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Abstract. In this paper, we introduce the notion of quasi-bi-slant lightlike submanifolds of indefinite Kaehler
manifolds providing some non-trivial examples. Integrability conditions of distributions associated with definition
of such submanifolds have been obtained. Furthermore, some necessary and sufficient conditions for foliations
determined by the above distributions to be totally geodesic have been investigated. Finally, we obtain some
characterization results for totally umbilical and minimal quasi-bi-slant lightlike submanifolds of indefinite Kaehler
manifolds.
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1. INTRODUCTION

In 1996, Duggal and Bejancu introduced the theory of lightlike submanifolds of a semi-
Riemannian manifold ([6]). A lightlike submanifold M of a semi-Riemannian manifold M is a
submanifold on which the induced metric is degenerate. Lightlike geometry has its applications
in general relativity, specially in black hole theory, which motivated geometers to study lightlike
submanifolds of semi-Riemannian manifolds equipped with certain structures. The concept of
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slant immersions in complex geometry was defined by B.Y. Chen as a natural generalization
of both totally real immersions and holomorphic immersions([3, 4]) in 1990. Further, N. Pa-
paghuic introduced the notion of semi-slant submanifolds of Kaehler manifolds in 1994. In [14,
15], Sahin studied the geometry of slant and screen-slant lightlike submanifolds of indefinite
Hermitian manifolds. The theory of slant, CR lightlike submanifolds, SCR lightlike submani-
folds of indefinite Kaehler manifolds and indefinite Sasakian manifolds has been studied in ([6],
[7D).

In this paper, we introduce the notion of quasi-bi-slant lightlike submanifolds of indefinite
Kaehler manifolds. The organization of paper as follows : In section 2, we obtained some basic
results. In section 3, we study quasi-bi-slant lightlike submanifolds of an indefinite Kaehler
manifold with some examples. Section 4 is dedicated to the study of foliations determined by
distributions on quasi-bi-slant lightlike submanifolds of indefinite Kaehler manifolds. In section
5 and 6, we discuss the minimal quasi-bi-slant lightlike submanifolds and totally umbilical

quasi-bi-slant lightlike submanifolds respectively and also provide some non-trivial examples.

2. PRELIMINARIES

A lightlike submanifold (M™,g) immersed in a semi-Riemannian manifold (M™" g) is a
submanifold in which induced metric g from g is degenerate and the rank of radical distribution
Rad(TM) is r, where 1 < r < m. Now suppose that S(7TM) be a semi-Riemannian complemen-

tary distribution of Rad(TM) in TM, called screen distribution, i.e.
2.1) TM = Rad(TM) ®oy, S(TM)

Let S(TM™) be a semi-Riemannian complementary vector bundle of Rad(TM) in TM*,
called screen transversal vector bundle. Since for any local basis {;} of Rad(TM) there exists
a local null frame {N;} of sections with values in the orthogonal complement of S(TM~) in
[S(TM)]* such that §(&;,N;) = §;; and §(N;,N;) = 0, it follows that there exists a lightlike

transversal vector bundle /¢r(TM) locally spanned by {N;}. Let

(2.2) tr(TM) = ltr(TM) @y, S(TMY)
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Then, tr(TM) is a complementary which is not orthogonal vector bundle to TM in TM |y,

1.e.

(2.3) TM|y=TM®tr(TM)

and therefore

(2.4) TM|p = S(TM) @y, [Rad(TM) ® Itr(TM)] ® gy S(TM™)

Following this, we have the four possible cases for a lightlike submanifold:
Case 1: r-lightlike if r < min(m,n),

Case 2: co-isotropic if r =n < m, S(TM*) = {0},

Case 3: isotropic if r=m <n, S(TM) = {0},

Case 4: totally lightlike if r = m = n, S(TM) = S(TM~+) = {0}.

The Gauss and Weingarten formulae are given as

(2.5) VxY =VxY +h(X,Y),

(2.6) VxV = —AyX + V4 V.

forallX,Y e I'(TM)andV € I'(tr(TM)), where { VxY,AyX } belong to I'(TM) and {h(X,Y),V5V}
belong to I'(tr(TM)). Here, V and V' are linear connections on M and on the vector bun-
dle tr(TM) respectively. The second fundamental form £ is a symmetric F(M)-bilinear form

on I'(TM) with values in I'(¢r(TM)) and the shape operator Ay is a linear endomorphism of
['(TM). From (2.5) and (2.6) we have

2.7) VxY = VxY +h(X,Y)+1(X,Y), ¥V X,Y € T(TM).
(2.8) VxN = —AyX 4+ V&N +D*(X,N), V N € T(Itr(TM)).
(2.9) VxW = —AwX + D' (X, W) +ViW, YW € T(S(TM™)).

where 7! (X,Y) =L(h(X,Y)), B*(X,Y) =S(h(X,Y)), D'(X,W) = L(V},W), D’(X,N) = S(ViN),
L and S are the projection morphisms of t#(TM) on ltr(TM) and S(TM™) respectively. Thus
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h' and h* are T'(Itr(TM))-valued and T'(S(TM™))-valued lightlike second fundamental form
and screen second fundamental form of M respectively. On the other hand, V/ and V* are lin-
ear connections on [t7(TM) and S(TM™) called the lightlike connection and screen transversal

connection on M respectively. Now by using (2.5), (2.7)-(2.9) and metric connection V, we

obtain
(2.10) g (X,Y),W)+g(¥,D'(X,W)) = g(AwX),
2.11) g(D*(X,N),W) = g(N,AwX),

Suppose P is the projection of TM on S(TM). Then from the decomposition of the tangent

bundle of a lightlike submanifold, we have

(2.12) VyPY = Vi PY +h*(X,PY), VXY € (TM),
(2.13) Vx&=—A}X + V&, & €T(Rad(TM))

where {V}PY, —A;X} and {n*(X,PY),V{E} belong to T'(S(TM)) and I'(Rad(TM)) respec-
tively. It follows that V* and V* are linear connections on S(TM) and Rad(TM) respec-
tively. On the other hand, 4* and A* are called the second fundamental forms of distribu-
tions S(TM) and Rad (T M) respectively, which are I'(Rad(TM))-valued and T'(S(TM))-valued
F(M)-bilinear forms on I'(TM) x I'(S(TM)) and I'(Rad(TM)) x I'(TM). Now by using the

above equations, we obtain

(2.14) 2(H (X, PY),§) = g(ALX, PY),
(2.15) §(h*(X,PY),N) = g(ANX,PY),
(2.16) 2 (X,£),6) =0, AzE =0.

