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Abstract. In this paper, we have fabricated an HIV RTI model accompanied with humoral immunity. Positivity
solution for the model and boundedness of the model were derived. Stability analysis of the constructed model
about its steady states has been deliberated. Sensitivity analysis is performed on a delay differential equation model

for human immunodeficiency virus (HIV) with reverse transcription inhibitors (RTT) model.
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1. INTRODUCTION

Mathematical models have been used extensively in research into the epidemiology of human
immunodeficiency virus/acquired immune deficiency syndrome (HIV/AIDS) to improve our
understanding of major contributing factors in a giving epidemic. It has been more than three
decades that the HIV has reached a pandemic state. The worldwide emergence of this infectious
agent coincided with the advent of new modeling techniques in epidemiology, e.g. the adaptive
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dynamics framework. Consider the basic mathematical model for HIV infection containing the
density of uninfected cells, that of infected cells, and that of virus cells in [1]. They also present
models which incorporate the effect of the cell-mediated immunity to this model. It is observed
that, no HIV infection model with this type of infected-to-target infection has considered the
effect of immune response. In recent, some viral infection with mathematical models along with
therapy intervention have been studied in [2-6]. Recently, Virgin and Walker [7] and Roederer
et al. [8] revealed that humoral immunity plays an important role in the whole human immunity
and considered that only by understanding the both two immune responses in unprecedented
depth can we develop a protective HIV vaccine. Hence, mathematical modeling and analysis
of virus dynamics with humoral immunity can be helpful to design treatment strategies and to
provide insights on evaluating effective antiviral drug therapies. To prevent the dispersal of
infection within a host cell to cell and virus to cell, we expend reverse transcriptase inhibitor
therapy for our model. Moreover the model incorporated for RTI with different drug efficacies

on uninfected and infected cells and humoral immunity as:

T = s ayT0)~ (= )BTOVE) ~ (1~ )T ()T (1)
= (=BT =2V (=) + (1 )BT (— )T (1~ %)~ T (1)
= BT —dsV ()~ pV(OZ0),

L= vz - dizlo).

The model describes four populations. These include: uninfected target cells 7'(¢), produc-
tively infected cells 7*(¢), free virus, V(¢) and B cells, Z(r). ‘s’ represents the rate at which
new T cells are created from sources. Parameter ‘d;’, (i = 1,2,3,4) are death rate of the
T(t),T*(¢),V(t) and Z(t). Target cells are infected by free viral particles and infectious cells
(productively infected cells) at rates 317 (¢)V (¢) and BT (¢)T*(¢) respectively. ‘b’ denotes the
average production rate of virus from an infected cell. pV (¢)Z(¢) and gV (¢)Z(t) are used to de-
scribe the virus killed by B cells and the new B cells produced by antigenic stimulation. Where

‘n:’ denotes the efficacy of the RTI inhibiting the virus to cell infection and ‘n,’ represents the
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efficacy of the RTI with respect to the cell to cell channel. Parameters 1y, 1, € [0, 1], the value
of 0 is associated with non-treatment and a value of 1 with full efficacy in the treatment. Drug
resistance is a result of genetic mutations. t — 7y describes the time delay between healthy cells
and containing with viruses and complete production of viral RNA and protein. ¢ — 7, describes
the period between healthy cells and containing with infected cells. In addition, a cell that is

infected at time ¢ — 73 starts to generate new infectious HIV-1 particles at time 7.

Humoral immunity has been incorporated into virus dynamics models in several works [9,
10]. however, in these papers, only virus-to-cell transmission has been considered. Therefore,
reasonable mathematical models for HIV-1 with virus-to-target and infected-to-target infections
should take humoral immunity into consideration. Model 1 has three steady states, infection-
free steady state, immune inactivated and immune activated steady state. Moreover, the dynam-
ics is governed by only one threshold parameter R (the basic reproduction number) which is
defined as the average total number of newly infected cells that arise from any one infected cell
in the beginning of the infection. All parameters are assumed to be positive.

