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Abstract. By making use of p;g-closed sets, we have made out u;g-Exterior, ;g-border, p;g-frontier and their
properties are listed out. Also gl g-separated sets are introduced and their characters are contemplated. Some new
forms of ;g-closed sets are to be introduced. Also we introduce pre* t;-closed sets and their attributes are to be
discussed.
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1. INTRODUCTION

Coker introduced intuitionistic set based on membership and non-membership degrees which
gives flexible approaches to represent the mathematical objects that plays a great role with
classical set logic . Later on using these concepts we made ;g—closed set in GITS. Here we

are yet to study about few operators in p;g—closed sets and their natures are described.
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2. PRELIMINARIES

In this section we list some definitions and basic results of generalized intuitionistic topolog-

ical space.

Definition 2.1. [/] Let X be a non-empty set. An intuitionistic set A is an object having the
form A =< X ,A,A> >, where A and A, are subsets of X satisfying Aj NAy = @. The set Ay is

called the set of members of A while A, is called the set of non- members of A.

Result 2.1. Let X be a non-empty set and let A, B be an intuitionistic sets in the form A =<

X,A1,A> > and B=< X,B1,By > respectively. Then

1) ACBifandonlyif Ay C By and By C Aj.
2) A=Bifand only if A C Band B C A.

3) A=< X,Ar,A| >, (in intuitionistic, A = A°)
4) AUB=<X,A1UB,A,NBy >.

5) ANB=<X,A1NB,AyUB) >.

6) A—B=ANB.

7) 0o =< X,0,X > X =<X,X,0 >

Definition 2.2. [1] An intuitionistic topology on a non-empty set X is a family T of intuitionistic
sets in X containing @-. , X and closed under finite union and arbitrary intersection. The pair
(X, 1) is called an intuitionistic topological space. Any intuitionistic set in T is known as an
intuitionistic open set (10S) in X and the complement of 10S is called an intuitionistic closed

set (ICS).

Definition 2.3. [7] Let X be a non-empty set and [ be the collection of intuitionistic subset of
X. Then Uy is called generalized intuitionistic topology on X if ¢ € yu; and g is closed under
arbitrary unions. The elements of U are called lj-open sets and their complements are called

U-closed sets.

Definition 2.4. [7] The p;-closure of A is the intersection of all -closed sets containing A,

and the y-interior of A (its denoted by iy, (A)) is the union of all uj-open sets contained in A.
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Definition 2.5. [12] In (X, l;), an intuitionistic set A of X is said to be an intuitionistic gener-
alized closed sets in generalized intuitionistic topological space (GITS) if ¢, (A) C U whenever
A CU and U is uj—open set and it is denoted by pjg—closed. The complement of l;g-closed set

is ljg—open set.

Definition 2.6. [12] The [ g—closure of A, denoted by c),, (A), is the intersection of all yyg—closed

supersets of A.

Definition 2.7. [12] For any A C X, the union of all l;g-open sets contained in A is defined as
the W g-interior of A and is denoted by iy, (A).

Result 2.2. [12] Let (X, ;) be a GITS and A,B C X.

1) ciy(92) # 0o ¢ (X)) =X
2) iy (X) # X iy (92) = 9.
3) Monotonicity:
a) IfA C B then cj,(A) C ¢, (B).
b) IfA C B then ity (A) C i¥, (B).
4) Idempotent property: ¢y, [c},(A)] = ¢, (A).
5) If A is pyg—closed (pyg—open) then ¢, (A) = A(if, (A) C A).
6) c},(A)Ucy,(B) Ccj,(AUB).
7) ¢y, (ANB) C ¢, (A)Ney, (B).
8) ACcj,(A) Ceyl(A).
9) iy, (A) Uiy, (B) C i, (AUB).
10) i, (ANB) C it (A) N i, (B).
11) iy, (A) C iy, (A) CA.

12) a) ¢, (A) = (i, (A))
b) (c;,(A)) =iy, (A)
c) (c;,(A) =iy, (A)

d) cp,(A) = (i, (A))
13) Every u— closed set is a yjg—closed set.
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Definition 2.8. [6] Consider (X1, 7)) be an ITS, then the intuitionistic subset M of X| is said to
be an
i) Intuitionistic prefrontier (IpFr shortly) if IpFr(M) = Ipcl(M) — I pint(M).
ii) Intuitionistic preborder (Ipbr shortly) if Ipbr(M) = M — I pint(M).

Definition 2.9. [6] For an intuitionistic subset N of X in ITS, intuitionistic o-exterior of N is

defined as Iaext(N) = Iaint(X. — N).

Definition 2.10. [6] For an intuitionistic subset N of X in ITS, intuitionistic pre-exterior of N

is defined as Ipext(N) = Ipint(X.. —N).

Definition 2.11. [6] Let (X, ) be an intuitionistic topological space. Two non-empty ISs M
and N of X are said to be intuitionistic g-separated if M NIcl(N) = ¢ and Icl(M)NN = ¢..
These both conditions are similar to the single condition (M NIcl(N))U (Icl(M)NN) = ¢-.

Definition 2.12. [7] Let (X, T) be an ITS. Then intuitionistic set A of X is said to be

) CA

CA.

i) pp o-closed set if cy, (iy, (cy, (A
ii) uy semi-closed set if iy, (cy, (A)
iii) py pre-closed set if cy, iy, (A)) C A.
C

iv) ur B-closed set if iy, (cy, (i, (A))) C A.