Here, it is important to note that the induced connection V on M is not a metric connection

in general. Since V is a metric connection, by using (2.7) we get

(2.17) (ng)(sz):g(hl(XaY)7Z)+g(hl(X7Z)’Y)
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A 2m-dimensional semi-Riemannian manifold (M, g,J) with constant index g, where 0 <
g <2m, and a (1,1) tensor field J on M is called an indefinite almost Hermitian manifold if the

following conditions are satisfied:

(2.18) X =-X

(2.19) gUX,JY) = g(X,Y), VX,Y € [(TM).

An indefinite almost Hermitian manifold (M, g;J) is called an indefinite Kaehler manifold if

J is parallel with respect to V, i.e.,
(2.20) (VxJ)Y =0,

for all X,Y € I'(TM), where V is the Levi-Civita connection with respect to 3.

3. QUASI-BI-SLANT LIGHTLIKE SUBMANIFOLDS

In this section, we introduce the notion of quasi-bi-slant lightlike submanifolds of indefinite
Kaehler manifolds. At first, we state the following lemma which was proved by Sahin[14]. We
shall use this lemma in defining the notion of quasi-bi-slant lightlike submanifolds of indefinite

Kaehler manifolds.

Lemma 1.[15] Let M be a g-lightlike submanifold of an indefinite Kaehler manifold M of
index 2¢. Suppose that there exists a screen distribution S(7M) such that JRad(TM) C S(TM)
and JItr(TM) C S(TM). Then JRad(TM)NJltr(TM) = {0} and any complementry distribu-
tion to JRad(TM) @ Jltr(TM) in S(TM) is Riemannian.

DEFINITION 1. Let M be a g-lightlike submanifold of an indefinite Kaehler manifold M
of index 2¢ such that 2g < dim(M). Then we say that M is a quasi-bi-slant lightlike submani-
fold of M if the following conditions are satisfied:

(i) JRad(TM) is a distribution on M such that Rad(TM)NJRad(TM) = {0};

(i1) there exist non-degenerate orthogonal distributions D, D; and D, on M such that

S(TM) = (JRad(TM) & Jitr(TM)) ©opun D Sorin D1 Soren D2
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(iii) the distribution D is an invariant distribution, i.e. JD = D;
(iv) the distribution D is slant with angle 0y, i.e. for each x € M and each non-zero vector
X € (Dy),, the angle 0; between JX and the vector subspace (D), is a non-zero constant,
which is independent of the choice of x € M and X € (Dy),.
(v) the distribution D; is slant with angle 6,, i.e. for each x € M and each non-zero vector
X € (Dy),, the angle 6, between JX and the vector subspace (D), is a non-zero constant,
which is independent of the choice of x € M and X € (D»),.

These constant angles 8, and 6, are called the slant angles of distributions D and D; respec-
tively. A quasi-bi-slant lightlike submanifold is said to be proper if D; # {0}, D, # {0} and
01 #£7m/2,6,#m/2.

From the above definition, we have the following decomposition:
TM = Rad(TM) @y, (JRad(TM) & Jltr(TM)) Sorin D Dorin D1 Born D2

We observe that the above class of submanifolds includes slant, semi-slant, bi-slant lightlike

submanifolds of indefinite Kaehler manifolds as its particular cases.

Let (R%;”, g,J) denote the manifold R%gi with its usual Kaehler structure given by

(—XL,dx @dx' +dy' ®dy' + X dx' @dx + dy' ®dy'),

g=1
4
J(XL | (Xidx; +Yidy;)) = XL (Y;0x; — Xidy;),

where (x',y") are the Cartesian co-ordinates on R%Zl. Now, we construct some examples of

quasi-bi-slant lightlike submanifolds of an indefinite Kaehler manifold.

EXAMPLE 1. Let (Ré“,g,]} be an indefinite Kaehler manifold, where g is of signature
(— +,+,+,+,+,+,—,+,+,+,+,+,+) with respect to the canonical basis {dx;, dx,dx3,

0x4,0x5,0x6,0x7,0y1,0y2,0y3,0y4,0ys,dys,9y7}.

Suppose M is a submanifold of Ri“ given by —x' =y2 =uy, x> = uo, y! = uz, x> = uycos ,

¥ = —uscosfB, x* = ussinB, y* = ugsin B, x> = ugsinuy, y° = ugcosuy, x5 = kj sinug, y° =

ki cosug, x’ = ug, y7 = ug, X3 =k cos Uy, y8 = ko sinug, where k| and kp are constants.
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The local frame of TM is given by {Z,,7,,7Z3,74,7Z5,Z¢,7Z7,7Z8,Z9 }, Where

Z) =2(—0dx1 +9y2),

Z, =2(dx2), Z3 =2(dy1),

Z4 =2(cos fdx3 +sinBdys),

Zs =2(sinBdxg —cos fdys),

Z = 2(sinu79xs5 + cosuzdys + ki cosugdxg — ki sinugdyg),
Z7 = 2(ugcosuydxs — ugsinuzdys),

Z3 =2(0dx7), Zg = 2(dy7 — ka sinugdxg + ky cosugdys).

Hence Rad(TM) = span{Zl} and S(TM) = Span{Zz,Z3,Z4,Z5,Z6,Z7,Zg,Z9}. Now ltr(TM)
is spanned by N = dx; + dy, and S(TM~) is spanned by

W = 2(sin fdx3 — cos Bdya),
W, = 2(cos Bdxy +sin $dy3),
W3 = 2(k% sinu79xs + k3 cos u7dys — ki cos ugdxe + ki sinugdys),

Wy = 2(ug Sinugdxe + ug cos ugdye ).