We adopt the following notation: R* is a four-dimensional real Euclidean space with norm
|.|. For T > 0, we denote by C = C([—7,0],R?%), the Banach space of continuous function
mapping the interval [—7,0] into ]Ri with the topology of uniform convergence, where 7 =
max {7y, Ty, 73}. By the standard theory of functional differential equation [11-13], we know

that for any ¢ € C([—7,0],R%), there exists a unique solution

Y<t7¢) - (T(t,¢)),T*(I,(P),V(l,(P),Z(l,(P)),

of the delayed system (1), which satisfy Yo = ¢, where ¢ = (91, 92,93, 1) € RY with ¢;(€) >
0:(& e€[-r1,0,i=1,....,4), and ¢1(0),$2(0),$3(0),94(0) > 0. And the initial conditions are

given by,

2 T(S)=¢1(8), T7(&)=02(5), V(E) =03(S), Z(S)=9a(S)

This paper is structured as follows. In Section 2, we perform the stability analysis on system

(1). Sensitivity analysis is discussed in Section 3 and Section 4 is the conclusion.
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2. FEASIBLE EQUILIBRIA AND BOUNDEDNESS OF SOLUTIONS

Clearly, system (1) always has an infection-free equilibrium E <di,O, 0, 0) , we define the
1

basic reproduction number as follows:

Ro = Ro1+Rp

(1—m1)B1Tob n (1—=m2)B2Ty

3
©) drd3 d>

Ry is called the immune inactivated reproduction rate of system (1), which represents the

number of newly infected cells produced by one infected cell during its lifespan. In fact,
(1 —n1)BiTob
drd;

sic reproduction number corresponding to virus to cell transmission mode, while

is the average number of secondary viruses caused by a virus, that is the ba-

(1-m2)BTo

2
is the average number of secondary infected cells caused by an infected cell, that is the basic

reproduction number corresponding to cell to cell transmission mode.

Itis easy to show that if Ry > 1 system (1) has an immunity inactivated equilibrium E1 (7, T{*,V1,Z)

, Where
Ty did; b
T],T*,V1721 :(_7—R0_1 7_T*70 .
(T, 7; ) Ry’ bpy +d3ﬁ2( ) ds !
bTy . ) ) .
Denote R; = which is called immune-activated reproduction rate. If Ry > 1, except for
3V2

Ep and E; , system (1) has an immunity-activated equilibrium E»(7, 75, V2,7Z,), where

—_—,—

d, T —B4++B?—4AC dy d
(T27T2*7V2az2): 22 ¥ 5 4 3(R1_1)
(1=m)B1V2+ (1 —n2)BT; 2A g’ p

where

A = (1-m2)Bds,
B = (1—m1)p1Vads+didy—s(1 —1n2)Bo,
C = —s(I-m)BiVa

Next we discuss the positivity and boundedness of the solution to system (1)
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Theorem 1. Let Y (t,¢) be the solution of the delayed system (1) with the initial conditions (2).
ThenT(t),T*(t),V(t) and Z(t) are all non-negative and ultimately uniformly bounded (¥ t > 0)

at which the solution exists.

Proof. Let My (t) =di+ (1=m)BiV (1) + (1 —12) BT (¢) and M (1) = dp; M3(1) = d3+ pV (1)

From (1), we have

T() = e Jm@air o)y /tse—ﬁMl(C)déd%
0

t
+(1=Mm)BT(y—0)T*(y— 1)} 20 Vay.
t t "
V() = M@y o) _|_/ BT* (7 — 73) ¥4 gy
0
Z(t) = z(o)elé(gV(Y)—d4)dy
To prove the boundedness, first by the positivity of solutions we’ve

dT
— —dT(t).
dt<s 17(0)

It follows that limsup,_, . 7'(¢) < di’ implying that 7'(¢) is bounded.
1

Next, we prove the boundedness of 77(¢). Here, we define
Hi(t) = T(t—1)+T({t—1n)+T"(1).

Choose a positive constant d> small enough such that d, < d> and d»T < mg, where mq :=
maxrc(o 71(s —d1T(t)). Then for small 61 > 0, there is a#; > 0 such that T (¢ — 7) < T + o) for
t >t and

dH (1)

7 < 2m()—J2H1(t)—m0—|—61+d_2.

