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Abstract. In this note, first we introduce the concept of extension of fuzzy soft subset (set) by utilizing its extension
of mapping and re-define some operations of fuzzy soft sets based on the extension. Furthermore, we also discuss
the extension of fuzzy soft set with respect to ¢-level soft sets of fuzzy soft sets. We explore the connection between
both types of the extensions in example4.1. As an evidence we present the extension of fuzzy soft subrings and
fuzzy soft ideals while considering the extension through z-level soft sets.
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1. INTRODUCTION

Number of theories such as fuzzy sets [29], theory of vague sets [11], theory of interval math-
ematics [12], theory of rough sets [23] are famous and are using in analyzing data. But there are
some imperfections in all these theories. In [21], Molodtsov introduced the concept of soft set
and also he proved that soft set works more efficient than any other tool to remove uncertainties.
Molodtsov successfully applied the soft theory in several directions, for instance smoothness of
functions, game theory, operations research, Riemann integration, Perron integration, theory
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of probability, theory of measurement, and so on. Numerous operations have been introduced
and applied to soft sets (see [4], [26], [18] etc.,). Subsequently, the number of soft algebraic
structures like soft groups [3], soft rings [1], soft near-semirings [14], fuzzy soft near-semirings
[27] etc have been introduced in the literature.

Many researchers introduced the number of fuzzy algebraic structures in the literature, fuzzy
rings were intrdouced by Liu [15]. Martinez [20] and Dixit et al. [8] further obtained certain
ring theoretical analogues.

In [19], authors introduced the concept of the fuzzy soft sets by embedding the ideas of fuzzy
sets. In a sequal, A. R. Roy and P. K. Maji gave some applications of fuzzy soft sets (see[25]).
Further to this, Cagman et al. redefined the notion of fuzzy soft sets with new operations and
applications [6]. Various fuzzy soft algebraic structures have been introduced such as fuzzy
soft groups [5], fuzzy soft rings ([13]&[28]), fuzzy soft subnear-rings [22], fuzzy soft semirings
[24], fuzzy soft subnear-semirings [27] etc. The concept of level soft sets of fuzzy soft set have
been introduced and discussed in [5]. Furthermore, different kinds of level soft sets such as
t-level soft sets, mid-level soft sets and top-level soft sets along with their applications have
been discussed in [9].

In [16], extension of soft sets have been discussed. In this note, we introduce the notion of
extension of fuzzy soft sets, we call it a fuzzy soft extension. We also re-define and simplify
operations between fuzzy soft sets at the base of extension of fuzzy soft sets. We utilize the term
’level soft set” and provide an alternate definition of extension of fuzzy soft sets. In a sequal, we
provide the necessary and sufficient condition for the extension of fuzzy soft subsets. Finally,

we introduce and discuss the extension of fuzzy soft subrings and fuzzy soft ideals of a ring.

2. PRELIMINARIES

In this section, we recall few basic definitions and terminologies of soft set theory [21], fuzzy
set theory [29] and fuzzy soft theory [19], [6], [25] that are useful for subsequent discussions.
Throughout, U refers to the initial universe, E for set of parameters, £(U) is the power set of

U.
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Definition 2.1. [21]A pair (F, E) is called a soft set over universal set U, where F is a mapping

from a set of parameters (E) to power set p(U) i.e., F : E — P(U).

Furthermore, P. K. Maji et al. have introduced various operations on soft sets in [18], such as
soft subset, intersection and bi-intersection of two soft sets, operations "TAND”, operation "OR”

between two soft sets and so on.

Definition 2.2. [29] A fuzzy set A in Xis characterized by a membership characteristic function

ta (x)which associates with each point in X a real number in the interval [0, 1], with the value

of Ua(x) at x representing the “grade of membership” of x in A.

Definition 2.3. [8]Let R be a ring and UL be a fuzzy subset of R. Then, U is a fuzzy subring of
Rif (i) p(x—y) = min(p(x), u(y)), (ii) p(xy) = min(u(x), p(y)) for all x, y € R.