It follows that JZ; = Z, +Z3 and JN = 3(Z, — Z3), which implies that JRad(TM) and
Jltr(TM) are distributions on M. On the other hand, we can see that D = span{Z4,Zs} such
that JZ4 = Zs, JZs = —Z4, which implies that D is invariant with respect to J. Also D| =
span{Zs,Z7} and D, = span{Zs, Zy} are slant distributions with slant angles 6; =cos~!(1/4/1+k?)
and 6, = cos~!(1/4/1+k3) respectively. Hence M is a quasi-bi-slant 2-lightlike submanifold
of R},

EXAMPLE 2. Let (R%“,g,]} be an indefinite Kaehler manifold, where g is of signature
(— +,+,+,+,+,+,—,+,+,+,+,+,+) with respect to the canonical basis {dx;, dx,dx3,
0x4,0xs, 06, 0x7,0y1,02,9y3,0y4,9Ys5,0Y5,9y7}-
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Suppose M is a submanifold of R;“ given by x! =2 = uy, x> = up, y! = u3, x> = uysin B,

y? = —ussinB, x* = uscos B, y* = uscos B, x> = ugcosuz, y° = ugsinuz, x® = ky cosug, y° =

kisinug, x’ = ug, y' = ug, x* = kysinug, y® = k cosug, where k; and k, are constants.
The local frame of TM is given by {Z;,7,,7Z3,724,Z5,Z6,727,73,7Z9 }, Where
Z; =2(dx; +9dyz),
7y =2(9dxp), Z3 =2(dy1),
Z4 =2(sinBdxz +cos Bdys),
Zs5 =2(cos fdxs —sin B dys),
Ze = 2(cosu70dxs + sinugdys — ky sinugdxg + ky cosugdys),
Z7 =2(—ugsinu7dxs + ugcosuzdys),
/g = 2((9)67), Zog = 2(8)77 +kp cosugdxg — ko Sinugayg).
Hence Rad(TM) = span{Z,} and S(TM) = span{Z,,Z3,24,Zs,Z¢,Z7,23,7Z9 }. Now ltr(TM)
is spanned by N = —dx; + dy; and S(TM~) is spanned by
W) =2(cos Bdx3 —sindyy),
Ws = 2(sin $dx4 + cos fIy3),
Wi = 2(k% sinugdxg + k% cosugdysg),
Wy = 2(/(%8)/7 — ko cosugdxg + ky sin ugayg).

It follows that JZ; = Z, — Z3 and JN = %(Zz + Z3), which implies that JRad(TM) and
Jltr(TM) are distributions on M. On the other hand, we can see that D = span{Z4,Zs} such
that JZ4 = Zs, JZs = —Z4, which implies that D is invariant with respect to J. Also D| =
span{Zs,Z7} and D, = span{Zs, Zy} are slant distributions with slant angles 6; =cos~!(1/4/1+k?)
and 6, = cos~!(1/4/1+k3) respectively. Hence M is a quasi-bi-slant 2-lightlike submanifold

of R},

Now, for any vector field X tangent to M, we put

3.1 JX =PX+FX
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where PX and FX are the tangential and transversal parts of JX respectively. We denote the
projections on Rad(TM), JRad(TM), Jltr(TM), D, Dy and D, in TM by Py, P,, P, Py, Ps and
Ps respectively. Similarly, we denote the projections of t7(TM) on ltr(TM) and S(TM~) by Q
and R respectively. Thus, for any X € I'(TM), we get

(3.2) X =P X + PoX + PsX + P X + PsX + PgX,

Now applying J to (3.2), we have

(3.3) JX =JP X +JPX +JP;X + JPX +JPsX + JPsX,

which gives

(3.4) JX =JPX +JPX +JP3X +JPyX + fPsX + FPsX + fP:X + FPX,

where fPsX and FPsX (resp. fPsX and FPsX) denotes the tangential and transversal compo-
nents of JP5X (resp. JPsX). Thus we get JPX € T'(JRad(TM)), JP,X € ['(Rad(TM)), JP3X €
C(itr(TM)), JRX € T(D), fPsX €T'(Dy), fPsX € T'(D;) and FPsX, FPsX € I'(S(TM*). Also,
forany W € I'(rr(TM)), we have

(3.5) W = QW +RW,

Applying J to (3.5), we obtain

(3.6) JW = JOW +JRW,

which gives

(3.7 JW =JOW + BR\W + CR\W + BR,W + CR,W,

where BR{W (resp. CR;W) denotes the tangential (resp. transversal) component of JR;W and
BR,W (resp. CR,W) denotes the tangential (resp. transversal) component of JR,W. Thus we
get JOW € I'(Jitr(TM)), BRiW € T'(D;), CRiW € T'(S(TM™)), BR;W € I'(D,) and CR,W €
[(S(TM*)). Now, by using (2.20), (3.4), (3.7) and (2.7)-(2.9) and identifying the components
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on Rad(TM), JRad(TM), Jitr(TM), D, Dy, D, Itr(TM) and S(TM™"), we obtain
(3.8) P (ijP1Y) + P (ijPzY) + P (Vx.]_P4Y) + P (foP5Y) + P (foP6Y)

=P (Appst) + P (App6yX) + P (AJ_P3YX) —|-J_P2VXY,

3.9 Pz(VijlY) +P2(ijP2Y) +P2(ijP4Y) +P2(foP5Y) +P2(foP6Y)

= Pz(AFpst) +P2(AFp6yX) +P2(AJ_P3YX) +J_P1 VxY,

(3.10) P (VXJ_PI Y) + P (ijsz) + P (ijP4Y) + P (foP5Y) + P3(foP6Y)

= Ps(ArpyX) +P3(ArpyX) + Ps(Ajpy X) +JH (X, Y),

(3.11) P4(Vx.]_P1Y) —I—P4(Vx.]_P2Y) —I—P4(ijp4Y> —I—P4(foP5Y) —|—P4(foP6Y>

= P4(App5yX) +P4(AppéyX) +P4(AjP3YX) —I—J_P4VXY,

(3.12) P5(VxJPY)+P5s(VxJPY) + Ps(VxJPyY) + Ps(Vx fP5Y) + P5(Vx fFsY)