Definition 2.13. [13] Let (X, ;) be a GTS and A C X. Then the [-pre*-closure of A, denoted

by pre*c, (A), is the intersection of all - pre*closed sets containing A.

3. u;g- EXTERIOR OF GITS

Definition 3.1. An intuitionistic subset A of X in GITS is said to be [;g-Exterior (denoted by
E} (A) if Ej (A) = i, (A).
Theorem 3.1. For intuitionistic subsets A and B of X in GITS, the following are hold.
i) If AC Bthen Ej (B) C E}, (A).
i) Ey(A) C EZI (A) where Ey,(A) is the uy-Exterior of A.
iii) EZI(AUB) CE, (A)UE* (B).

\_/\_/

iv) E},(A)NE;, (B) C E; (ANB).
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Proof. (i) Suppose A C B, then B C A which implies i}, (B) C iy, (A). Hence E;; (B)

CE}(A).

(ii) Suppose x € Ey,(A), then x € iy, (A), which gives x € ¢, (A) and so x ¢ c,(A). By the
definition of ¢y, (A) , x ¢ NF, F is p-closed superset of A. Since every py-closed set is a Lg-
closed set, x ¢ NF, F is pg-closed superset of A. Hence we have x ¢ cj, (A). Then x € m
=i}, (A) = Ej, (A). Therefore Ey, (A) C Ej, (A).

(iii) We know that A C AUB and also BC AUB. Then AUB C A and AUB C B. Hence
iy, (AUB) C iy, (A) and i}, (AUB) C i}, (B). Therefore E; (AUB) C E; (A) UE;; (B).

(iv) We know that ANB C A and also ANB C B. Then we have A CAN B and B C AN B. Hence

i, (A) C iy, (ANB) and i}, (B) C i}, (AN B). Therefore E; (A) NE}; (B) C E}; (ANB).

Theorem 3.2. i}, (E}, (A)) = E, (A).

Proof. iy, (Ep, (A)) = ij, (i}, (A)) = iy, ((cj, (A))) = (e}, (e, (A))) = (¢, (A)) = iy, (A) = Ep, (A).

Result 3.1. i) E (¢~) = iy, (X~) ii) Ejy, (X)) = iy, (9~)
iii) E};, (A) is the largest [ g-open subset of A.

Proof. i) E}j,(9~) = i}, (9~) = i}, (X~).
i) Ej, (X)) = iy, (X)) = i, (9-).

iii) Since iy, (A) is the largest 1) g-open subset of A, E}; (A) is the largest y;g-open subset of

A, O

Proof. i) Ejj, (A) =i, (A) = (e, (A)) € A
ii) E}, (A) =i, (A) CA O
Theorem 3.4. Let A be an intuitionistic subset of a GITS (X, 7). Then

i) Ej, (A) =X —c, (A).
ii) l (¢ M(A)) QE;L(E;L(A)).
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iii) iy, (A) C E} (E}; (A)).

Proof. i) E};, (A) = iy, (A) = ¢}, (A) =X — ¢}, (A).

i) Let x ¢ Ej, (E};, (A)) = EJ, (¢}, (A)). Take B = m Then x ¢ i, (B) = iy, (cj,(A)) and
hence iy, (cj, (A)) € Ey, (Ep, (A)).

iii). We know that A C ¢}, (A). Then i, (A) C i, (¢}, (A)) = if, (it (A) = it (E;, (A))

= E;, (E,(A)). Therefore iy, (A) C Ej, (Ej, (A)). O

204

Note 3.1. From all the above discussions, we conclude that some properties such as enhancing,
monotonicity and idempotency does not hold in ljg-Exterior of GITS. Ug-Exterior need not be
Urg-open since the union of lg-closed sets need not be jg-closed sets. Hence E ;L (A) need not

be Wg-open whenever iy, (A) =A.

4. u;g-BORDER OF GITS

Definition 4.1. The L g-border of A (denoted by by, (A)) is defined as by, (A) = A — i}, (A).

Theorem 4.1. Let A be an intuitionistic subset of a GITS (X, ly). Then subsequent results are

hold.

Proof. i) b, (A) = A—i, (A) = AN, (A) = ANc), (A) =ANc, (X — A).

i) b3 (0-) = 0 T3y (92) = 016 = .

iii) by, (A) =A—ij, (A) = ANij, (A) C iy, (A).

iv) By the definition of pyg-border of A, by, (A) C A. We know that A C ¢}, (A). Therefore

b, (A) CAC ¢, (A). O

Theorem 4.2. Let A be an intuitionistic subset of a GITS (X, ) . Then

i) lw( HI(A)) C A.
ii) by, (i, (A)) C A.
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iii) by, (A) C by, (A), where by, (A) is the py-border of A.

Proof. i) iy, (b, (A)) C by, (A) CA.
i) by, (i, (A)) C iy, (A) CA.

iii) Suppose x & by, (A) =ANcy, (X —A), thenx ¢ A and x & ¢y, (X —A), which implies x ¢ A
and x ¢ NF,F is py-closed set and (X —A) C F . Then x ¢ A and x € NF,F is yg-closed set
and (X —A) C F and hence x ¢ b}, (A).Thereforeb}, (A) C by, (A). O

Theorem 4.3. Let A and B be two intuitionistic subset of a GITS (X, ). Then
i) by, (AUB) C by, (A)Ubj, (B).
ii) b, (A) "D}, (B) C b, (ANB).

