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Abstract: The exponential models are widely applied in several fields as a growth curve. The D-optimal design is a
minimally supported design, the number of supported designs is the same as the number of parameters with uniform
weight. Nonminimally supported design is a design with the number of supported designs is greater than the number
of parameters. In this paper, we investigated nonminimally supported design that is built using four supported points
with uniform weight and determination of the supported designs by maximizing the determinant of information matrix.
Determination of the supported designs use two ways, first by deriving the objective function formula, which is
determinant of the information matrix then maximized it, second by adding one supported point to the minimally
supported design. Based on the numerical simulation of two methods, nonminimally supported design with the
maximum determinant value is the best nonminimally supported design.
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exponential model.
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1. INTRODUCTION

The Exponential models are widely used to describe a growth functions. Researcher usually use
this model with the curve always rising. The curve of exponential model consists of two types that
is increasing/decreasing monotone and an unimodal. Hathout [1] use exponential model to describe
the world population. Archontoulis and Miguez [2] use the exponential model with monotone go
up and unimodal forms for modeling in agricultural field. Ricker and von Rosen [3] use a
generalization of the exponential model. Al-Eideh and Al-Omar [4] use exponential model to
estimate population. Ma [5], use the exponential model to estimate an epidemic.

D-optimal design is a design with the selection of supported designs by maximizing the
determinant of the information matrix. The maximized determinant of the information matrix
that gives the variance of the estimator of parameter is small, so the hypothesis that parameter
equal zero will be rejected. The D-optimal design is a minimally supported design (the number of
supported is the same as the number of parameters) with uniform weight ([6],[7]). Information
matrix of nonlinear model contain the parameter which unknown value. The formula determinant
of the information matrix becomes complicated. Supported designs can be obtained if we have the
information about the value of parameters. Maximizing the determinant of the information
matrix is done numerically. D-optimal design for exponential model have been done, including
([81, [9], [10], [11], [12]).

The design with the number of supported points equal to k + 1 (k is number of parameter in the
model), is the simplest of nonminimally supported design. Initially, the research on this case was
conducted by Khinkis et al [13], they use the Hill model. Other researchers who have conducted
this research, Su and Raghavarao [14], used the sigmoid model (cuving from the starting point
then rises, reaches at maximum point then is relatively constant) including the Logistics, Probit
and Gompertz models. They construct nonminimally supported design by adding one supported
design to D-optimal design. One supported design is chose one of the supported design in D-
optimal design or the average of the supported design in D-optimal design, than calculate the
determinant information matrix for all alternative design and chose the design that have the highest

value of determinant information matrix.
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Generalized Exponential distribution was introduced by Gupta and Kundu [15]. The distribution
is viewed as an alternative of Gamma distribution or Weibull distribution. The formula of the

Generalized Exponential distribution as follows:

L) f(t)=ate ™ (1-e) 120621150

Based on equation (1) in this paper, we use the three parameter Generalized Exponential model as

follows:

) y=0e"(1-e )" +£20,6,6,,6,>0

The model in equation (2) is a nonlinear model. To build this model, it is necessary to select some
points of ¢ to be observed, then the points are called supported points. The model obtained is
expected to be significant, that is the variable factor influences the response, in other words, the
test whose parameters equal zero is rejected.

Nonminimally supported design will be built by adding one supported design from the minimally
supported design, so we use four supported design with uniform proportion. We use two
approaches, first by deriving the formula of determinant of the information matrix, then
determining the points that maximize this determinant, second by adding one supported design to
the D-optimal design which randomly selected (in this case we chose 133 point) from the design
region. Based on the two methods, all of the alternative of nonminimally supported design are
calculated the information matrix and their determinant. Based on the value of the determinant,

the best design is design that have the highest value of determinant of information matrix.