Fuzzy soft set has been introduced and discussed in [19], which is the fuzzy generalization of
(crisp) soft sets. After that, N. Cagman, S. Enginoglu and F. Citak have further explored fuzzy

soft sets and gave few applications [6].

Definition 2.4. [19] Let U be an initial universe set, E be a set of parameters and A C E. Let
(U) denotes the fuzzy power set of U. A pair (F, A) is called a fuzzy soft set over U, where F is
the mapping F : A — (U).

Definition 2.5. [19] A fuzzy soft set (F, A) over U is said to be a null fuzzy soft set denoted by
@, if Ve € A, F(e) = 2.

Definition 2.6. [19] A fuzzy soft set (F, A) over U is said to be an absolute fuzzy soft set, if ¥V
e €A, F(e) =U. It is denoted by A. Clearly, (A)€ = @ and @€ = A.

Definition 2.7. [19] The complement of a fuzzy soft set (F, A) is denoted by (F, A)¢ and is
defined by (F, A)¢ = (F€, =A), where F¢ : =A — (U). The mapping is F¢(-a) = U — F(a),
foralla € A.

Definition 2.8. [19] Let (F, A) and (G, B) be two fuzzy soft sets over the common universe U.

Then,
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(1) (F,A) is a fuzzy soft subset of (G, B) if (i) A C B and (ii) For each a € A, F(a) is a fuzzy
subset of G(a). It is denoted by (F, A)C(G, B).

(2) Intersection of (F, A) and (G, B) is the fuzzy soft set (H, C), where C = ANB and
H(e) = F(e) or G(e), for all e € C. It is denoted by (F, A)N(G, B) = (H, C).

(3) Union of (F,A) and (G, B) is the fuzzy soft set (H, C), where C = AUB and

F(e), ifecA—B
H(e) = G(e), ifeecB—A

F(e)UG(e), ifecANB
and is denoted by (F, A)U(G, B) = (H, C).

(4) (F, A) AND (G, B) denoted by (F, A) A (G, B) and is defined by (F, A) A (G, B) = (H,
Ax B), where H(a, b) = F(a)N\ G(b) for all a, b € (Ax B).

(2) (F, A) OR (G, B) denoted by (F, A)V (G, B) is defined by (F, A) V (G, B) = (H, Ax B),
where H(a, b) = F(a) UG(b) for all a, b € (Ax B).

It is easy to verify that every fuzzy soft set is a soft set. For proving this, let (F, E) be a fuzzy
soft set, where F : E — X is a mapping given by F(e) = F, € 1%, for all e € E. Here, F,isa
fuzzy set, i.e, F, : X — I. Now by using the fuzzy set F,, we can define a function I; tAXT —
#(X) such that I;(e, o) =F(e)q, forall (e, @) € A x I, where (F,)q is a-level set of the fuzzy
set F,. Thus, (F, E, I) is a soft set.

Fuzzy soft rings and fuzzy soft ideals have been introduced and discussed in ([13]&][28]).
However, both manuscripts containing the same essence, but we present definitions from both

articles which are necessary for forthcoming dicussions and proving results.

Definition 2.9. [13] Let (F, A) be a fuzzy soft set over R. Then,

(1) (F, A) is said to be a fuzzy soft ring over R, if F(x) is a fuzzy subring of R for all x € A.

(2) A fuzzy soft set (G, I) over R is called a fuzzy soft ideal of (F, A), if it satisfies: (i) I C A,
(if) G(x) is a fuzzy ideal of F (x) for all x € I.

(3) (F, A) is said to be an identity fuzzy soft ring over R if F(x) = {e} for all x € A, where e
is the identity element of R.

(4) (F, A) is said to be an absolute fuzzy soft ring over R, if F(x) =R for all x € A.
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Definition 2.10. [13] Let (F, A) and (H, B) be two fuzzy soft rings over R. If F(x) C H(x) for
all x € A, then F(x) is a soft subring of H(x).

