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Abstract. In this paper, we study completely homogeneous L-topological spaces on a non-empty set X when
membership lattice L is a complete chain.

Keywords: L-topology; completely homogeneous L-topological spaces; join; meet.

2010 AMS Subject Classification: 03G10, 54A99.

1. INTRODUCTION

For a topological property P and a set X, let P(X) denote the collection of all topologies on X
with property P. Then P(X) is a partially ordered set under the natural order of set inclusion. A
topological space (X,J) with property P is minimum P (maximum P) if P(X) is non-empty and
J is a minimum (maximum) element the set P(X). In 1970, Roland E. Larson characterizes all
minimum and maximum P spaces [4]. He proved that a topological space (X,J) is minimum P
(maximum P') for some topological property P (Pl) if and only if it is completely homogeneous,
where completely homogeneous means that every one-to-one function of X onto itself is a

homeomorphism. He then proved that the only completely homogeneous topologies on a set X
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are the indiscrete topology, the discrete topology and those topologies in which the closed sets
are the space X and all subsets of X of cardinality less than m, where m is an infinite cardinal
not greater than the cardinality of X.

T.P. Johnson has defined the concept of a complete homogeneous fuzzy topological space
in an analogous way and studied some of its properties [2]. P. Sini et al. have characterized
completely homogeneous L-topological spaces when X is a finite set and L = {0,a, 1}, where
a#0,1[5].

However, we consider an equivalence relation R on the set of all completely homogeneous L-
topologies on a non-empty set X when membership lattice L is a complete chain and investigate

all disjoint equivalence classes with respect to the relation R.

2. PRELIMINARIES

Throughout this paper, X stands for a non-empty set, L for a complete chain with the least
element 0 and the greatest element 1, S(X) stands for the set of all permutations of the set X.
The constant function in LX, taking value « is denoted by o and xy, where y(# 0) € L denotes

y if y=x

the L- fuzzy point defined by x,(y) = . Any f € LX is called as an L-subset
0 otherwise

of X. The following are some important definition reported in [3,6] :
Definition 2.1. Let § be a non-empty subset of LX. We call § an L-topology on X, if § satisfies
the following conditions :

(1)0,1€6.

(2)if f,g € 8, then fAg€EJ.

(3)if 6 € 3, then V pc5, f € 6.

The pair (LX,8) is called an L-topological space. The elements of & are said to be open

L-subsets of X.

Definition 2.2. Let X and Y be two sets and 0 : X — Y be a function. Then for any L-subset g
in X, 6(g) is an L-subset in Y defined by
sup {g(z) :z€ 07" ()} if O7'(y)#¢
0(2)(y) = o
0 otherwise
where 81 (y) = {x € X : 0(x) = y}.
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For an L-subset f in Y, we define

0-1(f)(x) = £]6(x)],Vx € X. Obviously 8! (f) is an L-subset in X.

Definition 2.3. Let (X, ) and (¥, 8') be two L-topological spaces. Then a function 6 : X — Y
is said to be L-continuous if 67! (g) € § for every g € 8 and 6 is said to be open if 8(f) € &'

for every f € 8.

Definition 2.4. Let (X,8) and (Y, ') be two L-topological spaces. Then a bijection 6 : X — Y

is said to be L-homeomorphism if both 8 and 6! are L-continuous.

By an L-homeomorphism of (X,§), we mean an L-homeomorphism from (X, ) to itself.
The set of all L-homeomorphism of an L-topological space (X, d) onto itself is a group under
composition, which is a subgroup of the group of all permutations on the set X. It is called the

group of L-homeomorphisms of (X, J).

Definition 2.5. An L-topological space (X,0) is called a completely homogeneous space if

every bijection of X onto itself is an L-homeomorphism.
Notations:

e |A| stands for the cardinality of a given set A.
e If (X,0) is an L-topological space, then define
(1)6=8\{0,1}.
@) %y = {f():x € X},
(3) ngf ={g:X = R}
4) Rs={f(x):xeX and f € §}.
e Forany A C L, define £ = {f: X — A}.
e Forany H C L,define H* ={acL:a= Vyem Vs where M C H}. Then H is said to be
closed with respect to arbitrary join if H* C H i.e. if H contains all the possible join of

its elements.