2. PRELIMINARIES

The nonlinear model is denote by:

(3) y=n(t,0)+¢

with independent & ~ N(0,02)

(4) E(Y [t)=n(t.0)
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Designs ¢ of 4 supported points (t;,i = 1,2,3,4) and their proportions (w; = i,i =1,2,3,4) is

denoted by:
tl t2 t3 t4
®) f=11 11
4 4 4 4

The information matrix of design ¢ for model (5) is:

1 4

(6) M (&,6) =ZZh(ti,9)hT (t,0)
i=1
where:  h(t,0) = %z (hy(t, 0), hy(t,0), hs(t, ), hy(t, 9))T is the vector of partial

derivatives of the conditional expectation E(Y|t) with respect to the parameters 6. M(&,0) is
3 X 3 symetric matrix. M(&,68) contains parameters with unknown values so initial information

about the parameter values is required

Nonminimally supported designs are built in two ways as follows:
A. Design |
Based on the model in equation (2) and the design ¢ equation (5), determination of
nonminimally supported designs as follows:
i. Calculate the element of information matrix.
ii. Construct the information matrix
iii. Determine the formula determinant of the information matrix.
iv. Enter the value of parameters based on initial information about the parameter values
in (iii) and determine the design region.
v. Determine the supported designs by maximizing the determinant of the information
matrix (iv).
B. Design Il
Nominimally supported design is obtained by adding one supported point from the D-

optimal design. These points are selected randomly in the given design region. Based on
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all of the alternative, design that has the highest value of determinant of information matrix
is chosen as the best nonminimally supported design. The complete algorithm is as follows:
Determine the minimally supported design (t;,t;,t3) obtained from D-optimal design
for model (2).
Adding one supported point (t,) selected randomly in the given design region.
Given uniform weight to t;,t,, t3, t,
Determine the determinant of information matrix for all alternative nonminimally

supported design.

Chose the design that has the highest value of determinant of information matrix as the best

nonminimally supported design.

3. MAIN RESULTS

3.1. Nonminimally Supported Designs For Three Parameters Generalized Exponential

Model Design |

Consider model (2) :

6
y =0z %1 —e0%t)? +¢ x>0,6,,0,05>0.

The curve of model (2) for 6; = 1.65 ; 6; = 0.75 atseveral of 6, and for 6; = 1.65;

0, = 2.25 atseveral of 6, are presented in Figure 1 and Figure 2.

Scatterplot of theta2_0.5; theta2_0.75; theta2_1; ... vs t Scatterplot of thetal 0.5; thetal_0.75; thetal_1; ... vs t

Variable 025 Variable
® theta2 0.5 ® thetal 05
m theta2 075 W thetal 075
& theta2 1 @ thetal 1
A theta2 125 A thetal 125
» theta2-15 p thetal 15

00 00e
Y-Data

Figure 1. The curve of model (2) for Figure 2. The curve of model (2) for
0; = 1.65 ; 6; = 0.75 atseveral of 6, 6; = 1.65 ; 6, = 2.25 atseveral of 6,
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Based on Figure 1, if 6; and 6; fixed with varying 6, the smaller value of 6, then ¢ also the
smaller but the maximum value is greater. Based on Figure 2, if 0; and 6, fixed and several
of 6, each curve has maximum value are relatively the same but the smaller of value 6,
then the greater of ¢ value.

Based on equation (2) and (4) so that:

n(t, 0) = 6;e (1 - e‘(’zt)e2

ote (1-e )" ((1+6,)e ™ 1)
(7 h (t, 19) = Qse"glt (1_ g ot )92 In (1_ ot )

o,
efelt (l_efalt) 2

Designs & of 4 supported points
t1 tp t3 1ty
f=(1 11 1)
4 4 4 4
The information matrix based on equation (6) and (7) as follows:

m, m, My,
(8) M (51 ‘9) =My, My My
Mz My My

where the element of information matrix as follows:
My, = % ?=1932ti26_291ti(1 _ e—elti)z(GZ_l) ((1 +60,)e0uti — 1)2
Myy = 12221 05%e~ 201t (1 - e_elti)zez lnz(l - e_elti)
Mmg3 = %Z?ﬂ e_zglti(l - e_ezti)zez
My, = %2;1 ;% te~20t (1 — e‘elti)zez_l ((1 +0,)e" 0t — 1) In(1— e b1t)