Definition 2.11. [28] Let (f, A) be a non-null fuzzy soft set over R. Then,

(1) (f, A) is a fuzzy soft ring over R iff f(a) = f, is a fuzzy subring of R for each a € A, that
s,

(i) fa(x=y) = fa(x) A fa(y)

(i6) fuly) > ful®) A fuly), for all x, y € R

(2) A non-empty fuzzy soft set (g, B) over R is called a fuzzy soft ideal of (f,A), if it satisfies
the followings.

(i) ga(x = ¥) = 8alx) A ga(y),

(if) 8a(xy) = ga(x) N 8a(y), x, ¥y ER.

In [5], the authors introduced the notion of level soft sets of fuzzy soft sets while embedding
the o-level set of the fuzzy set (f,)q - Also, in [9] the authors utilized the term level soft sets

while introducing the adjustable approach to fuzzy soft set based decision making problems.

Definition 2.12. [5] Let (F, A) be a fuzzy soft set over X. The soft set (F,A)q ={(Fy)a:a €A},
for each a € (0, 1] is called an o-level soft set of the fuzzy soft set (F, A), where (F,)q is an

a-level set of the fuzzy set F,.

Feng et al. (see[9]) have introduced the notion of z-level soft sets for fuzzy soft sets, which

extends the classical level sets of fuzzy sets in a natural way.

Definition 2.13. [9] Let S = (F, A) be a fuzzy soft set over U, where A C E and E is the
parameter set. Fort € [0, 1], the t-level soft set of the fuzzy soft set 3 is a crisp soft set L(3,
t) = (F, A) defined as

Fi(a)=L(F(a),t)={x€U:F(a)(x) >t}, forall a € A.

In the above definition, the level (or threshold) assigned to each parameter is always a con-
stant value ¢ € [0, 1]. But in [9], the authors pointed out that sometimes it may be required that

variable thresholds should be imposed among different parameters. In [10], the authors further
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studied and investigated the level soft sets based on variable thresholds given by a fuzzy set.
If (U, E) be a soft universe and A C E. Let S = (F, A) be a fuzzy soft set over U and let
A :A — [0, 1] be a fuzzy set in A called a threshold fuzzy set. The level soft set of 3 = (F, A)
with respect to A4 is a soft set L(3, 1) = (Fj, A) defined by

Fy(a)=L(F(a), A)={x€U:F(a)(x) > A(a)}, foralla € A[10].

In other words, a function instead of a constant number ¢, is being considered as the threshold

on membership values.

Definition 2.14. [7] Let (F, A) and (G, B) be the two fuzzy soft sets over the rings Ry and R,
respectively. Suppose f: R| — R, and g : A — B be the two mappings. Then the pair (f, g) is
called a fuzzy soft homomorphism if it satisfies the following conditions.

(i) f is a ring homomorphism from R| to R,

(ii) g is a surjective mapping.

(iii) f(F(x)) = G(g(x)) for all x € A.

If f is an isomorphism from R; to R, and g is a bijective mapping then we call (f, g) a fuzzy

soft isomorphism, we say that (F, A) is fuzzy soft isomorphic to (G, B) i.e., (F, A) ~ (G, B).

3. Fuzzy SOFT SETS AND THEIR EXTENSIONS

In this section, first we introduce and discuss the extension of fuzzy soft sets(subsets), and
then we re-define some operations of fuzzy soft theory. Since, extension of fuzzy subsets,
fuzzy subrings and fuzzy ideals have introduced and discuused in [17, Proposition 2.1]. By
an extension of a fuzzy subset o of R to a fuzzy subset 8 of a set S containing R, we mean a
fuzzy subset B of S such that B = o on R. We also introduce the extension of fuzzy soft sets by
utilizing z-level soft sets, and also inter-relate both types of extensions (see in example4.2). In

due course, we apply these extensions to fuzzy soft subrings and fuzzy soft ideals.

