Available online at http://scik.org

J. Math. Comput. Sci. 11 (2021), No. 2, 1753-1766
https://doi.org/10.28919/jmcs/5392

ISSN: 1927-5307

THE HYPER ZAGREB INDEX OF SOME PRODUCT GRAPHS

S. MENAKA!*, R. S. MANIKANDAN?

'Department of Mathematics, University College of Engineering-BIT Campus, Anna University, Tiruchirappalli,
India
2Department of Mathematics, Bharathidasan University Constituent College, Kumulur, Lalgudi, Tiruchirappalli,
India
Copyright © 2021 the author(s). This is an open access article distributed under the Creative Commons Attribution License, which permits

unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.
Abstract. In this paper some basic mathematical expressions for the Hyper Zagreb index of Product Graphs
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Keywords:hyper-zagreb index; symmetric difference; disjunction; tensor product.

2010 AMS Subject Classification: 05C07, 05C09, 05C76.

1. INTRODUCTION

All graphs considered here are simple, connected and finite. Let V(G),E(G),dg(v) and
dg(u,v) denote the vertex set, the edge set, the degree of a vertex and the distance between the
vertices u and v of a graph G respectively. A graph with n vertices and m edges is called a
(n,m) graph. First we present the definitions and notations which are required throughout this
paper. The complement G of a graph G is the graph with vertex set V(G) in which 2 vertices
are adjacent if they are not adjacent in G.

Clearly dz(u) = n— 1 —dg(u) where n is the number of vertices in G.
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A topological index is a numerical parameter mathematically derived from the graph struc-
ture. Topological indices and graph invariants based on the distances between vertices of a
graph or vertex degrees are widely used for characterizing molecular graphs. The Wiener in-
dex is the first and most studied topological indices both from theoretical point of view and
applications.

The Wiener index [12] is the first and most studied topological indices and it is defined as

1
W(G) = 5 Z dg(u,v).
{uvyCv(G)
Gutman and Trinajstic in 1972 [5] introduced the first and second Zagreb indices to study the

structure-dependency of the total 7-electron energy and are defined as

M(G)=Y de(v)’= Y (do(u)+dc(v))

veV(G) uveE(G)
MG = Y do(u)dg(v)
uveE(G)

Ashrafi A.R in 2010 [1] defined the first and second Zagreb coindices as

Mi(G)= ) ldo(u)+d(v)]
uv¢E(G)

My(G)= Y dg(u)ds(v)
uvéE(G)

The forgotten index F [4] is defined as
F(G) = ), ldgw+dz(v)]= Y, (do(v))’
uveE(G) veV(G)
G.H. Shirdel [10] defined the Hyper Zagreb index as
HM(G)= Y, (do(u)+dg(v))
uveE(G)

In this paper, the Hyper zagreb index of join, Cartesian product, composition and corona product
of graphs are computed.The chemical properties of Hyper Zagreb indices were discussed in
[2],[3] . Nilanjan De et al.[8] found the Hyper Zagreb index of bridge and chain graphs. In
[9] K.Pattabiraman computed the Hyper Zagreb indices and its coindices of graphs. Here we

continue the line of research by exploring the behaviour of the Hyper Zagreb index under several
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important graph operations.In [6] Liu.et.al. found the Hyper-Zagreb index of Cacti with perfect
matchings.

In [11] the hyper Zagreb co index is defined as

HM(G)= Y (dg(u)+dg(v))?
uvgE(G)

The tensor product G x H of two graphs G and H is the graph with vertex set V(G) x V(H)
and E(GxH) ={(x, a)(y, b) :xy€ E(G) andab € E(H)}.

The symmetric difference G & H of two graphs G and H is the graph with vertex set V(G) x
V(H) and E(G®H) ={ (x, a)(y, b) : xy € E(G) or ab € E(H) but not both. }

The disjunction GV H of two graphs G and H is the graph with vertex set V(G) x V(H) and

E(GVH)={(x, a)(y, b):xyc E(G)orabc E(H)}

In this paper, Hyper Zagreb index of symmetric difference, disjunction and tensor product of
two graphs are computed.