= PS(AFpst) +P5(App6yX) + Ps (AfP3YX) + fPsVxY —I—BhS(X,Y),

(3.13) P6(Vx.]_P1Y) +P6(ijP2Y) +P6(ijP4Y) +P6(foP5Y) +P6(foP6Y>

= Po(ArpyX) + Po(ArpyX) + Ps(AjpyX) + fRVxY + BI* (X,Y),

(3.14) W(X,JPY)+h (X, JPY) + 1 (X,JPY) +h (X, fPsY) + h' (X, fPsY)

= JPVyxY — VL JPY — D! (X, FPsY) — D' (X, FPY),

(3.15) K (X, JPY)+h* (X, JPY) + 1’ (X, JPY) + B (X, fPsY) + h* (X, fPsY)

= Ch*(X,Y)— VY FPsY —V4FPY —D°(X,JP;Y) + FPsVxY + FPVyY.

THEOREM 1. Let M be a g-lightlike submanifold of an indefinite Kaehler manifold M of

index 2g. Then M is a quasi-bi-slant lightlike submanifold if and only if
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(i) JRad(TM) is a distribution on M such that Rad(TM)NJRad(TM) = {0};
(ii) the screen distribution S(7M) can be split as a direct sum

S(TM) = (JRad(TM) @ J1ltr(TM)) & D &y, D1 B oren D2

such that D is an invariant distribution on M, i.e. JD = D;
(iii) there exists a constant A; € [0,1) such that P2X = —A,X, for all X € I'(D;), where A; =
cos*0; and 0; is the slant angle of Dy;
(iv) there exists a constant A, € [0, 1) such that P>2X = —A,X, for all X € I'(D,), where A; =

cos6, and 6, is the slant angle of D».

Proof. Let M be a quasi-bi-slant lightlike submanifold of an indefinite Kaehler manifold M.
Then the distribution D is invariant with respect to J and JRad (T M) is a distribution on M such
that Rad(TM)NJRad(TM) = {0}.

For any X € I'(D;) we have |PX| = |JX|cos 0y, i.e.

|PX]|

3.16 0 = —o-.
(3.16) cos 6 x|

PX|* _ g(PX.PX) _ g(X,P’X)
X2 g(UX,JX)  g(X,J2X)

In view of (3.16), we get cos? ) = , which gives

(3.17) g(X,P*X) = cos® 0,g(X,J?X).

Since M is a quasi-bi-slant lightlike submanifold, cos? 8; = A;(constant) € [0,1) and therefore
from (3.16) we get g(X,P>X) = A1g(X,J?X) = g(X,A1J?X), for all X € ['(D;), which implies

(3.18) g(X, (P> =1 J*)X)=0

Since (P?> — A1J%)X € I'(D;) and the induced metric g = g|p,xp, is non-degenerate (positive

definite). From (3.18) we have (P> — A;J?)X = 0, which implies
(3.19) P?X = LJ?°X = — 41X, VX € [(Dy).

This proves (iii).
Suppose for any X € I'(D;) we have |PX| = |JX|cos 6,, i.e.

|PX]|

3.20 6 =-—.
(3.20) cos 6, 4
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Now the proof follows by using similar steps above of proof of (iii), which gives cos? 6, =
Az (constant). This proves (iv).
Conversely, suppose that conditions (i), (ii), (iii) and (iv) are satisfied. From (iii), we have

P2X = MJ?X, ¥X € T(Dy), where A; € [0, 1).
gUX,PX)  g(X,JPX) = g(X,PX) gX,PX) ., g(JX,JX)
Now cos 0] = =— =2 =2 =12 =2 _
|[JX||PX]| |JX||PX| |[JX||PX]| |[JX||PX]| |JX||PX]|
From the above equation, we obtain

|J_X|
21 =A—.
(3.21) cos0; = A4 PX|

Therefore (3.16) and (3.21) give cos? 0, = A;(constant).
Furthermore, from (iv) we have P?X = 1,J?X, ¥X € I'(D;), where A, € [0,1). Now by using
the similar steps above we get cos> 8, = A,(constant). This completes the proof. Hence M is a

quasi-bi-slant lightlike submanifold. 0

THEOREM 2. Let M be a g-lightlike submanifold of an indefinite Kaehler manifold M of
index 2g. Then M is a quasi-bi-slant lightlike submanifold if and only if
(i) JRad(TM) is a distribution on M such that Rad(TM)NJRad(TM) = {0};
(ii) the screen distribution S(7M) can be split as a direct sum

S(TM) = (JRad(TM) ® Jltr(TM)) ® D @y D1 Boren D2

such that D is an invariant distribution on M, i.e. JD = D;
(iii) there exists a constant y; € [0, 1) such that BFX = — 11X, VX € I'(D1), where ; = sin’6;
and 0 is the slant angle of Dy;
(iv) there exists a constant iy € [0, 1) such that BFX = — X, VX € I'(D;), where p = sin’6,

and 0, is the slant angle of D;.

Proof. Let M be a quasi-bi-slant lightlike submanifold of an indefinite Kaehler manifold M.
Then the distribution D is invariant with respect to J and JRad(TM) is a distribution on M such
that Rad(TM)NJRad(TM) = {0}.

Now, for any vector field X € I'(D;), we have

(3.22) JX = PX +FX,
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where PX and FX are the tangential and transversal parts of JX respectively. Applying J to

(3.22) and taking the tangential component, we get
(3.23) —X = P’X +BFX, VX € T(D)).

Since M is a quasi-bi-slant lightlike submanifold, P>’X = —A;X, VX € I'(D;), where A; € [0,1)

and therefore from (3.23) we get
(3.24) BFX = —u X, VX € I'(Dy),

where 1 — A; = py(constant) € (0, 1]. Now, in view of Theorem 1, we have A; = cos® ;. This
proves (iii).