Proof. i). by, (AUB) = (AUB) —i}, (AUB) = (AUB) N, (AUB) = (AUB) Nc},(AUB)
= (AUB)Nc;,(ANB) C (AUB)N|[cy, (A)Ncy,(B)] C (ANcy,(A)) U(BNc},(B)) = by, (A)U
by, (B).

if). The proof is similar to (i). O

Example 1. The inclusion may be strict or equal, now we explain with an example.

i). Let X = {i, j,k}. Then p;g-closed set = {X.,< X,9,{i} >,<X,0,{i,j} >, <X, {j},{i} >
y <X Ak}, 0 > <X {k} {i} >, <X {k}{J} >, <X Ak} {i ) > <X {U kL ¢ >,

<X, {j,k},{i} >, <X, {k,i}, 0 >, < X {k,i},{j} >.

LetA=<X,{j,k},¢ > B=<X,{i,k},¢ > AUB=<X,X,¢ >= b}, (AUB) =<X,9,{i,j} >
by, (A)Uby, (B) =< X,{k},¢ >. Therefore by, (AUB) C b}, (A)Ub},(B). Let A=<X,{k},{j}
>,B =< X,{k},{i,j} > .(AUB) =< X,{k},{j} >= b},(AUB) =< X,{k},{j} >. Then
by, (A)Uby, (B) =< X,{k},{j} >. Therefore b;, (AUB) = b}, (A) Ubj, (B).

ii). Let X = {s,t}. Then pyg-closed set = {X.,<X,0,{s} >, <X,0,0 > <X, {s},0

> <X {t}, ¢ >, <X, {t},{s} >} Let A=< X,{s},¢ >, B=<X,¢,{t} > Then ANB =<
X,0,{t} >= b}, (ANB) =< X,9,{t} >. Then b;,(A)Nb}, (B) =< X,9,{s,t} >. There-
fore b}, (A) N by, (B) C by, (ANB). Let A=< X {t},{s} >B=<X,0,{s} > Then (AN
B)=<X,¢,{s} >= b}, (ANB) =<X,¢,{s} > and b;, (A)Nb},(B) =<X,9,{s} >. Therefore
by, (A)Nby, (B) = by, (ANB).
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Remark 4.1. For any intuitionistic subset A in ITS, the following statements are valid.

i) bZI(A) Uiy, (A) =A.

ii) bZI(A) Niy, (A) = ¢~.
But in GITS these are not valid. Now we explain with an example.
Let X = {0,1,2}. Then wg-closed set = {X.,< X,¢,{0} >, < X,¢,{0,1} > <X, {1},{0} >
<X, {2},0 >, <X, {2},{0} >, < X, {2}, {1} >, < X,{2},{0,1} >, < X, {1,2},¢ >,
<X,{1,2},{0} >, < X,{2,0},¢9 >,< X,{2,0},{1} >}.
Now take A=< X,{2,0},¢ >. Then b}, (A) =<X,¢,{0} > and i}, (A) =< X,{0},¢ > . There-
fore by, (A) Uiy, (A) =< X, {0}, ¢ >#A. Also by, (A)Niy, (A) =<X,¢,{0} > which is not equal
0o <X,0,X>=0¢..

Note 4.1. For u;g-border of GITS, the properties such as monotonicity, enhancing and idem-

potency does not hold.

5. wg- FRONTIER OF GITS

Definition 5.1. If A is an intuitionistic subset of a GITS (X, L), then y;g-Frontier of A (denoted

by Fry,(A)) is defined as Fry, (A) = ¢y, (A) — iy, (A).

Theorem 5.1. Let A be an intuitionistic subset of a GITS (X, 7). Then the subsequent results
are valid.
i) Fry,(A) =
i) Fry, (A)
iii) Frj, (A) =i ( ) Uiy, (A).
) €

iy
iv) Fry, (A) C Fry, (A), where Fry,(A) is the u-Frontier of A.

)
(9 7 (4) = e, 4)— 5 (4) € o) — m(4) = Frin4)
) by, (A) =ANc;, (X -A)=AnNi;, (A) C ey, (A)Nig, (A) = Fry, (A) O
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Theorem 5.2. If an intuitionistic subset A is U g- closed in GITS (X, 1), then A—Fry, (A) CA.

Proof. We know that A — Frj, (A) = ANFr}, (A) . Now Frj, (A) = ¢, (A)N(A) = Fr, (A) =

i, (A)UA=ANFr) (A) =ANc;, (A)U(ANA) C(AN(A))UA = A. Therefore A — Fry, (A) C

O

A.

Remark 5.1. The inclusion may be strict or equal. Now let us seen the following example. Let
X = {x,y,z}. Then pjg-closed set = {X.,< X,¢,{x} > < X,0,{x,y} > < X, {z},{x} >, <

X {z}, ¢ >, <X, {y} {x} >, <X, {z}, {y} > <X {z}, {x, 3} > <X, {p. 2}, {x} >, <X, {z,y}, 0 >
<X Ax b {y} > <X {x,2}, ¢ >} Take A=< X,¢,{y} >.

ThenA—FrZI(A) =< X,0,{y,z} >CA. Also we take ] =< X,{y}, ¢ >. Then J—FrZI(J) =J.

Theorem 5.3. If an intuitionistic subset A is [ g- closed in GITS (X, 1), then Fry, (A) C A.

Proof. Frj,(A) = ¢}, (A) — iy, (A). Since A is pyg- closed, Fry (A) =A—i;, (A) = b, (A) C

A. 0J

Note 5.1. If an intuitionistic subset A is lyg-closed in GITS (X, liy), then its border and frontier

are equal.

Theorem 5.4. If an intuitionistic subset A is [ g-open in GITS, then Fr, (A) C A.