Since o7 is an arbitrary constant, it implies

limsupH, (1) < — = Q)
t—oo d2

From the positivity of 77(¢), it holds that limsup,_,.,7*(¢) < Q. Then for arbitrary o, > 0,

then there is a r, > 0 such that T7*(t) < Q| + o, fort > 1,.
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We define Hy (1) =V (t+13) + BZ(I)
8

dH)(t)
dt

— BT*(t) — min(ds,ds)Ha 1),
< b(Q1+62)—min(d3,d4).

Therefore, the solutions of the system (1) with initial condition in (2) are ultimately uniformly

bounded. O

2.1. Stability analysis. In this section, we are concerned with the local asymptotic stability
of feasible equilibria. Corresponding results can be certified by analyzing the distribution of

characteristic equation roots.
Proposition 2. The immune inactivated equilibrium Ey of (1), is positive if and only if Ry > 1.

Proof. The coordinates of the immune inactivated equilibrium E1, if they exist, satisfy the equal-

ities:
s = diTy+ (1 — Th)ﬁlTlvl + (1 — nZ)ﬁZTlTl*

A—n)BTiVi+(1—m)BNTy = &Iy,

le* - d3 V] .

Proposition 3. The immune activated equilibrium E, of (1), is positive if and only if Ry < 1.

Proof. The coordinates of the immune activated equilibrium Ej, if they exist, satisfy the equal-

ities:
s = dih+(1—m)BiLVa+ (1 —m)BTTy
(I=n)BiLV2+(1-m)BLT; = &I,
VI = dVat pVaZa,
“4) gz, = diZs.
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Theorem 4. If Ry < 1, Ey of model (1) is locally asymptotically stable for any time delay t; > 0.
If Ry > 1, Ey of model (1) is unstable for any time delay t; >0 (i =1,2,3). O

Now, we have to ascertain the stability at £ so the linearization of the system (1) at £y and

obtain the characteristic equation as follows.

—an—A —(1-m)BNr —(1-m)BT 0
ary —ay —A (1—m1)BiTe*™ 0 0
0 be —dy— A 0 ’
0 0 0 —dy— A

where

ang =di+(1—=m)BiVi+ (1 —m) BTy, azt = (1—m1)BiVie 2 + (1 —ma) BTy e ™

ay = —(1—m)BTie % +ds.

The stationary equation of (1)

s=d\Ty+(1—n)BiTiVi + (1 — ) B L T7,

(1=n)BiTiVi+ (1 =) BT T = db 17,

le* - d3V] .

Thus, the characteristic equation as follows

AP AL LA L AL + Ay + e T (CIAT O+ G)
+e 22 (BIA% + BoA? + BsA +By) + e M8 (DA + DyA + D3)

(5) +e MRtB) (R + F) =0,
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where A; = A;(71,T2,73), B = Bi(11, 0, 13), Ci = Ci(71,72,73), D; = Di(71,72,73),
F;=F(1,72,13), and

Al = ds+an+dz+do;

Ay = dyay+dsdr+ (ds+ar)(an +ds+dz);

A3 = di+an +(dy+an)(an +dz+dz);

Ay = diandsidy;

By = (1—-m)BTh;

By = (datan)(1—m)BTi+(1-m)BaTids+ (1—m)* BT}

By = (1—m)BaTidsar; + (1 —mp)BeTids(ds+arr) + (ds +da) (1 — )BT T}

By = (1—m)BaTidsdsar; +dsds(1 — )BTy Ty
C = (1-m)BN(1-m)BiVi;

G = (d3+ds)(1—=m2)BTi(1—1n1)BiVi;

G = dyds(1—m2)BTi(1—11)B1V1s

Dy = —(1-m)BT;

Dy = (1—=m)*B*TiVib— (da-+an)(1—n1)BiTi;
D3 = (1—m)*Bi’TiVibds—anda(1—m1)Bi T
Fio= (1-m)BiTib(1 —m)BT7;

B = (1-m)BiTib(1 —m2)BaTy ds;

Theorem 5. If 71 = 7 = 13 = 0 vanishes and R| < 1, then the immune inactivated steady state

of the system (5) is stable.