We begin with following lemma which can be used for computing the above graph operations.

Lemma 1.1. [3, 5]

(a) doxn(x,y) = dg(x)dg(y). where (x, y) € E(G x H)

(b) dan(x, y) = mdg(x) +mdu(y) —2dg(x)du(y), where (x, y) € E(G®H) .
(¢) dovr(x, y) = mdg(x) +mdu(y) — dg(x)du(y), where (x, y) € E(GVH) .

Remark 1.2. [7] For a graph G, let A(G) = {(x,y) € V(G) x V(G)| x and y are adjacent in
G} and let B(G) = {(x,y) € V(G) x V(G)|x and y are not adjacent in G}. For each x €

V(G), (x,x) € B(G). Clearly, A(G)UB(G) = V(G) x V(G). The summation Y~ runs
(x,y)€A(G)
over the ordered pairs of A(G). For simplicity, we write the summation Y  as Y .
(x,y)€A(G) xyeG
Similarly, we write the summation ), as ) . Alsothe summation )  runs over the
(x,y)€B(G)  xy¢G xy€E(G)
edges of G.

Let G be a simple graph with n vertices. Then

Lemma 1.3. [5]
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(@) Y, 1=2¢(G)

xyeG

(b) Y dg(x) =M;(G).

xyeG

(c) Y, do(x)dg(y) = 2Ma(G) .
xyeG

d) Y dg(x)=F(G)

xyeG

(e) 'Y (do(x)+dg(y))* =2HM(G)
xyeG

Here we find the following lemma to compute the graph operations.

Lemma 14. ) dg(x) =2(n—1)e(G) —M;(G)
xy¢G

Proof:

Y da()= X (n—1-dg(x))

xy¢G xyeG

= (n—1)(2¢(G)) — M (G)

Lemma 1.5. Y d(x) =2(n—1)*(G)+ F(G) —2(n—1)M,(G)
xy€¢G

Proof:

), dg(x) =} (n—1-dg(x)?

xy¢G xyeé

= Y (n—1)*+dx(x) —2(n—1)dg(x))

xyeG

= (n—1)%(2¢(G))+F(G) —2(n—1)M,(G)

Lemma 1.6. Y d;(x)dG(y) =2[(n—1)*e(G) — (n— 1)M;(G) + M>(G)]
xy¢€G

Proof:

). do(x)dg(y) =}, (n—1—dg(x))(n—1-dg(y))

xygG xyeG
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= Y [(n=1)" = (n—1)(dg(x) +dg(y)) + dg(x)d5(y)]
xyeG

=2[(n—1)%(G) — (n— 1)M1(G) + M(G)]

2. THE HYPER ZAGREB INDEX OF TENSOR PRODUCT OF GRAPHS

Theorem 2.1. Let G and H be two connected graphs with n; and ny vertices and my and my

edges respectively. Then
HM(G xH)=2F(G)F(H)+8M(G)M,(H) .
Proof:

2HM(GxH)= Y (doxu(x, a)+dgxn(y, b))?
(x,a)(y,b)eGXH

=Y Y [doxu(x, @) +dexu(y, b))*+ (daxn(x, b) +dexn(y, a))?]
xyeGabeH

=Y Y (de(x)du(a)+dG(y)du(b))*

xyeGabeH

+ Y Y (de(x)du(b) +d6(y)du(a))?

xyeGabeH

=N+1

=Y Y (do(x)dn(a)+dc(y)du (b))

xyceGabeH

= Y Y (dg(x)di(a)+dE(y)di (b) +2d6(x)du(a)de(y)du (b))
xyeGabeH

— 2F (G)F (H) +8M,(G)My(H)

=Y Y (de(x)du(b)+d(y)du(a))?

xyeGabeH

= ZG bZ (d(x)dg (b) + d(v)d} (a) +2dG(x)du (b)dg (v)dp(a))
xyeGabeH

— 2F (G)F (H) + 8M>(G)Ms(H)
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Adding T} and T, we have

HM(G x H) = 2F (G)F (H) + 8M,(G)M,(H)

3. THE HYPER ZAGREB INDEX OF SYMMETRIC DIFFERENCE OF GRAPHS

Here we compute the hyper Zagreb index of symmetric difference of two graphs.