Proof. Fry,(A) =cy, (A)N cu(A) = cp, (A) NA C A. O
Theorem 5.5. Let A be an intuitionistic subset of a GITS (X, W), then AUFT}, (A) C ¢, (A).

Proof. Now AUFry, (A) = AU|[c},(A) Ney, (A)] = [AUCc, (A)]N[AUC, (A)] = ¢}, (A)N[AU

Hr

¢y (A)] C ¢, (A).
The inclusion may be strict or equal,we discuss in the following example.

Let X = {x,y,z}. Then wg-closed set = {X.,< X,¢,{x} >, < X,0,{x,y} > < X, {z},{x} >
<X A2k ¢ >, <X b Ax} >, <X {2} ) > <X {z) {xy) >, <X,

{yz2h {x} >, <X {z,y},0 >, < X, {x,z}, {y} >, < X,{x,2},¢ >}. Take A =< X, {x},

¢ >. Then Frj,(A) =< X,¢,{x} > and ¢}, (A) =< X,{z,x},¢ >. Therefore AUFr}, (A) C
¢y, (A). Take A=<X,{x},{z} >. Then Frj, (A) =<X,{z},{x} >and ¢, (A) =< X, {z,x}, ¢ >.
Therefore AU Fry, (A) = ¢}, (A). O
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Theorem 5.6. Let A be an intuitionistic subset of a GITS (X, ly). Then Fry, [c}, (A)]
C Fry, (A).

Proof. Let A be an intuitionistic subset of X. Now Fry, [c}, (A)] = ¢, [ep, (A)] N ey, [cf, (A)] =
ey, (A)Ney, [ [(A)] C ¢, (A)Ncy, (A) = Fry, (A). Hence Fry, [cy, (A)]

C Fry, (A). O

Theorem 5.7. Let A be an intuitionistic subset of a GITS (X, W). Then Fry, [i}, (A)]

CF rzl (A).
Proof. Let A be an intuitionistic subset of X. Now Frj, [ij, (A)] = ¢y, [i}, (A)] N ey, [i7,(A)] €
¢, (A)Ney, (A) = Fry, (A). Hence Fry, [i, (A)] C Fry, (A). O

Remark 5.2. In GITS we give some examples to show that the following statements are not
valid.
i) cﬁI(A) = FrZI(A) UiLI(A).
ii) <X,0,X >= Fr:jI(A)ﬂiLI(A).
Let X = {u,v,w}. Then yg-closed set = {X.,< X,9,{u} >, <X,0,{u,v} > <X,0,{v} >
< X,0.X > <X,0,{v,w} > <X,0,{w,u} > < X,{v},{u} > < X, {v},
{wu} > <X, {w}, o > <X, {w},{u} > < X, {w}h{v} > <X, {w},{uv} > <X, {v
wh o > <X {vw} {u} > <X, {wu},¢ > <X, {wu},{v} >}. Take A =< X,{u},
¢ >. Then iy, [(A) =< X,{u},¢ > anchI(A) =<X,{u,w},¢ >. Also Fer(A) =<X,¢,{u} >.
Therefore c ( ) #Frm( )UiLI(A).
Let X = {u,v,w}. Then wg-closed set = {X.,< X, 9,0 > < X, ¢, {v} > <X, ¢0,{w
> <X,0,{v,w} > <X {u},{v} > <X {u},{w} > <X {u},¢ >, <X, {u},{v,w}
> < X, {w}h{v} > <X, {vu},¢ > <X, {vu},{w} > < X,{w}, ¢ > <X, {wu},¢
>, <X, {w,u}, (v} >, <X, {v},{w} > <X, {v,w},¢ >}. Take A=<X,{u},¢ >. Theniy (A) =<
X,0,¢ > and Fry, (A) =<X,9,¢ >. Therefore <X,¢$,X ># Fr, (A)
ﬁiLI(A).
In u;g-Frontier the properties such as enhancing, monotonicity and idempotency fails. Also

Fry,(ANB) and Fry, (A) N Fry, (B) do not depends on each other. Hence there is no relation
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k& % . .
between Fry, (ANB) and Fry, (A)NFry, (B). Therefore both are independent. [ g-Frontier need
not be Ujg-closed, since the intersection of l;g-closed sets need not be g-closed sets. Hence

Fr, (A) need not be pg-closed whenever cj, (A) = A.

6. gu;g- SEPARATED IN GITS

Definition 6.1. Two non-empty intuitionistic subsets A and B of a GITS (X, ) are said to be
intuitionistic qlg-separated if AN cy, (B) = ¢~ and c;,(A) NB = ¢... These both conditions

are similar to the single condition (ANcj, (B))U(cj, (A) NB) = ¢-.

Note that any two intuitionistic gu;g-separated sets are intuitionistic disjoint. But two intu-
itionistic disjoint sets are not necessarily intuitionistic gu;g-separated. This condition can be

seen in the following example.

Example 2. Let X = {1,2,3}. Then pg-closed set = {X.,< X,¢,{1} >, < X,9,{3}

> <X,0,{3,1} >, < X, {2},{1} >, < X, {2}, 9 >, < X, {2}, {3} >, < X,{2},{1,3} >,

<X, {1,2},0 >, < X,{2,3},{1} >, < X,{2,3},0 >}. Let A=< X, {1},{2,3} >,
B=<X,{2,3},{1} >,c},(A) =< X,{2,1},{3} > and ¢}, (B) =< X,{2,3},{1} >. Then AN
¢y, (B) = ¢~ but ¢, (A) B # ... Here A and B are intuitionistic disjoint sets but not intuition-

istic qUug—separated.