Definition 3.1. Let R be a nonempty subset of a set S and let A be a fuzzy subset of R. If B is
an extension of A to a fuzzy subset of S, then A; By = A for all s, t such that 0 <t <s < 1[17,

Proposition 2.1].
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Definition 3.2. Let (F,A) and (G,B) be the two fuzzy soft sets over a common universe U. We

say that (G, B) is a fuzzy soft extension of (F, A) if for each e € A C B C E, G(e) is the fuzzy

extension of F(e).

Example 3.1. Let U = {hy, hy, h3, ha, hs} and E = {ey, e3, e3, e4, es} be the set of parameters.

Let A = {ey, ey, e3} C E. Then, the tabular representation of fuzzy soft set S = (F, A) is given

in tablel.

U el
h 0.4
hy 0.6
h3 0.5
hy 0.9
hs 0.3

lable 1
e e3
1 0.5
0.5 0.6
0.5 0.8
0.5 0.2
0.7 0.9

We can view the fuzzy soft set 3 = (F, A) as the collection of the following fuzzy approxima-

tions.

F(e1) = {(h1, 0.4) (hy, 0.6) (h3, 0.5) (h4, 0.9) (hs, 0.3)}; F(ez2) = {(h1, 1) (hp, 0.5) (hs,

0.5) (hs, 0.5) (hs, 0.7)}

F(es) = {(h1, 0.5) (hy, 0.6) (h3, 0.8) (ha, 0.2) (hs, 0.9)}.

Again, by considering U = {hy, hy, h3, ha, hs} with set of parameters B = {ey, e, e3, e4}

and table? is the tabular representation of 3*

Table2

U ¢

p)

€3

hy 0.4
hy 0.6
hy 0.5
hsy 0.9
hs 0.3

We can view the fuzzy soft set 3*

mations:

1

0.5
0.5
0.5
0.7

0.5
0.6
0.8
0.2
0.9

o o o o o

(a, B).

(G, B) as the collection of the following fuzzy approxi-
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a(e1) = {(h1, 0.4) (hy, 0.6) (h3, 0.5) (ha, 0.9) (hs, 0.3)}, ct(es) = {(hy, 1) (ha, 0.5) (13, 0.5)
(ha, 0.5) (hs, 0.7)}, a(e3) = {(hy, 0.5) (h, 0.6) (h3, 0.8) (ha, 0.2) (hs, 0.9)}, ct(es) = Dp_a.

We note that ajy = F, 0y(p_s)(B —A) = @.Hence, & = O, 4)-

We observed that (F, A) C (o, B) but (o, B) € (F, A). Also, if (F, A) is a fuzzy soft subset
of (G, B) then it doesn’t imply that (G, B) is a fuzzy soft extension of (F, A). Moreover, it
is worth noting that the extension of fuzzy soft set is again a fuzzy soft set having a common
domain. Thus, by extension of a fuzzy soft set (F, A) i.e., 0f, o), we mean F(e;) = 0, 4)(e;)

for all ¢; € A C B. We may re-write this as follows.

4. Fuzzy SOFT SETS AND THEIR EXTENSIONS

In this section, first we introduce and discuss the extension of fuzzy soft sets(subsets), and
then we re-define some operations of fuzzy soft theory. By an extension of a fuzzy subset o of
R to a fuzzy subset f of a set S containing R, we mean a fuzzy subset 8 of S such that § = a on
R. We also introduce the extension of fuzzy soft sets by utilizing ¢-level soft sets, and also inter-
relate both types of extensions (see in example4.2). In due course, we apply these extensions to

fuzzy soft subrings and fuzzy soft ideals.