Suppose for any vector field X € I'(D,), we have
(3.25) JX = PX + FX,

where PX and FX are the tangential and transversal parts of JX respectively. Now the proof
follows by using similar steps above of proof of (iii), which gives 1 — A, = pp(constant) € [0, 1),
where A = cos? 6. This proves (iv).

Conversely, assume that conditions (i), (ii), (iii) and (iv) are satisfied. From (3.23) we get
(3.26) —X =P?X — X, VX e T(Dy),
which implies
(3.27) P’X = —MX, VX € (D))

where 1 — py; = Aj(constant) € [0,1). Furthermore, for any X € I'(D;), by using the similar
steps above we have 1 — iy = Ay(constant) € [0,1). Now the proof follows from Theorem 1.

Therefore, M is a quasi-bi-slant lightlike submanifold. 0J

Corollary 1. Let M be a quasi-bi-slant lightlike submanifold of an indefinite Kaehler mani-
fold M. Then for any slant distribution D of M with slant angle 6, we have
g(PX,PY) =cos?0g(X,Y);
g(FX,FY) =sin’0g(X,Y),
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forall X,Y € I'(D).
The proof of the above corollary follows by using similar steps as in the proof of Corollary

3.1 of [15].

THEOREM 3. Let M be a quasi-bi-slant lightlike submanifold of an indefinite Kaehler mani-
fold M . Then the radical distribution Rad(TM) is integrable if and only if

(i) P(VxJY) =P (VyJX) and P,(VxJY) = P,(VyJX);

(i) Ps(VxJY) = Ps(VyJX) and Ps(VxJY) = Ps(VyJX);

(iii) A} (Y,JX) = h'(X,JY) and h*(Y,JX) = h*(X,JY)

forall X,Y € I'(Rad(TM)).

Proof. Let M be a quasi-bi-slant lightlike submanifold of an indefinite Kaehler manifold M.
From (3.8), for any X,Y € I'(Rad(TM)), we have

(3.28) P (VxJY)=JPVxY.

By interchanging X and Y in (3.28) we get

(3.29) P (VyJX) =JPVyX.

From (3.28) and (3.29), we obtain

(3.30) P (VxJY)— P (VyJX)=JP[X,Y].
From (3.11), for any X,Y € I'(Rad(TM)), we have

(3.31) Py(VxJY) =JPVxY.

By interchanging X and Y in (3.31) we get

(3.32) Py(VyJX) =JPVyX.

From (3.31) and (3.32), we obtain

(3.33) Py(VxJY) — Py(VyJX) = TP X, Y.
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From (3.12), for any X,Y € I'(Rad(TM)), we have

(3.34) P5(VxJY) = fPsVxY +Bh*(X,Y).
By interchanging X and Y in (3.34) we get

(3.35) Ps(VyJX) = fPsVyX +Bh*(Y,X).
From (3.34) and (3.35), we obtain

(3.36) Ps(VxJY)—Ps(VyJX) = fPs5[X,Y].
From (3.13), for any X,Y € I'(Rad(TM)), we have

(3.37) Ps(VxJY) = fPVxY +BHh*(X,Y).
By interchanging X and Y in (3.37) we get

(3.38) Ps(VyJX) = fPsVyX +Bh*(Y,X).
From (3.37) and (3.38), we obtain

(3.39) Ps(VxJY) — Ps(VyJX) = fPs[X,Y].
From (3.14), for any X,Y € I'(Rad(TM)), we have

(3.40) R(X,JY) = JP3VxY.
Interchanging X and Y in (3.40) we get

(3.41) R(Y,JX) =JPVyX.

From (3.40) and (3.41) we get

(3.42) H(X,JY)—h(Y,JX) = JP[X,Y].
From (3.15), for any X,Y € I'(Rad(TM)), we have

(3.43) h*(X,JY)=Ch(X,Y)+ FPsVxY + FPVxY.
Interchanging X and Y in (3.43) we get

(3.44) W (Y,JX)=Ch*(Y,X)+FPsVyX + FPsVyX.
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From (3.43) and (3.44), we obtain
(3.45) (X, JY)—h(Y,JX) = FP5[X,Y] + FPs[X,Y].
Now the proof follows from (3.30), (3.33), (3.36), (3.39), (3.42) and (3.45). ]

THEOREM 4. Let M be a quasi-bi-slant lightlike submanifold of an indefinite Kaehler
manifold M . Then the distribution D is integrable if and only if
(i) P, (VxJY) = P|(VyJX) and P,(VxJY) = P, (VyJX);
(i) Ps(VxJY) = Ps(VyJX) and Ps(VxJY) = Ps(VyJX);
(iii) 1 (Y,JX) = h'(X,JY) and h*(Y,JX) = h*(X,JY),
forall X,Y € I'(D).

Proof. Let M be a quasi-bi-slant lightlike submanifold of an indefinite Kaehler manifold M.
From (3.8), for any X,Y € I'(D), we have

(3.46) P (VxJY)=JPVxY.

By interchanging X and Y in (3.46) we get

(3.47) P (VyJX) =JPVyX.

From (3.46) and (3.47), we obtain

(3.48) P (VxJY)— P (VyJX) =JP[X,Y].
From (3.9), for any X,Y € I'(D), we have

(3.49) P(VxJY)=JP VxY.

By interchanging X and Y in (3.49) we get

(3.50) P(VyJX) =JP VyX.

From (3.49) and (3.50), we obtain

(3.51) Py(VxJY) — Py(VyJX) = JP|[X,Y].
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From (3.12), for any X,Y € I'(D), we have

(3.52) P5(VxJY) = fPsVxY +Bh*(X,Y).
By interchanging X and Y in (3.52) we get

(3.53) Ps(VyJX) = fPsVyX +Bh*(Y,X).
From (3.52) and (3.53), we obtain

(3.54) Ps(VxJY)—Ps(VyJX) = fPs5[X,Y].
From (3.13), for any X,Y € I'(Rad(TM)), we have

(3.55) Ps(VxJY) = fPVxY +BHh*(X,Y).
By interchanging X and Y in (3.55) we get

(3.56) Ps(VyJX) = fPsVyX +Bh*(Y,X).
From (3.55) and (3.56), we obtain

(3.57) Ps(VxJY) — Ps(VyJX) = fPs[X,Y].
From (3.14), for any X, Y € I'(D), we have

(3.58) R(X,JY) = JP3VxY.
Interchanging X and Y in (3.58) we get

(3.59) R(Y,JX) =JPVyX.