0,—
myg = 1Nk, Ostie 2t (1 - e ) T (14 g,)e 0t — 1)
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0
my3 = iz;li:l 933_291ti(1 - e_ezti)z 2 ln(l — e‘ezti)
The formula of |M(&,0)| is very complicated, we use the notation:

x; =1—e %t

y; =1—e 1tz
z;=1—e bts
ky =1— e fits
x, = (1+6y)e 01t —1
y, = (14 6,)e btz —1
Zy = (1+6,)e 01t — 1

k2 = (1 + 92)6_61t4 -1

Based on this notation can be find the formula of  |[M(&,60)| as follows:

9) M (£,60)c A+B+C+D

where:

Al — e—291(t1+t2+t3)

Ay = x,2%21n2(x)) 31292722, 20272 (t5.y1 2, — ty. 21 Y,)?

., 20,7,,2 20,-2, 20,2 2
Ap = y1°72In*(yy) x1°727% 21 %7274 (3. 012, — £1.21X7)

20,2 20,-2 2
272129275 (b X1 Y2 — 1. Y1X2)

Ayz = 2,2%2In%(2;) y
Ars = 212927 n(x,) y1 29271 In(y) 21 2927 [ty %, (3. 2,91 — 2. Y221) + to. Yo (E3. 221 — t1.X227)]
Ars = %2027 n(x,) 2029271 In(20)y1 29 [ty %, (8. Y221 — t3. 2501) + t3. 25 (65 Yo — t1. %5741)]
Are = y12%27n(y,) 20227 n(z)) %, 207 b v, (6. X221 — t3.22%1) + t3. 25 (81 X1 — . Y2 %1)]
Ar7 = 297 n(x,) 22927 n(2)y1 29272 by, b5 Y1220 + 6. Y1215 — 2.65. 2% 2]
At = %2927 n(xy) ¥, 2% n(y1) 229272 5. 25 [t 201 Y2 + 6. Y1 21X — 2.t3. 25X, 4]
Arg = y12%27Hn(y,) 202927 M n(z) 0, 20272ty X5 [ty 21 X1y + 1. Y1 X025 — 2061 X521 V4]

A = A11 +A12 +A13 +A14 +A15 +A16 +A17 +A18 +A19



1721
THREE PARAMETERS GENERALIZED EXPONENTIAL MODEL

B, = e~ 201(ti+ta+ty)

Byy = x,2%20n2(x)) 3129272k, 222 (g y1 ke — ty. K1 7,)?

Biy = y:2%2In2 (y;) x, 29272k, 2972 (. 21k — t1. K1 x5)?

Bys = k"% In? (ky) y,2%27 20,2972 (ty. 2,y — t1. Y1 %)

Bis = x: 2927 n(x)) 129271 n(yy ey 2% 7 [ty 2 (g Koy — b Y2ke) + . ya (ta kpxy — .k )]
Bys = x,2%2 7 n(x,) by 2% ey, 2% [ty 30 (. Y2 Ky — ko n) + ta ko (t2. 221 — th.2x571)]
Bis = y: 2927 n(yy) ke 2% ()20 20272 [ty v, (b 30k — taokpxe) + Ly Ky (b1 X51 — £ y22)]
Biy = x:2%271n(x,) ky*% 7N in(ke)y: 29272 . 5 [ta. yadi o+t Y1 kady — 2.65.y,%1 k4]

Big = x12%271n(x,) y, 2% Hn(y)ks 2% 72ty ky [ty ke 2035 + t1.y1ke X, — 2.t kpXy 4]

Bio =y, 2% n(y,) by *% 7 inley)x, 20272ty 0 [ty ka0, + trya Xk — 2.5 %0k ]

B = Bll +BlZ +Bl3 +B14 +B15 +B16 +B17 +B18 +B19

C, = e~20:(tr+ta+ts)

Cr1 = x12%2In% (%)) ks 2% 722,207 2 (t5. ky 2, — t4.21k,)?