2.2. Stability of the endemic steady state. To determine the stability of the delayed model,

we linearized, the system (1) around E; and obtained the characteristic equation as,
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—an—A —(1-m)pL —(1-m)pT 0
as —an —A (1—m1)BiTre*™ 0 0
0 be 3 —dy—pZr — A —pVs 7
0 0 g7 gVo—dy— A

The stationary equation of (1)as

s=diTh+(1—m)BiLVa+ (1 —n) BRIy,

(1=n)BinVa+ (1 —m)BDLT =dT5,
bTy = d3Vo + pVa,,

eWZy =dy7,.

Thus, the characteristic equation as follows

A4 DA+ boA2 + b3A +bs+ e T (1 A2+ cod 4 ¢3)
+e M (fod3 + iAT + Hrd + f3) +e M) (g1 A7 4 gy + g3)

(6) —|—e_)”(r2+r3)(hll +hy)+ e—l(fl+fz+f3)kl =0,

where b; = b;(T1, 72, 13), ¢i = ¢i(T1, T2, 13), g&i = &i(T1, T2, 1), fi = fi(T1, T2, T3),

hi = hi(T1,72,13), ki = ki(71, T2, 73), and

by = —gWh+di+ds+pZr+datdi+(1—m)BiVa+(1—m2)BT5

by = (di+(1—m)BiVa+(1—1m)BT5)d>;

by = (d3+pZ)(=gVa+ds)(di+(1=m)BiVa+ (1 —m2) BTy + o)
—(1=m)BiTabgZa(dr + (1 = mi) BiVa+ (1 = m) o Ty + )

+gpVaZo(di+ (1 —n)BiVa+ (1 —m2) BTy + db);
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by = gpVaZo(di+(1—m)BiVa+(1—1m)BT; +da)
+(—gVat+da+ds+ pZ)(di+ (1 =) Bi1Va+ (1 — M) BaT5 )da
+(ds + pZa)(—gVa+da)(di + (1 —m)BiVa + (1 = m2) Bo Ty ) dba;

fo = (1-m)BD;

fi = (1=m)BTa(di+ (1 =n)BiVa+ (1 - m)BT3) + (1 - M) B ToT5 s

o = (d3+pZy)(—gVa+da)(1 =) BoTa + gpVaZo (1 — M) B2 T2
+(1 =) B 12Ty (—gVa +da +ds + pZa);

o= (1=-m)*BiDT5epVazZa — (1= m)BiBspgVaZo(l — M) T
+(1 = m)*BE Ty (d3 + pZ2) (—gVa + da)
+8pVoZo(1—m2)BaTa(di + (1 —n1) BiVa+ (1 =) Bo T3)
+(—gVa+ds+ds+pZ) (1 =) BoTa(dr + (1 — ) i Vo + (1 — m2) B2 75 )
+(d3+ pZ2)(—gVa +da)(1 =) o Ta(di + (1 — M) Bi V2
+(1=m)BT5);

cr = (I=m)BL(l—m)BiVa;

2 = (—gVatdy+ds+pZy)(1—m2)BTa(1—11)B1Vas

¢z = (1=m)BTagpZo(1—m)BiVs — (1 —m)*BiBaVigpZn
+(d3+ pZ2)(—gVa +da)(1 =) B2 T2 (1 — M1 ) Bi Vs

g1 = —(1—=m)BiTrbgZy;

g2 = (1=m)*Bi*TaVab— (1—m)BiT5bgZa(1 — m2) o

g = (1=-m)BiTb(1—n1)B1Va(—gVa+ds) —da(di + (1 —1m)Bi1Va+ (1 —1m2) B2 T5)

(1 —=m1)B1TabgZy,;
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h = (1-m)BiTb(1—m)BT;;
hy = (1=n1)BiTab(1 —12) BT, (—gVa+da);

ki = —(1—m)BiTibgZ(1—1m2)Ba

Consider the case for 7 = 7, = 0 and 73 > 0, then the above characteristic equation becomes

as follows:
(7) A4 VIR VoA Vs + Va4 e 2B (A2 + mad +m3) = 0.
where

Vi = b1+ fo;

Vo = byt +fi;