From (3.58) and (3.59) we get

(3.60) R(X,JY) =R (Y,JX) = JPs[X,Y].
From (3.15), for any X,Y € I'(Rad(TM)), we have

(3.61) h*(X,JY)=Ch(X,Y)+ FPsVxY + FPVxY.
Interchanging X and Y in (3.61) we get

(3.62) B (Y,JX) = Ch (Y,X)+ FPsVyX + FPsVyX.
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From (3.62) and (3.63), we obtain
(3.63) W (X,JY)—h*(Y,JX) = FPs[X,Y]+ FPs[X,Y].

Now, in view of the equations (3.48), (3.51), (3.54), (3.57), (3.60) and (3.63), the proof follows.
O

4. FOLIATIONS DETERMINED BY DISTRIBUTIONS

In this section, we obtain necessary and sufficient conditions for foliations determined by
distributions on a quasi-bi-slant lightlike submanifold of an indefinite Kaehler manifold to be

totally geodesic.

DEFINITION 2. A quasi-bi-slant lightlike submanifold M of an indefinite Kaehler manifold
M is said to be mixed geodesic if its second fundamental form A satisfies h(X,Y) = 0, for all
X €I'(Dy) and Y € I'(D;). Thus M is a mixed geodesic quasi-bi-slant lightlike submanifold if
R(X,Y)=0and #*(X,Y) =0, VX € (D) and Y € T'(D3).

THEOREM 5. Let M be a quasi-bi-slant lightlike submanifold of an indefinite Kaehler mani-
fold M. Then Rad(TM) defines a totally geodesic foliation if and only if

g(VXfP2Z+Vx.,—P4Z+foP5Z+ foP6Z,J_Y)
= g(AfP3ZX —|—AF1352X —i—AFpGZx,J_Y),
forall X € ['(Rad(TM)) and Z € I'(S(TM)).

Proof. Let M be a quasi-bi-slant lightlike submanifold of an indefinite Kaehler manifold M.
The distribution Rad (T M) defines a totally geodesic foliation if and only if VxY € Rad(TM),
¥ X,Y € T(Rad(TM)). Since V is a metric connection, using (2.7) and (2.19), for any X,Y €
I'(Rad(TM)) and Z € T'(S(TM)), we get

4.1 2(VxY,Z) = g(VxJ)Z—VxJZ,JY).
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Now from (2.20), (3.4) and (4.1) we get
42) g(VxY,Z) = —g(Vx(UPZ + JP3Z + JPsZ + fPsZ + FPsZ + fPsZ + FPsZ),JY).

In view of (2.7)-(2.9) and (4.2), for any X,Y € I'(Rad(TM)) and Z € I'(S(TM)), we obtain

(4.3) g(VxY,Z) = g(AjpzX +ArpzX +ArpzX — VxJPZ
— VxJPyZ —Vx fPsZ —Vx fPsZ,JY),
which completes the proof. 0

THEOREM 6. Let M be a quasi-bi-slant lightlike submanifold of an indefinite Kaehler
manifold M. Then D, defines a totally geodesic foliation if and only if
() &(VxfZ—ArzX, fY) = g(h*(X,JZ),FY),
(i) g(fY,VxJN) = —g(FY,h*(X,JN)),
(iii) g(fY,AjwX) = &(FY,D*(X,JW))
forall X,Y € I'(D,), Z € T(Dy), W e T(Jltr(TM)) and N € T(ltr(TM)).

Proof. Let M be a quasi-bi-slant lightlike submanifold of an indefinite Kaehler manifold. To
prove that the distribution D, defines a totally geodesic foliation, it is sufficient to show that
VxY €T(Dy), V X,Y € I'(D). Since V is a metric connection, using (2.7) and (2.19) for any
X,Y €I'(D;) and Z € I'(D; ) we get

(4.4) 3(VxY,Z) = g(VxJY,JZ) = —g(VxJZ,JY)

From (2.7), (3.1) and (4.4) we get

(4.5) 3(VxY,Z2) = —g(Vx(fZ+FZ) + k(X ,JZ),fY +FY)
In view of (2.7)-(2.9) and (4.5) we obtain

(4.6) Z(VxY,Z) = —g(VxfZ—ArzX,fY) - §(h* (X ,JZ),FY)

From (4.6) we get (1).
Now for any X,Y € I'(D;) and N € T'(ltr(TM)), we have

4.7) g(VxY,N) = g(VxJY,JN) = —g(VxJN,JY)
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From (2.7), (3.1) and (4.7) we get

(4.8) Z(VxY,N)=—g(VxJN+h(X,JN),fY +FY)
In view of (4.8) we obtain

4.9) g(VxY,N)=—g(VxJN,fY)—g(h*(X,JN),FY)

Thus from (4.9) we get the result (ii).
Now for any X,Y € ['(Dy) and W € T'(JItr(TM)), we have

(4.10) g(VxY,W) = g(VxJY,JW) = —g(VxJW,JY)
From (2.8), (3.1) and (4.10) we get

(4.11) g(VxY W) =—g(—AjwX +D°(X,JW), fY + FY)
In view of (4.11) we obtain

(4.12) g(VxY,W) =g(AwX, fY)—g(FY,D"(X,JW))
Thus from (4.12) we get the result (iii), which completes the proof.

5. MINIMAL QUASI-BI-SLANT LIGHTLIKE SUBMANIFOLD

In this section, we study minimal quasi-bi-slant lightlike submanifolds of indefinite Kaehler

manifolds. A general notion of a minimal lightlike submanfold in a semi-Riemannian manifold,

as introduced by Bejancu and Duggal in [1] is as follows:

DEFINITION 3.[8] A lightlike submanifold (M,g) of a semi-Riemannian manifold (M, g)

is minimal if

(i) h* = 0 on Rad(TM),

(ii) trace h = 0, where trace is written with respect to g restricted to S(TM).