Theorem 3.1. Let G and H be two connected graphs with ny and nj vertices, my and m edges

respectively. Then

HM(G®H) = 2m3HM(G) + 8nm My (H) + 8M, (H)HM(G) + 16n,namyM; (G)
— 16nymyHM(G) — 160, My (G)My (H) +2n3 HM (H) + 8n3myM; (G)
+8M;(G)HM(H) + 16n1nymiM; (H) — 16n:M; (G)M, (H)

— 16mniHM (H) + 8n3mi HM (G) + 8mnTHM(H )

+16F (G) (2(na — 1) + F (H) — 2(ny — 1 )M, (H))

+ 8ninoM, (G) (4ma(ny — 1) — 2M; (H))

—16ny (F(G) +2M>(G)) (2mp(ny — 1) — M (H))

— 1601 M1 (G)(4(ny — 1) %71y — 4(ny — )M, (H) +2Mp(H) + F (H))

+64My(G)((ny — 1) — (ny — )My (H) + My (H))
+8myn3HM (G) + 8intHM (H) + 16F (H)[2(n) — 1)1 + F(G)

—2(n — )M, (G)] + 16n1n2(2(ny — 1)my — M, (G))M; (H)

— 16nyMy (H)(4(ny — 1)*m; — 4(n) — 1)M;(G) +2M>(G) + F (G))

—16n(F(H) +2M>(H))(2(n, — 1)m; — M;(G))

+64M,(H)((ny — )% — (n1 — 1)M,(G) + M (G))
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Proof:

2HM(GEH)= Y Y (doeu(x, ) +den(y, @)’
xy€GacV(H)

+ Z Z (dG@H<x7 a)+dG€aH(x> b))2
abeH xcV(G)

+ Y Y {doen(x, a)+deen(y, b))* + (deen(x, b) +deen(y. a))*}
xyeGabgH

+ Y, Y {(dgen(x, a)+dgen(y, b))’ + (dgan(x, b) +dGen(y, @))*}
xy¢GabeH

=S51+85+853+84

where S;,S5>,53 and S4 denote the sums of the above terms in order.
Si=Y Y (doen(x, a)+doen(y, a))
xy€GacV (H)

Z Z l’lsz —|—l’l1d[-1(a) —2dg(x)dH(a))

xy€GacV(H)
+(madg(y) +midp (a) — 2dg(y)d ()]

=Y Y [m(de(x) +dg(y)) +2mdy(a) — 2dy(a)(dg(x) +dg(y)))?
xy€GacV(H)

S| = 2n2HM<G> + 8n1m1M1 (H) + 8M; (H)HM(G) + 16n1nymoM, (G)

— 16n2m2HM(G) — 161’11M1(G)M1 (H)
Now,

S5="Y Y (deau(x, a) +dgen(x, b))?
x€V(G)abeH

= Y Y (mdc(x)+nidu(a) — 2dG(x)du(a) + nad(x) + nidu (b) — 2dg (x)dp (b))
x€V(G)abeH

= Z Z(2n2dG(x)+n1(dH(a)+dH(b))—2dG(x)(dH(a)+dH(b))2
x€V(G) abeH

Sy = 8m3M 1 (G)my +2n3HM (H) + 8M (G)HM (H) + 16nnom My (H)