Theorem 6.1. If A and B are intuitionistic qu;g—separated sets of GITS (X, ) and M C A and

N C B, then M and N are also intuitionistic qlg—separated.

Proof. Given M C A = ¢}, (M) C ¢, (A) and N C B = ¢}, (N) C ¢, (B). Since A and B are
intuitionistic i g—separated sets, it gives AN ¢}, (B) = ¢~ and ¢}, (A) NB = ¢~.. Hence ¢}, (M)N

N = ¢ and M N ¢}, (N) = ¢~. Therefore M and N are intuitionistic g1 g-separated. O

7. SOME NEW CLOSED SETS IN GITS

The intersection of all u;g-closed superset of A is called p;g-closure of A and it is denoted

*

¢y, (A). By using this operator c};, ,

we define the following.

Definition 7.1. An intuitionistic subset A of X in GITS is said to be

i) o w—closed set if ¢y, (iy, (cy, (A))) C A.
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ii) a*—open set if A C iy, (cp, (iy,(A))).
iii) semi*ly-closed set if iy, (cy, (A)) C A.
iv) semi *ly-open set if A C ¢y, (iy, (A)).
v) pre*py-closed set if ¢y, (iy, (A)) C A.
vi) pre*uy-open set if A C iy, (cy, (A)).
vii) B*—closed set if iy, (cy, (iy, (A))) C A.
viii) B*—open set if A C ¢y, (iy, (cy (A)))-

Theorem 7.1. Every semi* l;-closed set is B* uj-closed set but the converse is not true.

Proof. Suppose A is a semi”yi-closed set then i}, (cy, (A)) € A which implies i}, (cy,

(i (A))) C i}, (cy (A)) € A and hence A is a B*py-closed set. O

Example 3. The converse of the above theorem need not be true. Let X = {s,t}. Then g-
closed set = {X.,< X,0,{s} >, < X,0,0 > < X,{s},¢0 > <X, {t},0 > < X, {t},{s} >}

Here < X,{t},¢ > is a B*-closed set but not a semi*l-closed set.

In GITS, we obtain that there is no relation between ;g-closed sets and semi *u;-closed set,
o ty-closed set, B*uy-closed set. So each one is independent to each other. But there is a rela-
tion between L;g-closed set and pre* (;-closed set. Now we discuss about the characterization

of pre* u;-closed set.

8. PRE*1;-CLOSED SET

Theorem 8.1. Every u;g-closed set is a pre* Lj-closed set but the converse is not true.

Proof. Suppose A is a fg—closed set, then cj, (A) = A. Also we know that iy, (A) C A it gives
¢, (i (A)) C ¢}, (A) = A. Therefore A is a pre*py-closed set. O

Example 4. The converse of the above theorem need not be true. Now we can see in the fol-
lowing illustration. Let X = {a,b,c}. Then wg—closed set = {< X, X, ¢ >, < X,¢,{a} >,<
X,0,{c} > <X,¢0,{c,a} >, < X,{b},{a} >, <X, {b},0 >, < X,{a,b}

0 > < X, {b},{a,c} >, <X {a,b},{c} > <X,{b,c},0 > < X,{b,c},{a} >, <X,{
b},{c} >} and pre *p-closed set ={< X, X, >, < X,9,{a} >, <X,0,{c} > <X, {c},{a} >
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<X, 0, {c,a} >, <X, {b},{a} > <X, {b},0 >, < X,{a,b},p >, <X {
b}, {a,c} >, < X,{a,b},{c} >, < X, {b,c},¢ >, < X,{b,c},{a} >, < X, {b},{c} >} In this

example, < X,{c},{a} > is a pre* u-closed set but not a pg-closed set.
Theorem 8.2. Every o u;-closed set is a pre* lj-closed set.

Proof. Suppose A is a a*py-closed set, then cj, (i, (cy, (A))) € A. Now cj, (i, (A)) C ¢, (A)

and hence A is a pre* t;-closed set. U

Example 5. The converse of the above theorem need not be true.

Let X = {1,2,3}. Then pre*-closed set ={X.,<X,0,{1} >, < X,0,{3} >,<X,¢,{3,1} >
< X, {2},{3} >, < X, {3}, {1} >, < X,{2,3},0 >, < X, {2}, 90 >, < X,{

24 {1} >, < X, {2},{1,3} >, < X, {1,2},{3} < X,{1,2},¢ >, < X,{2,3},{1} >}. o
pr-closed set = {< X,{2},{1} >, < X,{2},{1,3} >, < X,{3,2},{1} >, < X, {2}, ¢ >, X, 9, <
X,0,{1} >, <X,0,{3} >,<X,0,{3,1} >, < X,{2},{3} >, < X, {3},{1}

>} Here < X,{1,2},¢0 >, <X, {1,2},{3} >, < X,{3,2},9 > are pre* y;-closed sets but not a

axU-closed sets.

Remark 8.1. Union of two pre* l;-closed sets need not be pre* lj-closed set. Now we can see
the successive illustration. Let (X, ly) be a GITS where X = {a,b,c}. Then pre* ;-closed set =
{<X,9,{a} > <X,X,0 >, <X,0,{c} > <X,0,{c,a} >, <X {b},{a} >, <X, {c},{a} ><
X, {b},¢ >, <X, {a,b},¢ > < X, {b},{a,c} >, <X,{a,b},{c} >, <X,{b,c},¢ >,

<X,{b,c},{a} >, <X, {b},{c} >}. Let A=< X,¢9,{a} > and B=<X,¢,{c} > be pre* ;-

closed sets. Then AUB =< X, ¢,¢ > which is not a prexj-closed set.
Theorem 8.3. Arbitrary intersection of pre* lj-closed sets are pre* l-closed set.
Proof. Let {Fy} be the collection of pre*u-closed sets. Then ¢}, (iy, (Fa)) € Fo, for each a.