EXAMPLE 3. Let (R%“,g,]} be an indefinite Kaehler manifold, where g is of signature

(— +,+,+,+,+,+,—,+,+,+,+,+,+) with respect to the canonical basis {dx;, dx, dx3,

dx4,0xs,0x6,0x7,0y1,0y2,0y3,0y4,0ys5,0Y6,0y7 }.
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Suppose M is a submanifold of R;“ given by —x' =y =uy, X2 =up, y! = u3, x> = uy =4,

4 5 6

X ZMSZ_}’3,X = Ue, X :_u7:y59y6:_u9’x7

= ug = —y°, y/ = ug. The local frame of

TM is given by {Zl,Zz,Zg,Z4,Z5,Z6,Z7,Zg,Zg}, where

Zy =2(—0dx1 +9dy2),

Zy =2(dxp), Z3 =2(dy1),

Zy =2(0x3+dys), Zs = 2(dx4 — dy3),
Zs = 2(dxs), Z7 = 2(—dxg — dys),

Zg = 2(8)77), Zg = 2(8)67 —y6).

Hence Rad(TM) = span{Z,} and S(TM) = span{Z,,7Z3,724,7Z5,7Z6,727,723,7Z9 }. Now ltr(TM)

is spanned by N = dx| + dy; and S(TM™) is spanned by
Wy =2(dx3 — dys), Wo =2(dxg+ dy3),
W3 = 2(dxg+ dys), Wa =2(dx7+ dys),

It follows that JZ; = Z, +Z3 and JN = 3(Z, — Z3), which implies that JRad(TM) and
Jitr(TM) are distributions on M. On the other hand, we can see that D = span{Z4,Zs} such
that JZ4 = Zs, JZs = —Z4, which implies that D is invariant with respect to J. Also D; =
span{Ze,Z7} and D, = span{Zg,Zy} are slant distributions with slant angles 6; = /4 and
0, = /4 respectively. Hence M is a quasi-bi-slant 2-lightlike submanifold of R;“. Now by

direct computation and using Gauss formula, we get for any X € I'(TM) we have
?ZZZJ- =0,where 1 <i,j <9
which implies 4 (Z;,Z;) = 0, h°(Z;,Z;) = 0. Thus h*(Z;,Z;) =0, i.e. h* =0 on Rad(TM). We
alsohave &1 = g(Z1,2)) =0, & =g(Z2,2>) = 1,63 = g(Z3,23) = —1, &4 = g(Z4,74) =2, &5 =
8(Zs,Z5s) =2, &6 = 8(Z6,26) = |, &1 = 8(Z7,Z7) = 2, &3 = 8(Z3,Z3) = 1, & = 8(Z9,Z) = 2.
Hence we get
tracey srmyh = &2h(Z2,22) + &31(Z3,Z3) + €4h(Z4, Z4) + €5h(Zs, Zs) + €6h(Zs, Zs) +
&1h(Z7,7Z7) + esh(Zg,Zg) + €9h(Z9,Zy) = 0.

Therefore, M is a minimal quasi-bi-slant lightlike submanifold of Ri“.
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Now we prove two characterization results for minimal quasi-bi-slant lightlike sub mani-
folds.
LEMMA 2. Let M be a proper quasi-bi-slant lightlike submanifold of an indefinite Kaehler
manifold M. Now suppose D is any slant distribution of M such that dim(D) = dim(S(TM™).
If {eq,....,en} is a local orthonormal basis of I'(D), then {cscOFey,....,cscOFey,} is an or-

thonormal basis of S(TM").

Proof. Since {ey,....,ey} is a local orthonormal basis of D, which is Riemannian. So from

Corollory 1, we get
g(cscOFe;,cscOFe;) = csc?Osin® Og(e; e;) = &ij,
where i, j = 1,2, ...,m. This proves the assertion. [

THEOREM 7. Let M be a proper quasi-bi-slant lightlike submanifold of an indefinite

Kaehler manifold M. Then M is minimal if and only if
traceA2j|S(TM) = 0, traceAw; |s(rp) = 0,
g(D'(X,W),Y) =0,V X,Y € (Rad(TM)).
where {§;}"_, is a basis of Rad(TM) and {Wq }_, is a basis of S(TM*).
Proof. Since for any X € I'(TM), we have VxX = 0, so we get 4/ (X,X) = h*(X,X) = 0. Now
take an orthonormal basis {ey, ...,e,, } of any slant distribution D. Now we know that 4/ = 0 on
Rad(TM). Thus M is minimal if and only if Y7 | h(e;,e;) = 0 and h* = 0 on Rad(TM). Now
using (2.10) and (2.14) we obtain
" h(eie) =Y, 1 ;:1g(AZjeiaei)Nj+ Ly g(Ay eiej)Wa,
On the other hand, from(2.10), we get #* = 0 on Rad(TM) if
g(D'(X,w),Y) =0,

for X,Y € I'(Rad(TM)) and W € T'(S(TM™1)). O

THEOREM 8. Let M be a proper quasi-bi-slant lightlike submanifold of an indefinite

Kaehler manifold M. Now suppose D is any slant distribution of M such that dim(D) =
dim(S(TM*). Then M is minimal if and only if
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traceAEk |s(rm) = 0, traceAre;|srmy = 0,
g(D'(X Fe;),Y) =0,
for X,Y € I'(Rad(TM)), where {&}_, is a basis of I'(Rad(TM)) and {e;}"_, is a basis of D.