Crz = ks *%2In? (ky) 3,292 722, 29272 (t5. 0,2, — ty. 21 %5)?

Cis = 2202102 (7)) by *%2 %%, 2072 (8. 1 ky — 1y K1 5)?

Cra = 120271 n(xy) Ky 2927 Hn(ky) 2,202 [ty 20 (ts. Zoky — tg. Kpzy) + ta.ky (E3. 232, — t1.%321)]
Cis = %1227 n(xy) 2, 2% (2, ) hy 202 [t 25 (. Ky 2y — t3.22k0) + 3.2, (g oy — tr. 25K
Cre = ks *% M In(ly) 2029271 n(2,)2, 2027 [ty ke (ty. %021 — t3.25%1) + 3.2 (ty. XKy — 4. kpxy)]
Cr7 = %1297 n(x,) 2,292 1 n(z, )k 29272 ty. by [ts. ky Xy 2o + ty. kyzys — 2. 4. koXy24]

Crg = %, 20271 n(xy) ke 2927 (k) 2, 20272 t5. 25 [ty 21 X1 Ky + 1. Ky 2320 — 2. t3. ZyX1 K4 ]

Cro = k1227 Y in(ky) 2,297 1 in(zy) %, 29272, x, [t4. Zy X1 Ky + b1y 2X1Zy — 2.1 X021 K4 ]

C = Cll +C12 +C13 +C14,+C15 +C16+C17+C18+C19

D1 — e—291(t4+t2+t3)
20 _ _
Dy1 = ky*72In?(ky) y,292722,2%72(t5. 7,2, — t5.21,)
20,-2 _
Dy, = y,2%2In%(yy) ki 272722129272 (t3. ky 2, — t4. 21 k)?

Dy3 = z,?%2In?(z,) }’1292_2k1292_2(t2-k13’2 — tg.y1k;)?
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Dy = k%7 (k) 312927 n(y) 2, 2% 7ty Ky (3. 251 — 3. Y221) + L. Y2 (t3. 2ok — ty-kp2y)]
Dis = ki *%2 M n(ky) 2,297 n(20)y, 2%ty ko (5. Y221 — ts. 2591) + t3. 22 (5. Y2 ks — ta ko))
Dis = y12%27Un(y1) 2% Un (2, k1 > [ty y, (b ko 2y — t3.25k1) + t3. 25 (t4. koY1 — L. Y2K:)]
Dy = ki *%2 M in(ky) 2,297 n(20)y, 2% 72 ty. v, [ts. 1 ke zo + ta.yaZiks — 2.65.y,k02]
Dig = k1?7 n(ky) y:2%2 7 Hn(y,) 2, 2% 2 t5. 2, [ty 21 K1z + ta. Y121ky — 2.t3. 2,k 4]
Dio = y:2%27 n(y,) 2, 2% Hn(z ) ks *%2 2ty ko[t 21 ks + ta Y1 ke zy — 2.ty oz 1]

D= Dll +D12 +D13 +D14 +D15 +D16 +D17 +D18 +D19

Supported points  t;,i = 1,2,3,4 is obtained by maximizing |[M(&,0)|, but in the |[M(&,0)|
contains the parameter 6;,i = 1,2,3, so we need theirs predetermined values of 6;,i = 1,2,3.
Numerical simulation nonminimally supported designs for model (2) by maximizing equation (11)

for some value of 6;,i = 1,2,3 and design region (0, 5) is presented in Table (1).

Table 1. Nonminimally Supported Design Model (2) For Some Value Of 6;,i = 1,2,3 with
Design Region (0, 5)

Supported design IM(¢,6)|

04 6, 0, t, t, t3 ty

1.65 0.50 0.75 0.041277 0.523139 2.124812 2.124813 0.000492164159
0.75 0.105879 0.719584  2.385058 2.385058 0.000069652143
1.00 0.180906 0.888596 2.597196 2.597196 0.000015289309
1.25 0.259130 1.037199 2.776853 2.776857 0.000004385068
1.50 0.336589 1.169961 2.933091 2.932960 0.000001510158
1.75 0.412425 1.290033 3.071344 3.071335 0.000000594740
2.00 0.485752 1.399686  3.19560 3.195588 0.000000259647
2.25 0.556318 1.500664 3.308648 3.308435 0.000000123026