Now ¢}, (iy, (NFg)) € ¢, (Niy, (Fa)) € Nej, (iy, (Fa)) € NFy. Therefore NFg is a pre* py-closed

set. ]

9. PRE*;-CLOSURE IN GITS

Definition 9.1. Let (X, ) be a GITS and A C X. Then the pre*-closure of A, denoted by

c}", w (A), is the intersection of all pre* -closed sets containing A.
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Theorem 9.1. Let (X, ;) be a GITS. Then A C X is a pre*y-closed set iff ¢%,, (A) = A.

1434

Proof. Assume that A C X is a pre*y;-closed set. By the definition:9.1, we have ¢, (A) = A.

PH (

Conversely assume c%, (A) = A. Using theorem:8.3, we have A C X is a pre* ;-closed set. [

piu(

Note 9.1. i) oy (O~) # P

i) ¢, (Xo) =X

PHI (

Theorem 9.2. (Enhancing Property) A C c;,,, (A).
Proof. Since ¢, (A) is the intersection of all pre* i -closed sets containing A, A C ¢ o A). O

Theorem 9.3. (Monotonicity Property) If A C B then c;,,, (A) C ¢}, (B).

pu (

Proof. Suppose x & ¢ then x € NF, F is pre*;-closed set and B C F'. This impiles x & F,

Pﬂl( )
for some pre* t;-closed superset F' of B. Since A C B, A C F. Hence x &€ F, for some pre* ;-

closed superset of A. So x ¢ ¢, (A). Therefore ¢}, (A) C ¢}, (B). O

Theorem 9.4. (Idempotency Property) ¢, [c)y, (A)] = ¢y, (A).

Proof. From theorem:9.2 and 9.3, we have ¢}, (A) C ¢ Then

o ( o [Cppy (A)]. Let x & ¢
x & F, for some pre*py-closed set F such that A C F = ¢}, (A) C ¢, (F) = F and hence

] C cpy, (A). Therefore ¢y, [c)y, (A)] =}y, (A). O

Plll( )

x¢ cf,m [c;m( )]. Then we get cpuz[ puz(A)

Theorem 9.5. A C ¢, (A) C ¢, (A) C ey, (A).

DPH1 (

Proof. Suppose x & ¢, (A),then x € NF, where F is a y;-closed superset of A and so x ¢ NF,F
is a pyg-closed superset of A. That is x & ¢}, (A) which implies x & NF,F is a pre*u-closed
superset of A. Then x & F' for some pre* t;-closed superset of A. Therefore x € A and hence we

A) Ccj, (A) Cey(A). O

have A C ¢, (

Theorem 9.6. ¢}, (ANB) C ¢, (A)Ncy,, (B).

DHI
Proof. We know that ANB C A and ANB C B. Then ¢, (ANB) C ¢, (A) and ¢, (ANB) C
¢py, (B)- Therefore ¢, (ANB) C ¢}, (A) Ny, (B). O
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Example 6. The inclusion may be strict or equal, we can see the ensuing illustration.
Let X = {a,b,c}. Then pre*y-closed set = {< X,¢,{a} >, < X, X, ¢ >, <X,0,{c}
> < X,0,{c,a} >, <X, {b},{a} >, < X,{c},{a} >, < X,{b},¢ >,
<X, {a,b},¢ >, < X, {b},{a,c} >, <X {a,b},{c} > < X,{b,c},¢ > < X,{b,c},{a} >,<
X, {b},{c} >}. Let A=<X,{c},¢ > and B=<X,{b},{a,c} >. Thenc}, (A) =<X,{b,c},¢
>, cpy, (B) =< X,{b},{a,c} > which implies c},, (A) N ¢y, (B) =< X,{b},{a,c} >. Now,
ANB =< X,¢,{a,c} >.Thency,, (ANB) =< X,¢,{a,c} >.Hence ¢}, (ANB) C c,, (A)N
Cpyy (B).Take A =< X,¢,¢ >,B =< X,¢9,{a} > Then ANB =< X,¢,{a} > which gives
cpy(ANB) =<X,¢,{a} >. ¢}, (A) =< X,{b},9 >,c,,,(B) =<X,¢,{a}
>. Hence c,, (ANB) = ¢y, (A) Ny, (B).

Theorem 9.7. ¢}, (A) Ucy, (B) C ¢}y, (AUB).
Proof. We know that A C AUB and B C AUB. Then ¢}, (A) C ¢j,, (AUB) and ¢}, (B) C
¢y, (AUB). Therefore ¢}, (A)Ucy,, (B) C ¢y, (AUB). O

Example 7. The inclusion may be strict or equal, we can see the ensuing illustration.