Proof. From Lemma 2, {cscOFey,...,cscOFe,,} is an orthonormal basis of S(TM*). Thus we

can write
(X, X)=Y" AjcscOFe;, VX € T(TM)
for some functions A;,i € {1,...,m}. Hence we obtain
(X, X)=Y",csc08(Ape,X,X)Fei, VX € U(JRad(TM) ®Jltr(TM) L D).
Thus the assertion of theorem follows from Theorem 7. 0J
6. TOTALLY UMBILICAL QUASI-BI-SLANT LIGHTLIKE SUBMANIFOLDS

In this section, we study totally umbilical quasi-bi-slant lightlike submanifolds of indefinite
Kaehler manifolds. A general notion of a totally umbilical lightlike submanfold in a semi-

Riemannian manifold, as introduced by Bejancu and Duggal in [1] is as follows:

DEFINITION 4.[8] A lightlike submanifold (M,g) of a semi-Riemannian manifold (M, g)
is totally umbilical in M if there is a smooth transversal vector field # € I'(¢tr(TM)) on M,

called the transversal curvature vector field of M, such that for all X,Y € I'(TM),
6.1) h(X,Y) = AG(X.Y)

It is easy to see that M is totally umbilical if and only if on each coordinate neighborhood U,
there exist smooth vector fields 7 € T(Iitr(TM)) and ¢ € T'(S(TM*), and smooth functions
A € F(ltr(TM)) and £° € F(S(TM™")) such that

(6.2) R(X,Y)="g(X,Y), K'(X,Y)="g(X,Y).

(6.3) Wi(X,Y) = A'3(X,Y), B(X,Y) = HA7Z(X,Y).

forany X,Y € I'(TM).
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EXAMPLE 4. Let (R}* g,J) be an indefinite Kaehler manifold, where g is of signature
(—+,+,+,+,+,+,—,+,+,+,+,+,+) with respect to the canonical basis {dx;, dxp, dx3,
dx4,0xs5,0x6,0x7,0y1,0y2,0y3,0y4,9ys5,0y6,0y7}.

Suppose M is a submanifold of R}* given by x! = y? = uy, x> = ua, y! = u3, x> = us, y* = us,

4 4 5

X =U5,Y = —U4, X :u6,y5:u7,x6

7 8

= cosuy, y° = sinug, x’ = ug, y' = ug, x® = sinuo,

y8 = cosug. The local frame of TM is given by {Z1,2,73,Z4,Zs,Z,7Z7,Z3, 2o}, where

Z1 =2(dx1 +9dy2),

Zz = 2(8)62), Z3 = 2(8y1),

Zy = 2(8)63 — 8y4), s = 2(8)64 + 8y3),

Zg = 2((9)65), Z7 = 2(8)75 —sinu7dxg +cosu78y6),
7y = 2(8)67), Lo = 2(8)77 —+ cos ugan — sinugayg).

Hence Rad(TM) = span{Z,} and S(TM) = span{Z,,Z3,24,Zs,Z¢,Z7,23,Z9 }. Now ltr(TM)
is spanned by N = —dx; + dy; and S(TM™) is spanned by

W) = 2(cosu7dxe + sinu;dyg),
W, = 2(dys — cosu7dxe + sinu7dyg),
W3 = 2(sin ugdxg + COS ugayg),
Wy = 2((9)77 — coSugdxg + sin ugayg).

It follows that JZ; = Z, — Z3 and JN = %(Zz + Z3), which implies that JRad(TM) and
Jltr(TM) are distributions on M. On the other hand, we can see that D = span{Zy,Zs} such
that JZ4 = Zs, JZs = —Z4, which implies that D is invariant with respect to J. Also D; =
span{Ze,Z7} and D, = span{Zg,Zy} are slant distributions with slant angles 6; = /4 and

0, = /4 respectively. Hence M is a quasi-bi-slant 2-lightlike submanifold of R%“. Now by

direct computation and using Gauss formula, we get for every X € I'(TM) we have
VxZ) =VxZy =VxZ3s =VxZy = VxZs = VxZs = VxZg = 0.
Also we can see that VxZ7 = 0, for any X € I'(TM) except X = Z; as

V2,Z7 = —8(cosu70xg + sinuydyg) = —4W.
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In the similar way we get that ?X29 =0, for any X € I'(TM) except X = Zq as
vngg = —8(sinugdxg + cosugdys) = —4Ws.

Thus by (2.7) we have h/(X,Y) =0 for all X,Y € ['(TM). Also h*(X,Y) =0 for all X,Y €
['(TM) except

h'(Z7,Z7) = —4W = —2g(Z7,Z7)Wy,
h(Zy,Zy) = —4W3 = —2g(Zy, Zo)Ws3.

Therefore M is a totally umbilical quasi-bi-slant lightlike submanifold of R%“.

The following results are important for our subsequent use.
PROPOSITION 1.[7] Let M be a lightlike submanifold of a semi-Riemannian manifold M.
Then, h! = 0 on ['(Rad(TM)).

THEOREM 9.[7] There are no minimal lightlike submanifold contained in a proper totally

umbilical quasi-bi-slant lightlike submanifold of an indefinite Kaehler manifold.

Now, we prove a characterization result for totally umbilical quasi-bi-slant lightlike subman-
ifolds of an indefinite Kaehler manifolds:

THEOREM 10. Let M be a totally umbilical quasi-bi-slant lightlike submanifold of an indef-
inite Kaehler manifold M . Then M is minimal if and only if M is totally geodesic. Proof:
Suppose M is a minimal submanifold of an indefinite Kaehler submanifold, then #°(X,Y) =0,
for all X,Y € I'(Rad(TM)) and by the Proposition 6.1, we have ' = 0 on Rad(TM). Now we

choose an orthonormal basis {e}, e, ...,e,—r} of ['(S(TM)). Then, from (6.3) we get
trace h(e;,e;) = X' €ig(e;,e;) A" + €ig (e, e;) H°.

Thus we have trace h(e;,e;) = (m—r) " + (m —r). 7. Since M is minimal and It7(TM) N
S(TM*) = {0}, so we get 5! = 0 and .#* = 0, which implies that M is totally geodesic.
Conversely, suppose that M is totally geodesic. Now, for any xo € M there exists Vy € T.M
o

d
and the unique geodesic I': x* = x%(¢), a € {1,2, ...,m}, such that x*(0) = xp and %(O) =V.

Since I is also a geodesic of M, h! and 4* vanish identically on M, which implies that #* = 0
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on Rad(TM) and trace h = 0, where trace is written with respect to g restricted to S(TM).

Therefore M is minimal.
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