Vi = b3+t f

V4 = bytc3+f3;

mp = &1

my = g +hi

m3 = g3+hy+ki;
2.3. Criterion for preservation of stability or instability and bifurcation Analysis. Now,
we put A = y(73) +i®(13) in equation (7) and to determine the change of stability of E, of
(1) for some 73 for which y(73) = 0,®(13) # 0, i.e.,., when A will be purely imaginary. Let
7; be such that y(73) = 0 and @(73) = @y # 0. In this case the steady state loses stability and
eventually become unstable when y(75) becomes positive. However, if such a @(73) does not

exists i.e. if A be not purely imaginary for 73 = 73, then E; of (1) is always stable. We will show

that it is the case with equation (7). Now we let A = i@ be a purely imaginary in (7) reduce to

(8) o*—0*v+vy = (mo*—m3)cos(013) —myosin(®T3),

9 (DV3—(1)3V1 = (mla)z—m3)sin((1)‘€3)—mz(l)COS(a)”L@).
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Now squaring and adding above equation (8) and (9) we get,

(10) 0%+ f110° + foo* + f30° + fiu = 0.

Putting @® = u* into (10), we can get the following equation:

(11) Fu*) = ™+ fuu® + foou+ fiu' + fas =0,
where

fi = vi-2w;

fo = Vi—mi+2vs—2vv3;

f3 = Vi—2vavy—m3;

fu = vi—mj,

Taking derivative with respect to u* of equation (11), we get

(12) Fu*) = 4u™+3u*fi1+2u" fro + f33 =0,
Set

(13) 4 430 fiy +2u* o+ f33 = 0.

Letm" =u*+ %, then (13) becomes

(14) m* 4+ oym* + o =0,

where

@_ﬁ o _fil_fnfzer@_

o = —
'=% "6 P38 4
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Define

o ()T

We cite the results in [14] about the existence of positive roots of the fourth-degree polynomial

equation, namely, we have the following lemma.

Lemma 6. (1) If faa <O, then (11) has at least one positive root.
(2) If faa > 0 and A > 0 then (11) has positive roots if and only if u; > 0 and F (u;) < 0.
(3) If faqa > 0 and A <0, then (11) has positive roots if and only if there exists at least one

u* € {uy,uz,u3} such that u* >0 and F (u*) < 0.

Supposing one of the above three cases in Lemma 6, is satisfied, (11) has finite positive roots

ui,up,u3, ..., ux,k < 4. Therefore (10) has finite positive roots.

0 = \Jur, =\ ua,..., O = \Jug, k<4,

For every fixed w;(i = 1,2,...k), k < 4), there exists a sequence

; 1
7§, = —arccos (m)
; 2

where j =0,1,2,...;i=1,2,....k, k<4,

where

M= (07 =20 +va) (1 0% = m3) + (V35> = vi0*)bs

m = (mla)l-2 —m3)2 +m%a)l-2.
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dRe(?L)>

d‘C3

Now, we determine sign <

where sign is the signum function and Re(1) is
T3=15
a real part of A. By using the following mathematical calculation we can say that the immune
activated equilibrium of model (1) remains stable for 73 < 73 and Hopf bifurcation occurs when

T3 =13.
Differentiating (7) with respect to 73, we get

{(413 + 37LZV1 +2A vy + V3) + e_M3 (ZAml —l—n’lz) — 736_1‘53 (mllz +mol —|—m3)}

dA
= = Ae MB(mA? +muA +m3)
d’L'3
which implies,
dA - o 4)L3+312V1—|—2)LV2+V3 2Amy +my B 7
dr; N 7[.67173(17’11/12—{—1’)12}, +m3) l(mllz—l—mg?t —|—m3) A’
B 413+37K‘2V1—|—21V2+V3 N 2Amy +my B
N —A(A4+V17L3+V212+V3)»—|—V4) 7L(m17tz+mzl +m3) A’
B 3l4+2V113+V2)LZ—V4 n ﬂ,zml —n3 _E
“AZAY VA3 +WWAZ+VIA + V) A2 A +mad +m3) A
Therefore,
_ . 3%4—{—2V113—|—V212—V4 )Lzml —ms (%)
& = signyRe + _ =
“A2Ar+VIAZ+ A+ VA + V) AZmAC+moA+m3) A ) [
R (Bo** — 0*2vy — vy) +i(—20v) miw*2 +mj i
I 020 — 02y + va) +i(0* Vs — 03V)) 02 (m3 —mo*?)+i(meo*) io*