Definition 4.1. Let (F, A) be a fuzzy soft set over U , where F is a mapping given by F : A —
(U). Then, the extension of mapping F on E is the mapping o : E — (U) such that qq = F,
®(g—a)(E—A) =Dg_a (where D4 = a(e) foralle € E—A ), and is denoted by (0, E) f, 4

(in short, oyp, 4))-

In the sense of fuzzy subsets, we may define the extension of fuzzy soft subsets of U as

follows.

Definition 4.2. Let (F, A) and (a, E) be two fuzzy soft sets over the common universe U. Then,
(a, E) is the fuzzy soft extension of (F, A) if, (i) A C E and (ii) For each a € A, the fuzzy sets

o(a) and F (a) are equal i.e., a(a) = F(a).

Example 4.1. Let U = {hy, hy, h3, hy, hs} and E = {ey, e3, e3, e4, e5} be the set of parameters.
Let A = {ey, ey, e3} C E. Then, the tabular representation of fuzzy soft set S = (F, A) is given

in tablel.
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Tablel
U el () ]
hy 0.4 1 0.5
hy 0.6 0.5 0.6
h3 0.5 0.5 0.8
hy 0.9 0.5 0.2
hs 0.3 0.7 0.9

We can view the fuzzy soft set 3 = (F, A) as the collection of the following fuzzy approxima-
tions.

F(er) = {(h1, 0.4) (hy, 0.6) (h3, 0.5) (ha, 0.9) (hs, 0.3)}; F(ez) = {(h1, 1) (hp, 0.5) (hs3,
0.5) (hs, 0.5) (hs, 0.7)}

F(e3) ={(hy, 0.5) (hy, 0.6) (h3, 0.8) (h4, 0.2) (hs, 0.9)}.

Again, by considering U = {hy, hy, h3, ha, hs} with set of parameters B = {ey, e, €3, ea},
table? is the tabular representation of 3* = («, B).

Table2
U €l en €3 é4

hy 04 1 05 0
h, 0.6 05 0.6 0
hy 05 05 0.8 0
hy 09 05 02 0

0

hs 0.3 0.7 0.9
We can view the fuzzy soft set 3* = (G, B) as the collection of the following fuzzy approxi-

mations:
(X(el) = {(/’ll, 0.4) (/’12, 0.6) (h3, 0.5) (h4, 0.9) (/’l5, 0.3)}, (1(62) = {(hl, 1) (/’lz, 0.5) (/’13, 0.5)
(h4, 0.5) (h5, 0.7)}, (X(eg,) = {(hl, 0.5) (hz, 0.6) (/’l3, 0.8) (h4, 0.2) (hs, 0.9)}, (X(e4) =IE_A.

We note that ay = F, 0g_p)(B—A) = &.Hence, 0 = O, 4)-

We observed that (F, A) C (o, B) but (¢, B) € (F, A). Also, if (F, A) is a fuzzy soft subset
of (G, B) then it doesn’t imply that (G, B) is a fuzzy soft extension of (F, A). Moreover, it

is worth noting that the extension of fuzzy soft set is again a fuzzy soft set having a common
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domain. Thus, by extension of a fuzzy soft set (F, A) i.e., 0f, o), we mean F(e;) = 0yr, 4)(e:)

for all e; € A C B. We may re-write this as follows.

Rematk 4.1. The extension 0y, 4y of a fuzzy soft set (F, A) is
F(e), ifecA

O‘(F,A)(e): _
DE_A, ifecE—A

Definition 4.3. If op, ) and B, p) are fuzzy soft extensions of (F, A) and (G, B) over the
common universe R, respectively. Then, (F, A) is said to be a fuzzy soft subset of (G, B) if and

only if o, a)(e) € B(g, p)(e) for all e € E. It is denoted by (F, A)C(G, B).

We call (F, A) is fuzzy soft equal to (G, B) if and only if (F, A) is a fuzzy soft subset of (G,
B) and (G, B) is a fuzzy soft subset of (F, A), i.e., ¢, 4) = 0, p)- We will mention it by (£,
A)= (G, B).