3. COMPLETELY HOMOGENEOUS L-TOPOLOGICAL SPACES

Definition 3.1. Let CHLT(X) be the collection of all completely homogeneous L-topologies on
X.
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Let 6;, 6, € CHLT(X) and define the relation R on the set CHLT(X) as :
01 R & if and only if \SKST| = |EKg|
Clearly, R is an equivalence relation.

For 0 < m < |L|, define

[m](class of m) = {8 : § is a completely homogeneous L-topology on X and |Rg| = m}.

Definition 3.2. Let A C L be any subset and |A| > 1. Then a subset M C A is called a c-subset
of A if

(i) M* C M.

(i) |M| > 1.

(iii) if a,f € M and @ < y < B for some y € A, then y € M.

Definition 3.3. Two c-subsets /\; and AA; of a subset A C L are said to be distinct if 3 at least

one ¢o; € A;jand aj € Ajsuchthat o ¢ Ajand o ¢ A

4. COMPLETELY HOMOGENEOUS L-TOPOLOGICAL SPACES WHEN X IS A FINITE SET

Throughout this section, X stands for a finite set.
Theorem 4.1. Let X be a finite set and L be a complete chain. Then (X,0) is a completely

homogeneous L-topological space if and only if Lg)(tf C 0,Vf €.

Proof. First suppose that (X, ) is a completely homogeneous L-topological space.

/ ki if y=x
Letk; = /\keERf kand x,, ()= k otherwise '
1

We claim that x;(i € 6,Vk; € Ry.
Clearly, ki € Ry. Since ky € Ry,3 an element xo € X such that f(xo) = k;. For each x €
X\ {x0}, define f; = foh,, where hy : X — X is defined as :
X0 if y=Xx
he(y) =4 x if y=2Xx0-

y otherwise

Then fiy) =1{ f(x)  if  y=x0
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Clearly, f, € 6,Vx € X \ {x0}.
Let k € Ry. So J an element z € X such that f(z) = k.

k if y=z
Now /\xeX\{z} L) = .

ki otherwise
= Avex\ (g} o)) =x, € 8.
Hence L%({f C o,Vfed.
Conversely, suppose that L)g({f C 6,Vf € d. Then foh € 8,Vf € 6 and Vh € S(X). Hence &

is a completely homogeneous L-topology on X.

Remark 4.2. It can be checked that following are the disjoint equivalence classes with respect

to the relation R when X is a finite set :

° [O} contains only one completely homogeneous L-topology {0,1}.

[1} contains only one type of completely homogeneous L-topologies {0, 1, }, where
o€ L\{0,1}ie.
[1]={{0.La}:aeL\{0,1}}.

[2} contains following two types of completely homogeneous L-topologies :

() {{0, 1, 0, 00} : 01,05 € L\ {0, 1} }.
(i) {0,1,g: g € L%, where H C Land |H| =2}.

Form > 3, [m] contains following three types of completely homogeneous L-topologies

(i) {0,1,a : o € Hy, where H; C L\ {0,1} such that H; C H; and |H;| = m}.

(i) {0,1,g: g € L),gz, where H, C L such that Hy C H and |Hy| = m}.

(iii) Let H C L be any subset such that H* C H and |H| = m. Consider a family
A\;,i € Q of distinct c-subsets of H.

LetE = {B € H: B ¢ Ucg i}

The L-topologies of the form {0,1,B,f: B € Eand f € Ucq L}ii}.

Theorem 4.3. Let X be a finite set and L be a complete chain. If F' is a completely homogeneous

L-topology on X, then F' is equal to one of the L-topologies defined in the remark 4.2.
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Proof. Let |Ri| = m. If m = 0, then clearly F = {0,1}. So, assume that m > 0.

Case 1 : If F contains only constant L-subsets, then F = {0,1, & : @ € Ry}

Case 2 : IfL%gF, then F={0,1,¢g:¢ GLé}

Case 3 : Suppose Case 1 and Case 2 do not hold.

Let f € F be any non-constant L-subset.

We claim that f € L}i for some c-subset A C Ry

Let A C Ry be a subset such that

(i) Ry C A

(i) EX CF.

(iii)) A* C A.

(iv) A is not properly contained in any proper subset of R satisfying above three properties.