- 16n2M1 (G)Ml (H) - 16n1m1HM(H)
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and

S3=Y, Y (deon(x, a) +dgen(y, b))*+ (doen (x, b) +dgen (v, a))?
xyeGab¢H

=Y Y (doen(x, a)+doen(y, ))*+ Y, Y, (deon(x, b)+dcen(y, a))*
xyeGab¢H xyeGab¢H

=831+832

S31=Y. Y (doen(x, @) +dgen(y, b))
xyeGabgH

= Z Z (l’lsz(x) +n1dH(a) — 2d(;(x)dH(a)) + (nzd(;(y) + nldH(b)
xyeGab¢H

—2dg(y)dn(b))*

-1 ; (n2(dg(x) +dg (y)) +mi (d(a) +dia (b)) — 2dG(x)d (a)

—2dG(y)dn (b))?
S3.1 = 4n3m HM(G) + 4mnTHM (H) + 8F (G)[2(ny — 1)ty + F (H)
—2(ny — 1)M(H)] +4n1noMy (G) (4ma(ny — 1) —2M; (H))
— 8y (F(G) +2My(G)) (27ita (ny — 1) — My (H)) — 8n My (G) (4(ny — 1)1,
—4(ny —1)M(H) +2M(H) + F (H))
+32M5(G)((ny — 1)1y — (np — 1)M; (H) +M>(H))

S30="Y, Y (doan(x, b)+dgeu(y, a))?
xyeGab¢H

= Z Z (nzdg(x) + nldH(b) — 2dg(x)d1-[(b)) + (I’lsz(y) + I’l]dH(a)
xyeGab¢H

—2dg(y)dp (a))?

=Y Y (m(do(x) +dc(y)) +ni(du(a) +du (b)) —2dG(x)dp (b)
xyeGabgH

—2dg(y)dp(a))?
Sz = 4n3m HM(G) + 4mniHM (H) + 8F (G)(2(ny — 1)ty + F (H)

—2(ny — )My (H)) + dnynaMy (G) (477 (o — 1) — 20, (H))
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— 8y (F(G) +2Ma(G)) (27 (ny — 1) — My H)) — 8n My (G) (4(ny — 1)1
—4(ny — )M, (H) +2M>(H) + F(H))
+32My(G)((na — 1)y — (n — )My (H) + My (H))
S3=S31+S32
= 8ndima HM(G) + 8mntHM (H) + 16F (G)(2(ny — 1) %71, + F (H)
—2(ny — DMy (H)) + 8n1maM; (G) (4712 (ny — 1) — 2M, (H))
— 16y (F (G) +2Ma(G)) (27 (ny — 1) — My (H)) — 16n:M; (G) (4(ny — 1) %771
—4(ny — )My (H) +2M(H) + F (H))
+64My(G)((ny — 1)y — (na — )My (H) + My (H))

Similarly,

Si= Y Y (doen(x, a)+dcen(y, b))*+ (deen(x, b) +den(y, a))?
xy¢GabeH

=84.1+84>

Sar=Y Y (doen(x, a)+dcen(y, b))*
xy¢GabeH

= Z Z (nzd(;(x) + nldH(a) - 2d(;(x)d[-1(a)) + (I’lzd(;(y) +n1dy (b)
xy¢GabeH

—2dg(y)du(b))*

=Y Y (m(do(x)+dc(y)) +ni(du(a)+du(b)) — 2dg(x)dn(a)
xy¢GabeH

—2dg(y)dn(b))*

Sa1 = 4myn3HM(G) + 4mniHM (H) + 8F (H)[2(ny — 1), + F (G)
—2(ny — )M (G)] +8n1ny(2(ny — 1)my — M (G))M, (H)
— 8moMy (H)(4(ny — 1)%m, —4(ny — 1)M;1(G) +2M>(G) + F(G))

—8ny (F(H) 4+ 2Mo(H)) (2(n — 1) — M;(G))

+32M2(H)((n1 — 1)2m1 — (n1 — I)Ml (E) —l—Mz(E))
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Sip=Y. Y (doan(x, b)+dcon(y, a))’
xy¢GabeH

=Y Y (mdg(x)+nmdu(b)—2dG(x)dy (b)) + (n2dg(y) +nidu(a)
xy¢GabeH

—2dg(y)dn(a))*

= L. T (a(dolo)-+do(s)-+m(d (@) +d(8)) ~ 2l 1)

—2dG(y)du(a))?