Let X = {p,q,r} be a GITS (X, ;). Then pre*y-closed set = {< X,¢,{p} >, < X,X,¢ >
<X, 9,{r} >, <X,0,{rp} > <X, {q},{p} > <X, {r},{p} > <X,{q},¢
>, <X A{p,q},9 >, <X {q} . {p,r} > <X, A{p,q}. {r} >, <X, {q.7},9 >, <X, {q,7},
{p} > <X, {q},{r} >} Let A=<X,9,{p} >and B=<X,¢,{r} >. Then c},, (A)
=<X,0,{p} >,cp,, (B) =< X,9,{r} >which implies c,,, (A)Uc,, (B) =<X,0,¢ >. Now,
o (AUB) =< X,{q},¢ >. Hence c},, (A)Ucy,, (B) C cpy, (AUB).
Take A=<X,0,¢ >,B=<X,9,{p} >. Then AUB=<X,9,¢ > which gives ¢, (AUB) =<

X {q},¢ >. ¢y, (A) =< X,{q},0 >,c,,,(B) =<X,¢,{p} >. Hence ¢}, (AUB) = c},,, (A)U
puy (B):

AUB=<X,0,¢ >. Thenc

10. PRE*y;-OPEN IN GITS

Definition 10.1. Let (X, 1) be a GITS. Then A C X is called pre* pij-open (denoted by iy, (A))

if the complement of A is a pre* l-closed set.

Theorem 10.1. Every u;g-open set is a pre* lj-open set but the converse is not true.
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Proof. Suppose A is a [;g-open set then i, (A) = A. Also we know that A C ¢y, (A) which gives
iy, (cy (A)) 2 i, (A) = A. Therefore A is a pre* 14;-open set. O

Example 8. The converse of the above theorem need not be true. Now we can see the following
illustration.

Let X ={a,b,c}. Then pyg-open set ={<X,9,X > <X {a},dp >, <X, X, 0 > <X,{b},¢ >
< X, {a,b},0 > < X, {a},{b} >, < X,{a,c},{b} > < X,0,{c} >, <X, {a},{c} >,
<X, {b},{c} >, <X {a,b},{c} >, < X,0,{b,c} >, < X,{a},{b,c} >, < X,0,{c,a} >,
<X, {c,a}, ¢ >, <X {b},{c,a} >, < X, {b,c}, ¢ >} and pre*yj-open set = {< X, ¢, X >, <
X, {a}, ¢ >, <X, X,0 > < X,{b},¢ > < X,{a,b},¢ >, < X,{a},{b} >, < X,{a,c},{b} >
< X,0,{c} >, <X {a},{c} >, <X, {b},{c} >, < X,{a,b},{c} > < X,9,{b,c} >,
<X,{a},{b,c} >, <X,0,{c,a} >, < X,{c,a},¢ >, <X, {b},{c,a} >, <X, {b,c},¢ >,
<X, {c}, 0 > <X,{c},{a} >,<X,{b,c},{a} >, <X,{c},{b} >,<X,{c},{a,b} >, <X,0,0 >
}. In this example, < X, {c},{a} >, < X, {c},¢ >, <X, {b,c},{a} >, < X ,{c},{b} >,

< X,{c},{a,b} > and < X,¢,9 > are pre* j-open sets but not a l;g-open sets.
Theorem 10.2. Arbitrary union of pre* j-open sets are pre* lij-open set.

Proof. Let {Uqy } be a collection of pre* u-open sets. Then {X —{Ug } } is a collection of pre* ;-
closed sets. By theorem:8.3, N{X — {Uqy}} is a pre*p-closed sets. Therefore U{Uy} is a

pre* u;-open set. OJ

Remark 10.1. Intersection of any two pre* lij-open sets need not be pre* lj-open set. Now we

can see the following example. Let X = {a,b,c} be a GITS (X, Ly).

Then pre* uy-open set ={< X, {a},¢ >, <X,0,X > <X, {c},0 >, <X, {c,a},¢ >, <X,{a},{b} >
<X, {a},{c} >,<X,9,{b} >, <X,0,{a,b} >, < X,{a,c},{b} >, < X,{c},{a,b} >,
<X,9,{b,c} > <X {a},{b,c} > <X ,{c},{b} >} LetA=<X,{a},¢ >and B=<X,{c},¢ >

be pre* u-open sets. Then ANB =< X,¢,¢ > which is not a pre* lij-open set.

11. PRE*u;-INTERIOR IN GITS

Definition 11.1. Let (X, 1) be a GITS and A C X. Then the pre*-interior of A, denoted by

Doy (A), is the union of all pre* -open sets contained in A.
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Theorem 11.1. Let (X, ;) be a GITS. Then A C X is a pre* lj-open set iff i', , (A) = A.

)220

Proof. Suppose A C X is a pre*uy-open set, by the definition we get i, (A) = A. Conversely

122% (

suppose i, (A) = A. By theorem:10.2, we get A is a pre* y;-open set. UJ

122% (

Note 11.1. (i) i%,, (9) = ¢-.
(if) iy, (X)) 7 X

Theorem 11.2. (Enhancing Property) i, (A) C A.

Py

Proof. Since iy, (A) is the union of all pre*;-open sets contained in A, 7y, (A) C A, O

pu

Theorem 11.3. (Monotonicity Property) If A C B then iy, (A) C iy, (B).

1420 (

Proof. Given that A C B,then x € i;‘,m (A). Then x € UG, G is a pre*u-open set and G C A. This
impiles x € G, for all pre*u;-open set G contained in B. Hence x € UG, G is a pre* ;-open set
B). O

contained in B. So x € i}, (B). Therefore i}, (A) C i

P ( P (

Theorem 11.4. (Idempotency Property) iy, [i},, (A)] = iy, (A).