Let ,f € A and y € Ry suchthat o < y < B.

ye SKfandL’g‘;g CFVgeF=yeF.

Let y ¢ A. Since L is a chain and £X C F, it is easy to see that T = AU {y} satisfies
properties (i)-(iii) and A C T, a contradiction = y € A = A is a c-subset.

Therefore, corresponding to every L-subset g of F', 3 a c-subset V C Ry such that g € L}Vf CF.

Let AA;,i € Q be the collection of those distinct c-subsets of R such that Lﬁi CFVYieQ
and for every non-constant L-subset h € F,h € L’éi for at-least one i € Q.

LetE= {B € Rz : B ¢ Uiea O).

Thus F ={0,1,B8,f:B€Eand f € Uieghﬁi}.

= If F is a completely homogeneous L-topology on a finite set X, then F is equal to one of

the L-topologies defined in remark 4.2.

5. COMPLETELY HOMOGENEOUS L-TOPOLOGICAL SPACES WHEN X Is A COUNT-

ABLE SET

Throughout this section, X stands for a countable set.
Remark 5.1. It can be checked that following are the disjoint equivalence classes with respect

to the relation R when X is a countable set :

e [0] contains only one completely homogeneous L-topology {0,1}.
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° [1} contains only one type of completely homogeneous L-topologies {0, 1, o}, where
oeL\{0,1}ie.
[1] ={{0,L,a} : a € L\ {0,1}}.

° [2} contains four types of completely homogeneous L-topologies :
) {{0.1,a.B}: a,B € L\{0,1}}.
(ii) {0,1,¢: g € £X, where H C L and |H| = 2}.
Let oy, o € L be two arbitrary elements such that o; < o and g € LX be defined by

o for at-most finitely many x € X
g(x) = :
o otherwise

(iii) L-topologies generated by the sets of the form {0,1,goh: h € S(X)}.
(iv) L-topologies generated by the sets of the form {0, 1, o, goh : h € S(X)}.

e Form > 3, [m} contains following types of completely homogeneous L-topologies :
() {0,1,a: o € Hy, where H; C L\ {0, 1} such that H} C H; and |H| = m}.
(ii) {0,1,g: g € £X, where H C L such that H* C H and |H| = m}.
(iii) Let H C L be any subset such that H* C H and |H| = m.
Consider a c-subset A C H, choose an arbitrary element y € /\ and define :
Pi={aeA:a< (L)},
Py ={B e :y<(<)B},

feLlX: f(x) P for finitely many x € X

La=
f(x) € P, otherwise

and Lo c=LaU{a:aecCCP}.

Consider a family A;,i € Q of distinct c-subsets of H and corresponding to each c-
subset A\;,i € Q, choose exactly one set from the set {LX ﬂIL, AL A,-,(C} and denote that
set by Xa,.

Lt E={B eH: B ¢ Uiali}.

The L-topologies of the form {Ql,ﬁ,f :BeEand feXp,ic Q}.
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Theorem 5.2. Let X be a countable set and L be a complete chain. If F' is a completely
homogeneous L-topology on X, then F' is equal to one of the L-topologies defined in the remark
5.1.

Proof. Let |R5| = m. If m =0, then clearly F = {0,1}. So, assume that m > 0.

Case 1: If F contains only constant L-subsets, then F = {0,1, & : a € Rz}.

Case 2: IfL%{gF, then F={0,1,g: g€ L%{}

Case 3: Suppose Case 1 and Case 2 do not hold.

Let f € F be any non-constant L-subset.

Let A C Ry be a subset such that

(i) Ry C A

(i) A* C A.

(iii) for any two elements «, 3 € A,3 an L-subset g € F such that g(x) = a,g(y) = 8 for
some x,y € X.

(iv) A is not properly contained in any proper subset of R satisfying above three properties.

Let o, € A and y € Ry suchthat o < y < B.

Lety¢ A. y€ Ry and F is a completely homogeneous L-topological space so 3 an L-subset
hy € F such that iy (x) = hy(y) = y for some x,y € X.

Since o, € A = Jan L-subset i, € F such that hy(x) = o, hp(y) = B.

Then (hy Ahy)(x) = a and (h) Ahp)(y) = 7.