First, Maji et al. defined the intersection, union, complement of fuzzy soft sets (see definition
2.8(2)), then these operation were revised and improved by B. Ahmad et al. by imposing some
restrictions (see[2]). Here, we re-define these operations which are based on the extension of

mappings and are also free from any restrictions.

Definition 4.4. If o, o) and B, p) are fuzzy soft extensions of (F, A) and (G, B) over the
common universe R. Then, the fuzzy soft intersection of (F,A) and (G, B) i.e., (F, A) N (G, B)
exists if and only if there exist a fuzzy soft set (H, C) satisfying Ve € E, op, 4)(e)N Bg, ) (€)
= Y, c)(e)- 1t is denoted by (F, A) N(G,B)=(H,C).

Definition 4.5. If op, 4y and B, p) are fuzzy soft extensions of (F, A) and (G, B) over the
common universe R. Then the fuzzy soft union of (F, A) and (G, B) i.e., (F, A) U (G, B)
exists if and only if there exist a fuzzy soft set (H, C) satisfying Ve € E, a(r, 4)(e)U B(g, ) (e)
= Y, ¢)(e). It is noted as (F,A) U (G, B) = (H, C).

Definition 4.6. Let o, 4) and B, p) are fuzzy soft extensions of (F, A) and (G, B) over a
common universe R. Then, (F, A) = (G, B) is said to be a fuzzy soft difference of (F, A) and
(G, B) if and only if there exist a fuzzy soft set (H, C) satisfying, (r, ) — B(r, o) = Yu, c) Jor
all e € E, and is denoted by (F,A) = (G,B) = (H, C).
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If (F, A) is an absolute fuzzy soft set then (F, A) = (F, B) is the fuzzy soft complement of the
set (F, B), and is denoted by (F, B).
Here, we must concern with the algebraic properties of fuzzy soft set operations based on

extension of mappings. We present few results for the sake of investigations.

Theorem 4.1. Let &, 4, B(c, B) and Viu, c) are fuzzy soft extensions of (F, A), (G, B) and (H,
C) over the common universe R. Then

(1) (F,A) = (G, B)N (H,C)) = ((F. A) = (G, B))U ((F, A) =(H, C))

(2) (F,A) = ((G,B)U (H,C)) = ((F. A) = (G, B))N ((F, A) =(H, C))

Proof. (1) Foralle € E,
(F, A)=((G, B)N (H, C))(e) = o a)(e) = (B, 3 N, c))e)

= (ar a)(e) = Big, B)(€) U(0yr, a)(e) = Y, c)(e))

= ((F, A)=(G, B))(e) U((F, A)=(H, C))(e)

((F, A)=(G, B) U (F, A)~(H, C))(e).
(2) Similar to that of the proof (1). O

One can easily deduce the fuzzy soft De Morgan laws.

Rematk 4.2. Let a(p 4) and B, p) are fuzzy soft extensions of (F, A) and (G, B) over the
common universe R. Then
(1) ((F,A) N (G,B))C = (F,A)"
(2) (F,A) U (G, B)C = (F,A)"

o @&
Q ¢

x =
\.6 Q!

Theorem 4.2. Let @ and U are null and absolute fuzzy soft sets over U and %G, gy ,B(@, ) are
the fuzzy soft extensions of (l7 ,E) and (2, E), respectively. Then

(W UC=w

2)2¢=U

Proof. (1) Foralle € E, US(e) = OC(% E)(e) =0

(2) Foralle € E, @“(e) = a, ,.\(€) =U — oy py(e) =U O
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Extensions of fuzzy soft sets based on 7-level soft sets

In this part we introduce the extension of fuzzy soft sets (subsets) at the base of z-level soft
sets of fuzzy soft sets. We also relate both the definitions[4.1&4.7] of extension of fuzzy soft
subsets (sets) in example4.2. Throughout this part, for the sake of clarity Fg is a fuzzy soft

extension of Fy.