1.65 2.25 0.50  0.834507 0.834419 2.250930 4.962697 0.000000276808

0.75 0.556318 1.500664 3.308648 3.308435 0.000000123026
1.00 0.417237 1.125487 2.481425 2.481341 0.000000069202
1.25 0.333788 0.900372  1.984997 1.985158 0.000000044289
1.50 0.278161 0.750369 1.654388 1.654299 0.000000030756
1.75 0.238421 0.643130 1.417891 1.417959 0.000000022597
2.00 0.562779 0.208622  1.240480 1.241032 0.000000017301
2.25 0.500209 0.185438 1.102815 1.102833 0.000000013670
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Based on Table (1) shows that from all of the cases value of 6;,i =1,2,3 four supported
designs two of them are equal. In order word nonminimally supported design have three supported

design with the weight are 0.25 , 0.25 and 0.5.

3.2 Nonminimally Supported Designs For Three Parameters Generalized Exponential Model
Design 1T

D-optimal design for model (2) has been investigated [11].

Supported design (t4, ty,t3) is obtained by maximizing:

3
264 3

20 3 3
(10) IM(&,0)lce T [[(1-e%) [ZRWZSJ

%
where:

R; = t;2(1 — e7015)" (1 — e=01t) (1 + 0,)e 01t —1)"4

A= [In(1 - e 04) — In(1 — e~01t)]”

5= (1= e 90) (1 - 7)1 — e Ou)((1 4 Bp)e 0 —1) €

—e_eltk 1—e_eltj
In

- . 1
C=((146y)e % —1)in — o e

i#j#kj=23k=123

Supported designs  t;, i = 1,2,3, is obtained by maximizing |M(&,8)|, but the determinant
|[M(&,0)| contains three parameters 6;,i = 1,2,3, so we need theirs predetermined values of
6;,1 = 1,2,3. Numerical simulation D-optimal desing with model (2) by maximixing equation

(12) for some value of 6;,i = 1,2,3 and design region (0, 5) is presented in Table (2).
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Table 2. D-optimal Design Model (1) for Some Value Of 6;,i = 1,2,3 with Design Region

(0,5)
Supported design
05 0, 0, ty t, ts
1.65 0.5 0.75 0.041277 0.523139 2.124813
0.75 0.105879 0.719584 2.385058
1 0.180906 0.888596 2.597197
1.25 0.258913 1.037199 2.776856
1.5 0.336589 1.169960 2.933019
1.75 0.412425 1.290030 3.071334
2 0.485752 1.399684 3.195590
2.25 0.556314 1.500625 3.308469
1.65 2.25 0.5 0.834449 2.250904 4.962401
0.75 0.556314 1.500625 3.308468
1 0.417235 1.125469 2.481318
1.25 0.333788 0.900374 1.985072
1.5 0.278157 0.750307 1.654231
1.75 0.238417 0.643104 1.417466
2 0.562734 0.208618 1.240676
2.25 0.500081 0.185381 1.102537

Table (2) shows that from many value of 6;,i = 1,2,3, these three points supported designs
are equal to the supported design given in table (1). Adding one supported point (t,) selected
randomly in (0, 5) is a very important to decide the best nonminimally supported design based on
the value of determinant information matrix. In the cases t;,t,, t3, t, have the same weight i.e
0.25, so the information matrix as in equation (8). We select 133 point randomly in (0, 5) for all
value of 6;,i = 1,2,3. Based on the simulation, for all value of 6;,i = 1,2,3 , the determinan of
information matrix have same patern for all value of t,. As an illustration the scatterplot of
determinan of information matrix and t, for 6; = 1.65 ; 8, = 0.75 , 6; = 0.5 is presented

in Figure 3.