(h V) (x) =yand (h Vi) (y) = B.

In the same way, it can be shown that for any two elements 11,1, € T = AU{y},3 an L-
subset g € F such that g(x) = 11,g(y) = 12 for some x,y € X and R, C T, a contradiction
= vy€ A = Aisac-subset.

Case (i) : IfEX C F, then f € £X.

Case (ii) : Let EX ¢ F.

LetD={heF: R, CA}.

EX ¢ F = 3 some element(s) A € A such that if 4 € D and h(x) = A for some x € X, then
h(y) = A for at-most finitely many y € X.

LetP={A € A:if A € R), for some h € D, then h(x) = A for at-most finitely many x € X }.
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It can be checked that
() if o, € Pand n € A such that & <1 < B, then n € P.
(ii) if « € Pand n € A such that N < ¢, then ) € P.

g€ LX: g(x) € P for at-most finitely many x € X
La= )
g(x) € A\ P otherwise .
Now two cases arise:

Case (a) : when a ¢ F,Va € P.

ThenLp CF.

Case (b) : when o € F for all / some o € P.

LetC={acP:acF}andLpoc=LAUCCF.

Thus either f € La or f € La c.

Let A;,i € Q be the collection of those distinct c-subsets of Ry such that corresponding
to each c-subset A\;,i € Q, exactly one set from the set {L}ii,LA,wLAh(C} denoted by Xa, C
F,Vi € Q and for every non-constant L-subset 1 € F,h € X5, for at-least one i € Q.

LetE= {B € %z : B ¢ Urca Oi).

Thus F — {Q,l,g,f:ﬁ €Eand fEX, i€ Q}.

= If F is a completely homogeneous L-topology on a countable set X, then F is equal to one

of the L-topologies defined in the remark 5.1.

6. COMPLETELY HOMOGENEOUS L-TOPOLOGICAL SPACES WHEN X IS AN UNCOUNT-

ABLE SET

Throughout this section, X stands for an uncountable set.
Remark 6.1. It can be checked that following are the disjoint equivalence classes with respect

to the relation R when X is an uncountable set :

° [0} contains only one completely homogeneous L-topology {0, 1}.

° [1} contains only one type of completely homogeneous L-topologies {0, 1, o}, where
o e L\{0,1}ie.
[1] ={{0,L,a} : a € L\ {0,1}}.

° [2} contains following types of completely homogeneous L-topologies :
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@ {{0.L,a,B}: &, B € L\ {0, 1}}.
(i) {0,1,g: g € L%, where H C L and |H| =2}.
Let o1, ap € L be two arbitrary elements such that o < o and g1,g2 € LX be defined
by

o for at-most finitely many x € X
g1(x) =
0, otherwise

o for at-most countably many x € X
and g(x) =
oy otherwise

(ii1) L-topologies generated by the sets of the form
{0,1,810h: h € S(X)}.

(iv) L-topologies generated by the sets of the form
{0,1,04,810h : h € S(X)}.

(v) L-topologies generated by the sets of the form
(0,1, 8200 : h € S(X)}.

(vi) L-topologies generated by the sets of the form
{0,1,04,820h : h € S(X)}.

e For m > 3, [m} contains following types of completely homogeneous L-topologies :
(i) {0,1,a: o € Hy, where H; C L\ {0, 1} such that H} C H; and |H| = m}.
(i) {0,1,¢: g € £X, where H C L such that H* C H and |H| = m}.
(iii) Let H C L be any subset such that H* C H and |H| = m.
Consider a c-subset A C H, choose an arbitrary element ¥ € /A and define :
Pi={aeA:a<(L)y},
P,={BcA:y<(<)B},
Py =P\ {r},
Py =P\ {r},
ferX: f(x) P for at-most finitely many x € X

]Ll —
AT ;
f(x) € P otherwise
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2 feLX: f(x) P for at-most countably many x € X
o \ f(x) € P, otherwise ’
( felX: f(x)€P; for at-most finitely many x € X
]L3A = f(x) = vy for at-most countably many x € X »
f(x) € IP; otherwise

L ¢ :\]I}AU{Q: acCCP},

Lic=Liufa:acCCP},

L) c=Liu{a:acCCPiU{y}}.