Definition 4.7. Let A be a nonempty subset of E and (F, A) (i.e., Fy) be a fuzzy soft set over U.
If (a, E) is a fuzzy soft extension of F over U, then L(F (a), t)N L(a(a), s) = L(F(a), s), for

all s, t such that 0 <t <s <.

Example 4.2. Since o is an extension of a fuzzy soft set F, as we have observed in example4.1.
We continue with example4.1 to show that L(F(a), r)ﬁ L(a(a), s) = L(F(a), s), for all s, t
such that 0 <t <s < 1. Suppose we take t = 0.3, s = 0.6 with having A = {e}, es,e3} C B =
{e1, es, e3, e4}. Then, 0.3-level sets of fuzzy sets F(ey), F(ez), F(e2) are as follows: L(F(ey),
0.3) =U, L(F(e2), 0.3) = U, L(F(e3), 0.3) = {hy, hy, h3, hs}. Then, the 0.3-level soft set of
the fuzzy soft set S = (F, A) is a soft set L(3, 0.3) = (Fy.3, A), where Fy 3 is the set-valued map
from A — @(U) is defined by Fy3(e;) = L(F(e;), 0.3). Since, we know that the approximate
value sets of the level soft set L(3, 0.3) are the 0.3-level set of the fuzzy set F(e;) for every

parameter e; € A. Hence, the tabular representation of level soft L(3, 0.3) is as under:

U e1 e €3
hy 1 1 1
hy 1 1 1
h3 1 1 1
hy 1 1 0
hs 1 1 1

Similarly, 0.6-level sets of fuzzy sets of o(ey), a(ez), o(e3) are: L(a(ey), 0.6) = {hy, ha},
L(a(ez), 0.6) = {hy, hs}, L(c(e3), 0.6) = {ha, h3, hs}, L(o(es), 0.6) = &. the tabular

representation of 0.6-level soft set of a fuzzy soft set L(3*, 0.6) is as under:
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U ey e e€e3 é4

hy 0 1 0 O

1 0 1 0
i 0 0 1 0
ha 1 0 0 0
hs 0 1 1 0

Finally, L(F(el), 0.3)ﬂ L(Ot(el), 0.6) =UnN {/’lz, /’l4} = {hz,h4} = L(F(e1), 0.6), L(F(ez),
0.3)N L(a(ez), 0.6) =UN{hy, hs} = L(F(e2), 0.6) and L(F(e3), 0.3)N L(ct(e3), 0.6) = {Ay,
hy, h3, hs} N{hy, h3, hs} = {ha, h3, hs} = L(F(e3), 0.6). Similarly, one can prove for any

values of s, t such that 0 <t <s < 1.

On the other hand, if we change the value of a(e;) = {(h1, 1) (hy, 0.5) (h3, 0.5) (hg4, 0.5) (hs,
0.7)} by a(ez) = {(hy, 0.5) (ha, 0.5) (h3, 0.5) (ha, 0.5) (hs, 0.7)} in example4.1. Then, & is no
more an extension of F and we can see that L(F (e), 0.3) N L(a(er),0.6) =UN{hs} ={hs} #
L(F(ez), 0.6) = {h1, hs}. It is also notable that there is an important role of z-level sets of a
fuzzy subsets (sets) of U involved in whole of the procedure.

We are utilizing ¢-level soft set of a fuzzy soft set, where 7 € [0, 1] for the extension of
fuzzy soft sets. Now we try to provide a necessary and sufficient condition for the existence of

extension of fuzzy soft sets at the base of ¢-level sets.