S4p = 4mon3sHM(G) +4mnt HM (H) +8F (H)[2(n — 1)%7; + F(G)
—2(ny — )M (G)] + 8n1ny(2(ny — 1)my — M (G))M, (H)
—8nmoMy (H)(4(ny — 1), — 4(ny — 1)M;(G) +2M>(G) + F(G))
—8ny(F(H) +2My(H))(2(ny — 1)m; — M;(G))
+32M,(H)((ny — 1)%m; — (n1 — 1)M,(G) + M (G))

Sy =S41+S42
= 8myn3HM(G) + 8iynTHM(H) + 16F (H)[2(n; — 1)%7; + F(G)
—2(ny — )M (G)] + 16n1n3(2(ny — 1)my; — M (G))M, (H)
— 16noM, (H) (4(ny — 1)%7; — 4(ny — )M (G) +2M»(G) + F(G))

— 16n; (F(H) —|—2M2(H))(2(n1 — 1)%1 — M, (G))

+64M2(H)((n1 — 1)2m1 — (n1 — I)Ml (6) —}-Mz(ﬁ))
Adding S1, 52,53 and S4 we get the desired result. ]
4. THE HYPER ZAGREB INDEX OF DISJUNCTION OF GRAPHS

Here we compute the hyper Zagreb Index of disjunction of Graphs.

Theorem 4.1. Let G and H be connected graphs with ny and nj vertices, m; and my edges

respectively. Then

2HM(GV H) = 8m3maM, (G) +2ni HM (H) 4 2M(G)HM (H))
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+ 16mininoM, (H) — 8noMy (G)My (H) — 8myni HM (H) 4 8myn3HM (G)
+ 8 ntHM(H) +4F (H)(2(n; — )%, + F(G) — 2(n; — 1)M,(G))
+ 16n1ny(2(ny — 1), — My (G))My(H) — 8nyM (H)(4(ny — 1)*7,
—4(ny — 1)M1(G) + F(G) +2M>(G)) — 8n;(2M>(H) + F (H))

(2(ny — D)7ty — M (G)) + 16Mp(H) ((n1 — 1)*71 — (n1 — 1)M;(G) + Ma(G))

+2n3HM(G) 4 2n3my (8m3 + 2ny )My (H) + 2noF (G)M (H) + 16man n3M; (G)

— 8man3(F(G) +2M>(G)) — 4ni M (G) (noMy (H) + 4m3) + 16m3M> (G)
Proof:

2HM(GVH) =Y ¥ Z (dovn (x, @) +deun(y, b))?
xyeGacV(H)beV(H

+ Z Z (devi (x, @) +dgyr(x, b))?
abeH xeV (G)

+ Z Z ((dG\/H(x7 a)+dGVH(y7 b))2+(dG\/H(x7 b)+dGVH(y7 a))Z
xy¢GabeH
=5+S51+5

where S,S5; and S3 denote the sums of the above terms in order. Next we calculate S

Si= Y Y (dovu(x, a)+dgyu(x, b))*

x€V(G)abeH

= Z Z nsz +n1dH (a) — d(;(x)dH((l) —|-l’l2dg(x> +n1dy (b) — d(;(x)d[-[(b))2
x€V(G)abeH

= Z Z 2n2dG —|—n1(dH(a)—|—dH(b)) —dG(x)(dH(a) —|—d[—1(b))2
x€V(G)abeH

= 8n5moM|(G) +2n3HM (H) 4 2M, (G)HM (H) 4 16mn noM, (H)

