ay,
n=0 n=0

the components(u,, v,) can be recursively determined by using the relation

uy =2 — ex+L_1(2e_x+ezx),un+1 = —L_I(Azn),n >0,

(26) vo=2—e " +L 12" +2¢7 ) v, = —L Y (A,),n >0,

where A1, A, are Adomian polynomials of nonlinear (1?,v?), we are give by

Aln(x) = u?(x), Az, =12,
we get
Ao = uj,
Ay = 2uguy,

A1r = 2uguy —f—u%,
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And
AZO = V%,
Azl = 2vpvy,

Az =2vg1»p —l—v%,

This in turn given

, x0T 2x8 31T a8 127x° 210
up=1—-x+x"+—-+—-+ + +

33 60 45 2520 + 315 + 181440 + 14175’

3x2 5% 5x* 29x°  7x0 25X 17x8 509x°  341x10
vo=1l4+x+———

2 6 § 120 T80 1008 T 2688 362880 © 1209600’

—x? N 2 5 N X 7x0 7xXT 101a8  2477x° 1294110
Uy = — _——— _ — — — —
' 72776 24 T40 240 720 8064 362880 3628800
2 3

—x2 2 7 X 43x5 251x7  1879x%  10151x° 1024710
Vi=—F———

2 6 24 120 720 T3040 40320 ' 362880 725760

—x* X % x! 37.8  19x° 533410
U = ——

12 720 20 7252 2880 8640  226800°

—x* X 13x% X7 499x® 113X 3097x10
V)= —— — =

12 20 180 252 20160 T 12096 453600

This gives the exact solution of Eq.(21) which is given by

CONCLUSIONS

In this paper, the application of ADM is investigated to obtain approximations solutions of

some linear and nonlinear system of (ODESs). This work emphasized our belief that the method

is a reliable technique to handle linear and nonlinear system of (ODEzs).
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