1725
THREE PARAMETERS GENERALIZED EXPONENTIAL MODEL
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Figure 3. Scatterplot |M(&,0)| vs t, for 65 = 1.65 ; 6, =0.75, 6; = 0.5
Based on the Figure (3) shows that the highest value of determinan of information matrix happens
at three time of ¢, thatare 0.0412771728; 0.523138991;2.124812716. The value of determinan
of information matrix is 0.000492 . We can show that t, in this cases is one of ty, t,, t3, in table

(2). In other word Design I and Desin II have the same result.

4. CONCLUSION

The results of this research indicate that the contracting nonminimally supported design with
uniform proportion and based on the values determinant of information matrix can be carry out
in two ways. First, by constructing the formula of determinan of information matrix than maximize
it. Second, by adding one supported design to the D-optimal design, it selected randomly in design
area, each of supported have the same proportion, calculat their determinan of information matrix
and the best nonminimally supported design is the design with maximum value of determinant

information matrix. Design I and Design II have the same result.

ACKNOWLEDGEMENT
This research was supported by the research and technology and higher education ministry of

Indonesia based on contract number 257-50/UN7.6.1/PP/2020

CONFLICT OF INTERESTS

The author(s) declare that there is no conflict of interests.



1726
TATIK WIDIHARIH, MUSTAFID, ALAN PRAHUTAMA, SUDARNO

REFERENCES

[1] D. Hathout, Modeling population growth: exponential and hyperbolic modeling, Appl. Math. 4(2013), 299-304.

[2] S.V. Archontoulis, F.E. Miguez, Nonlinear Regression Models and Applications in Agricultural Research,
Agronomy J. 107 (2015). 786-798.

[3] M. Ricker, D. von Rosen, A generalization of the exponential function to model growth. IAENG Int. J. Appl.
Math. 48(2) (2018), 152-167.

[4] B.M. Al-Eideh BM, H.O. Al-Omar, Population projection model using exponential growth function with a birth
and death diffusion growth rate processes, Eur. J. Sci. Res. 151 (3) (2019), 271 — 276

[5] J. Ma, Estimating epidemic exponential growth rate and basic reproduction number, Infect. Dis. Model. 5(2008),
129-141.

[6] G. Li, D. Majumdar, D-optimal designs for Logistic models with three and four Parameters, J. Stat. Plan.
Inference, 138 (2008), 190-1959.

[71 H. Dette, A. Pepelyshev, Efficient experimental designs for sigmoidal growth models, J. Stat. Plan. Inference,
138 (2015), 2-17.

[8] C. Han, K. Chaloner, D-and c-optimal designs for exponential regression models used in viral dynamics and
other applications, J. Stat. Plan. Inference, 115 (1999), 585-601.

[9] H. Dette, V.B. Melas, W.K. Wong, Locally d-optimal designs for exponential regression Models, Stat. Sinica,
16 (2006), 789-803.

[10] T. Widiharih, S. Haryatmi, Gunardi, D-optimal designs for weighted exponential and generalized exponential
models, Appl. Math. Sci. 7(22) (2013), 1067-1079.

[11] T. Widiharih, S. Haryatmi, Gunardi, D-optimal designs for modified exponential models with three parameters,
Model Assist. Stat. Appl. 11 (2016), 153-169.

[12] S. Lall, S. Jaggi, E. Varghese, C. Varghese, A. Bhowmik, D-optimal designs for exponential and Poisson
regression models, J. Indian Soc. Agric. Stat. 72(1) (2013), 27-32.

[13] L.A. Khinkis, L. Levasseur, H. Faessel, W.R. Greco, Optimal design for estimating parameter on the 4 parameter
Hill model, Nonlinear. Biol. Toxicol. Med. 1 (2013), 363-377.

[14] Y. Su, D. Raghavaro, Minimal plus one point designs for testing lack of fit some sigmoidal curve models, J.



1727
THREE PARAMETERS GENERALIZED EXPONENTIAL MODEL

Biopharm. Stat. 23(2) (2013), 281-293.

[15] R.D. Gupta, D.A. Kundu. Generalized exponential distribution. Aust. N. Z. J. Stat. 41(2) (1999), 173-188.