— 8nyM, (G)Ml (H) - 8m1n1HM(H)
Now,

S2="Y, Y ((dovu(x, a)+dyu(y, b))*+ (devu(x, b) +deuu(y, a))?
abeH xy¢G
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=81+52>

S2a=Y Y (dovu(x, a)+douu(y, b))

xy¢GabeH

=Y Y (mdo(x)+nidy(a) — dg(x)dy(a) + nadg(y) +nidp (b) — dg(y)du (b))?
xy¢GabeH

=Y Y (m(de(x)+dc(y)+ni(du(a) +dy (b)) — do(x)dy (a) — de(y)du (b))
xy¢GabeH

— dmyn5HM(G) 4 4myntHM (H) 4 2F (H) (2(n — 1)?71, 4+ F(G) — 2(n1 — 1)M(G))
+ 8y (2(ny — )iy — My (G))My (H) — 4nyMy (H) [4(ny — 1),
—4(ny — )M (G) + F(G) +2M»(G)] — 4ny (F (H) +2M>(H))(2(ny — 1)m; — M, (G))
+8M;(H)[(n) — 1)1, — (n; — 1)M; (G) +M>(G)]

Similarly,

S20="Y Y (dovu(x, b)+doyn(y, a))*

xy¢GabeH

=Y Y (mdo(x)+nidy(b) — dg(x)dy (b) + nadg(y) + nidp (a) — dg(y)du (a))?
xy¢€GabeH

=Y Y (m(de(x)+dc(y)+ni(du(a) +dy (b)) — de(x)dy (b) — dg(y)du (a))?
xy¢GabeH

= dmynsHM(G) 4 4mntHM (H) 4 2F (H)(2(n — 1)1, 4+ F(G) — 2(ny — 1)M(G))
—|—8n1n2(2(n1 - 1)%1 — M, (6))M1 (H) —4ny, M, (H) [4(111 - 1)2m1
—4(n1 = 1)M1(G) + F(G) +2M2(G)] — 4n1 (F (H) + 2M2(H)) (2(n1 — 1771 —

My (6)) —|—8M2(H)[(n1 — 1)2m1 — (l’ll — 1)M1 (6) +M2(6)]

Sr=8,1+%,
= 8mon3HM (G) + 8min HM(H) +4F (H)(2(n1 — 1)*m; + F(G) —2(n1 — 1)M; (G))
+ 161’!11’12(2(711 — 1)1’1_11 — M (6))M1 (H) — 8naM, (H)[4(n1 — 1)2m1

—4(ny —1)M(G) + F(G) +2M>(G)] — 8ny (F (H) +2M(H))(2(ny — 1), — M, (G))
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+16M,(H)[(ny — 1)%m; — (n1 — )M, (G) + My (G)]

Now,

= Z Z Z (deH(X,a)+dGVH(y7b)>2

xyeGaeV(H)beV(H)

= Z Z Z (nodg(x) + nidg(a) —dg(x)dy(a) +nydg(y) +nidy (b) — dG(y)dH(b>)2
xyeGaeV(H)beV(H

=) X Z n(dg(x) +dg(y)) +n1(du (a) + du (b)) — dg(x)dr (a) — dg (y)du (b))

xy€GacV(H)beV(H
= 2n3HM(G) + 2n%m1 (8m5 4 2n2) My (H) + 2nyF (G)M (H)
+ 16m2n1n%M1 (G)— szn%(F(G) +2M,(G)) —4n M (G)(no,M(H) —|—4m%)

+ 16m3My(G)

By adding S, S and S3 the desired result follows. 0

5. CONCLUSION

In this paper, some basic mathematical expressions for the Hyper Zagreb index of Product

Graphs containing the symmetric difference, disjunction and tensor product are derived.
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