Proof. From theorem:11.2 and 11.3, we have i A)] C iy, (A). Let x € iy, (A). Then
1, (G) C iy, (A) and hence x €

( )]. Therefore lpm[pm(A)] :i;m(A). O

Plll[ Pﬂl(
x € G, for some pre*y-open set G such that G CA = G =1,
A)]. Then we get i}, (A) C i,

ok

Lpuy [i;ﬂl ( P [

Theorem 11.5. iy, (A) Ci;, (A) C iy, (A) CA.

Proof. Suppose x € iy, (A). Then x € UG, where G is a p;— open set contained in A. It gives
x € UG, where G is a u;g— open set contained in A. That is x € i’[u (A) which implies x € UG,

where G is a pre*u-open set contained in A. Then x € i), (A) and by theorem:11.2, we have

PHI (

x € A. Therefore iy, (A) C iy, (A) C iy, (A) CA. O

Pﬂl(
Theorem 11.6. i, (ANB) C iy, (A)Niy,, (B).

Proof. We know that ANB C A and ANB C B. Then iy, (ANB) C

B). Therefore i, (ANB) C iy, (A)Ni

iy, (A) and i, (ANB) C

B). O

Fpu piu(
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Example 9. The inclusion may be strict or equal, we can see the ensuing illustration, Let
X ={a,b,c}. Then pre*py-closed set ={< X, ¢, X >, < X,0,{a} >, <X, X, >,<X,0{b},<
X,0,{a,b} > < X,{b},{a} >, <X, {a,c},{b} >, < X,0,{c}

> < X, {c},¢ >, <X {b},{c} > < X,{a,b},{c} > <X,9,{b,c} >, <X, {a},{b,c}

> < X,0,{c,a} >, <X,{c,a},0 >, < X,{b},{c,a} >, <X, {b,c}, ¢ >, < X,{c},{a}

> < X,{b,c},{a} >, <X, {c},{b} >, < X,{c},{a,b} >, < X,9,0 >}. Let A=< X, {a},¢ >
and B=<X,{c},{a} >. Then i, (A) =< X,{a},¢ >,i}, (B) =<X,{c},

o o (B) =< X,9,{a} > NowANB=<X,¢,{a} >. Then
by (ANB) =< X,¢,{a,c} >. Hence i,, (ANB) C iy, (A)Ni,, (B). Take A=<X,9,¢ >
,B=<X,¢,{a} >. Then ANB =<X,¢,{a} > which gives i, (ANB) =< X,¢,{c,a} >.
Dy (A) =< X, 0,0 >,i,, (B) =<X,9,{c,a} >. Hence i, (ANB) =iy, (A)Niy, (B).

{a} > which implies i}, (A) Ni

Theorem 11.7. iy, (A) Ui}, (B) C i}, (AUB).
Proof. We know that AC AUB and B C AUB. Then iy, (A) Ci,, (AUB) and iy, (B) C
iy, (AU B). Therefore iy, (A) Uiy, (B) C iy, (AUB). O

Example 10. The inclusion may be strict or equal, we can see the following illustration, Let X =
{u,v,w} be a GITS (X, ). Then pre*u-closed set ={< X, ¢, {v}, <X, X,0 >, <X,0,{w} >
<X, 0, {v,w} > <X {u},{v} >, <X, {u},{w} > < X, {u},

0>, <X, {w}, ¢ > <X {u},{v,w} > <X, {w},{v}> <X, {uv}o¢ > <X {uv}{

wi > <X {u,wl, {v}><X,0,0 > <X, {uw},¢ >} Let A=< X,{v,w},{u} >and B=<
X, {w,u},{v} >. Then iy, (A) =< X,{v,w},{u} >,i}, (B) =< X,{w},{u,

v} > which implies iy, (A) Uiy, (B) =< X,{v,w},{u} >. Now, AUB =< X,X,¢ >. Then
(AUB) =< X,{v,w},¢ >. Hence iy, (A)Uiy, (B) Ci,, (AUB). Take A=<X,9,¢ >

Pﬂl PIJI
,B=<X,0,{v}>. Then AUB=<X,¢,¢ > whichgives i, (AUB) =<X,9,¢ >. i}, (A) =<
X, 0,0 >,iy, (B) =<X,9,{u,v} >. Hence i, (AUB) =iy, (A)Uiy,, (B).

Relation between Pre* 1i;-Closure and Pre* 1;-Interior in GITS.

Property 11.1. Let (X, ;) be a GITS and A be a subset of X. Afterwards the subsequent

statements are hold.
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i) cppy(A) = G5y, (A)
if) Chp, (A) = iy, (A)
iii) oy, (A) = iy, (A)
iv) chy,(A) =%, (A)

Proof. i) Letx € ¢,

o (A) . Thenx € NF, F is a pre* y;-closed set and A C F, which implies x € F,

for all pre* uy-closed set F such that A C F. Therefore x € X — F, for all prex-open set X — F

such that X — F C A. Then x ¢ i),,, (A) and hence x € i}, (A) which implies ¢, (A) C &5, (A).

14204 122%

Suppose x & ¢y, (A), then x & NF, F is prexpy-closed set and A C F, which implies x € F, for

some prex Li;-closed set contains A. Therefore x € X — F, for some prex;-open set X — F such

that X — F C A and consequently x € iy, (A) which implies x ¢ m. Then i3, (A) C ¢y, (A)
and we get a result.

ii) Proof is similar to i).

iii) Following by taking complements in i).

iv) Replacing A by (A) in ). O

12. ConNcLusiON

In this article, we dealt with u;g-Exterior, p;g-border and p;g-Frontier,pre* t;-closed and
pre* uy-open set. In future we wish to do our research in (;g-dence, p;g-connected, L;g-compact
and pyg-continuous and so on.
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