= L i (Bo*™ — vy — vy) (0™ — 02 vy + vy) — 207V (0" Vs — 07 V)
= 8 (a)*4 _ (0*2\/2 + V4)2 + ((D*Vg, _ a)*3V1)2

4 (m1 60*2 + m3)(m3 —my 60*2)
(m3 —mq (1)*2)2 + (MQ(D*>2

1 . Bo™* — 0*2vy — vg) (0™ — 0P vy 4+ vy) — 203V (0 V3 — 0 vy)
= sign
(1)*2 (m3 _ mlw*Z)Z + (mza)*)Z

(mla)*2+m3)(m3 —ml(l)*z)
(m3 — ml(l)*2)2 + (mz(l)*)z

1 (308 +(v-2w)0*+ (Vi —2vivs+2vs —m}) 0™ + Vi —m]
2 S18n 52)2 02
® (m3 —m0*?)? + (my*)
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and this determines a set of possible eigenvalues of ®*. Our aim is to determine the direction

of motion of A as 73 is varied. i.e., we determine

S d(Re(2)) e ar\™!
E = szgn{(—d%_3 A:iw*_Slgn Re %

As Vi —2v,, V3 —2viv3+2v4 —m} and vi —m3 are both positive by virtue of equation

(10), we have (dRe_(l))

d't3 T *
3="T3
(10) crosses the imaginary axis. This shows that a Hopf bifurcation occurs at 0 < 73 = 75. By

A=iw*

> (. Thus, the solution curve of the characteristic equation

continuity, the chronic infection equilibrium is locally asymptotically stable when 73 < 73.

Remark 1. We find that incorporating of an delay can destroy the global intractability of E;
on proper conditions when Ry > 1, and a Hopf bifurcation occurs (i.e., a periodic oscillation
appears). Those results show new infectious of HIV-1 particles dominates intracellular delays

in this class of free viral particles.

3. SENSITIVITY ANALYSIS

In order to get an insight on the correct strategies to control the HIV described by model (1),
we perform a sensitivity analysis. The sensitivities of a system provide temporal information
on how states of the system respond to changes in the parameters [15]. They can, therefore,
be used to identify time intervals where the system is most sensitive to such changes. Noting
that the sensitivities are used to calculate the standard errors in estimates of parameters, direct
observation of the sensitivity function provides an indication of time intervals in which data
points carry more or less information for the estimation process. For instance, if the sensitivity
to some parameter is close to zero in some time interval, changes in the value of the parameter
would have little impact on the state variable. Conversely, more accurate knowledge of the state
variable at that time could not cause the estimated parameter value to change by much. Consider

model (1), with vector parameter q = [s,d1, B1, B2, M1, M2, d2,b,d3, p,g,ds]T. The sensitivity



1396 K. KRISHNAN, DODDALA SUNITHA

functions with respect to the parameter q; (i = 1,..., 12), for the model (1) are denoted by,

Ui q;
U3 ,q;
U3 q;

15) Ui q;

duy(t)
aq;
duy(t)
aq;
8u3 (l)
aq;
au4(t)
qi

Y

b

Y

The corresponding sensitivity of system (1), with respect to the parameter ‘s’ is as follows,

(G) = 1mdins(es) = (=m0 B .5+ B 1.7
—(1 =) (Bauz (t,8) T+ Bour 5(1,5)T5 ),

= (L=m0)(Brurs(t = 71,5)Va + Prus s(t — 71,5)T)
+(1=m2)(Battas(t — T2, 8) T2 + Pour 5(t — 72,8) T3 ) — doua 5(2,9),

) = buys(t —13,5) — pus(t,5)Zz — pua(t,s)Va,
) = gus (l‘, S)22 —l—gu4(t,s)V2 — d4u4,s(t,s).