Theorem 4.3. Let A be a nonempty subset of E and (f, A) and (@, E) are the fuzzy soft sets
over U. If

R={L(a(a), t): fa(x) >t} foralla € A and x € U

is the collection of subsets of R, such that (1) U L(c(a), t) =R, (2) for all s, t such that s >t
and fq(x) > s, t, if and only if L(a(a), t) C L(fa, ), and (3) for all s, t such that s >t and
fa(x) > s,t, (fa, )N (a(a), s) = (fa, §). Then, a fuzzy soft set f, has an extension to a fuzzy

soft set f¢ of R such that L(f¢, t) O L(a(a), t) for all f,(x) >t.
Proof. We define a fuzzy soft set f; of U such that forally € U,

fa(y) = sup{t:ye L(a(a), t)
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ifye L(a(a), t) then f¢(x) >t,s0y € L(fS, t). Hence, L(fS, t) C f¢(y). Now we show that
f¢ is the extension of f,, let b € E such that o(b)(x) =1 for all x € U, then b € L(f¢, ). If
b e L(fS, s) for some s >t then o(b)(x) > s > ¢, a contradiction. Hence, b ¢ L(f, s) for
all s > 1. Since, b € L(f¢, t) C L(a(a), t), and b ¢ L(a(a), s) for all s >t by condition (3),
o(b)(x) =t. 0
Let us consider (F, A) is a a fuzzy soft set over R. Then, (F, A) has the supremum property
if and only if every nonempty subset of F'(a) has a maximal element. On the other hand, F has

the supremum property if and only if F(a) is well ordered undered relations “>". If we impose

this supremum property on F(a) in theorem4.3, then we have the following result.

Theorem 4.4. Let A be a nonempty subset of a set B and let (F, A) be a fuzzy soft set over U

such that (F, A) has the supremum (sup) property. If
R={L(ax(a), t): fu(x) >t} foralla € A and x € U

is the collection of subsets of U which satisfies (1), (2), and (3) of theorem 4.3, then f, has

a unique extension to a fuzzy soft set f¢ of U such that L(f¢(x), t) = fu(x).
Proof. We define f; as in theorem 4.3. Then, forally € U,

Ja(y) =max{n:y € L(ata, n)}.

Thus, x € L(f,, t) if and only if ff(x) >t < x € L(fy, t). Since, f, has the supremum
property, (0,(x)) C fu(x). Hence, (f)(x) = otz(x). For uniqueness, consider that g be an
extension of f, such that L(g¢(a), t) = L(t, t) and g5(x) = fa(x). Then, L(g{, t) = L(a(a), t)

for all f,(x) >t forall a € A and x € U. Hence, it follows that g¢ = f¢. O

Theorem 4.5. Let X be a non-empty subset of [0, 1], R be a ring and {I, : t € X} be the
collection of ideals of R such that R = Ul for all s,t € X, s >t if and only if I; C I,. If the fuzzy
soft subset (@, I) of (over) R defined by o,(x) = sup{t : x € I}, for all x € R, then a is a fuzzy
soft ideal of (over) R.

Proof. Letx,y € Rand f,(x—y) =n. Then, x—y € [, forall n >t and x — y ¢ I, for all s > n.

Thus, either (1) x, y € I, for all # < n and either x € I; for all s > nory € I for all s > n or (2)
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there exists m € [0, 1] such that forallt € X, m <t <n,x €I, and y € I,. Suppose case(1) hold
true, then either f,(x) = n or f,(y) = n. Again, if case(2) holds true, then f,(x) < m and f,(y)

< m. In either case, f,(x—y) > min(f,(x), fo(y)) = fa(x—y) > fa(x)A fa(y)). Suppose that
fa(xy) = n then, xy € I, for all t < n, and xy ¢ I, for all s > n. Hence, f,(x) =n > max(f,(x),
fa¥)) = fa(X)A fa(y). Thus, f, is a fuzzy soft ideal of (over) R. O

Rematk 4.3. Let X be a non-empty subset of [0, 1]. Let R be a ring and let {R; :t € X} be the
collection of subrings of R such that R = UR; and for all s,t € X, s >t if and only if Ry C R;.
If the fuzzy soft subset (@, R;) of (over) R defined by o(x) = sup{t : x € R}, for all x € R, then

Q is a fuzzy soft subring of R.
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