Consider a family A\;,i € Q of distinct c-subsets of H and corresponding to each c-
subset /\;,i € Q, choose exactly one set from the set {LX,»vH-’kA,»H-’kA,,C k=1,2, 3} and
denote that set by X ..

LetE={B € H:p ¢ Uca O}

The L-topologies of the form {Q,l,ﬁ,f :BeEand feXp,ic Q}.

Theorem 6.2. Let X be an uncountable set and L be a complete chain. If F is a completely
homogeneous L-topology on X, then F is equal to one of the L-topologies defined in remark
6.1.
Proof. Let |R5| = m. If m =0, then clearly F = {0,1}. So, assume that m > 0.

Case 1: If F contains only constant L-subsets, then F = {0,1, & : a € R}.

Case 2: IfL%gF, then F={0,1,g: g€ L%}

Case 3: Suppose Case 1 and Case 2 do not hold.

Let f € F be any non-constant L-subset.

Let A C Ry be a subset such that

(i) Ry C A

(i) A* C A.

(iii) for any two elements «, 3 € A,3 an L-subset g € F such that g(x) = a,g(y) = 8 for
some x,y € X.

(iv) A is not properly contained in any proper subset of R satisfying above three properties.

In the same way, as in theorem 5.2, it can be shown that A is a c-subset.
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Case (i) : If X C F,then f € EX.

Case (ii) : Let EX ¢ F.

LetD={heF: R, C A}

EX ¢ F = 3 some element(s) A € A such that if 7 € D and h(x) = A for some x € X, then
h(y) = A for at-most finitely/countably many x € X.

Let Py ={A € A:if A € Ry, for some i € D, then h(x) = A for at-most finitely many x € X }.

and P, = {n € A :if n € R, for some g € D, then g(x) = n for at-most countably many
x € X}. Clearly, P; C P,.

It can be checked that

() if a, B € P;(P,) and n € A such that o« < 11 < B3, then n € P (7).

() if a € ]P’(l and 1 € A such that < «, then n € Py.

g€ LX: g(x) € P for at-most finitely many x € X

LetLp = g(x) € P, \ IP; for at-most countably many x € X

g(x) € A\ {P,} otherwise

Now two ce;ses arise:

Case (a) : when a ¢ F,Vo € P,.

ThenLp CF.

Case (b) : when o € F for all / some « € P,.

LetC={aecP:acF}andLpc=LaAUC.

Thus either f € La or f € La c.

Let A;,i € Q be the collection of those distinct c-subsets of Ry such that corresponding
to each c-subset A\;,i € Q, exactly one set from the set {Lﬁi,LAﬂLAi,C} denoted by Xa, C
F,Vi € Q and for every non-constant L-subset 1 € F,h € X, for at-least one i € Q.

LetE={f € %z: B ¢ Uica Ai)-

Thus F — {Q,l,[_i,f:ﬁ €Eand fEX, i€ Q}.

= If F is a completely homogeneous L-topology on an uncountable set X, then F is equal to

one of the L-topologies defined in the remark 6.1.



2438 PINKY, T.P. JOHNSON

ACKNOWLEDGEMENT

The first author wishes to thank the University Grants Commission, India for giving financial

support.

CONFLICT OF INTERESTS

The author(s) declare that there is no conflict of interests.

REFERENCES

[1] C.L. Chang, Fuzzy topological spaces, J. Math. Anal. Appl. 24 (1968), 182-190.

[2] T.P. Johnson, Some problems on lattice fuzzy topologies and related topics, Ph.D Dissertation, Cochin Uni-
versity of Science and Technology, 1990.

[3] T.P. Johnson, Completely homogeneous fuzzy topological spaces, J. Fuzzy Math. 1(3) (1993), 495-500.

[4] R.E. Larson, Minimum and maximum topological spaces, Bull. Acad. Pol. Sci. 18(12) (1970), 707-710.

[5] P. Sini, PM. Dhanya, P.T. Ramachandran, On completely homogeneous L-topological spaces. Ann. Fuzzy
Math. Inform. 12(5) (2016), 703-718.

[6] YM. Liu, M.K. Luo, Fuzzy Topology. World Scientific, Singapore, (1997).

[7] L.A. Zadeh, Fuzzy sets, Inform. Control. 8 (1965), 338-353.