<CZI>MI = —ui(t) = (1=m)(Brura, (t,d1)Va+Brus g, (t,d1)T2)
—(1=m) (B a, (t,d1) T2 + ous 4, (1,d1) T3 ),
<61211:ttz>t1dl = (1—=m)(Biurg (t —71,d1)Va+Piuz g, (t — 71,d1) 1)
+(1 =) (Bruza, (t = 72, V) Ta + Bour ay (1 — T2, d1) 1) — ot 4, (8,dh),
(d;:>t,d. = bup g (t —13,d1) — pus(t,d)Zy — pus(t,d ) Va,
17 <dut4>td = gus(t,d\)Zs+ gua(t,d\)Va — daug 4, (t,dy).
d
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The corresponding sensitivity of system (1), with respect to the parameter ‘B’ is as follows,

<ddu,1) = —dyuy g (t,B1) — (1 —=m1)(ur g, (¢, B1)Va+usp, (¢, B1)T2)
t,Bi
—(1=m2)(Baua g, (¢, B1) T2 + Bouy g, (t, B1) T ),
(CZZ) = (I=m)(Bruy g, (t — 71, B1)Va+ Bruz g, (t — 71, 1) T2)
)
(1 =12)(Bauz p, (1 = 72, B1) T2 + Botty g, (1 = 72, p1) Ty) — dauan g, (1, Br),

du
(%) = bl 5B~ puntr i)z~ pustr v
taﬁl

d
(18) (;;) = gus(t,B1)Zy + gua(t, B1)Va — dauy , (1, B1).
t.Bi

The corresponding sensitivity of system (1), with respect to the parameter ‘f3,’ is as follows,

(igutl) = —duy g (t,B2) = (1=m)Bi (w1 5, (1, p2)Va + 13 , (1, B2) T2)
t,B
—(1=m)(uzp,(t, B2) T +uy , (2, B2) T5),
(d:;) = (1—=m)(Bous p,(t — 71, B2)Va+ Bouz g, (t — 71, B2) T2)
1,52
+(1=12)(Bouz g, (t — 72, B2) T2 + Bouy g, (t — T2, B2) T5") — dout , (2, B2),

du
<d:> = buyp,(t — 13, 2) — pus(t, B2)Z2 — pua(t, f2)Va,
t7ﬁ2

d
(19) (;ﬁ) = gus(t,B2)Z2 + gua(t, B2)Va — dauy g, (t, B2).
tvﬁZ

The corresponding sensitivity of system (1), with respect to the parameter ‘b’ is as follows,

(%>t,b = —duyp(t,b) — (1 —=n1)B1(u1 p(t,0)Va +uz ,(t,0)T>)
—(1=12) B2 (u2,5(t,0)Ta + 1 (1, 6) Ty ),

(%>175 = (I=m1)(buy p(t — T1,b)Va+bus 4 (t — 71,b)T>)
(1= 1) (b (1 — T2, b)Ta + buy (1 — T2, b)Ty) — o (1),

d
(%) = upp(t —13,b) — pus(t,b)Zy — pus(t,b)Vs,
t,b

du
(20) (d_t4> = gu3(t,b)22 —l—gu4(z‘,b)V2 —d4u47b(t,b).
t,b

Similarly, the sensitivity functions to perturbations in the rest of the parameters can also

be obtained. The semi-relative sensitivity solutions are calculated by simply multiplying the
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unmodified sensitivity solutions by a chosen parameter which provides information concerning
the amount the state will change when that parameter is doubled. It is best to calculate this type

of sensitivity solution to obtain a more thorough understanding of the dynamics.

4. CONCLUSION

In this study, we have considered the HIV RTI model with humoral immunity. We have
described the new HIV RTI model with humoral immunity and discussed the non-negativity
and boundedness of the solution of the developed model. We have also analyzed the stability
of the developed model about the infection-free, immune-free and endemic steady states of
the system individually. We have also obtained the sensitivity functions of the model due to
perturbing the parameters appearing in delay differential system (1) using the direct approach.
This work can be extended in finding the global stability of HIV-1 RTI model with general

incidence rate and humoral immunity, which is considered as our future work.
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